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"he primary aim of the present book is to supply for students 
jiiiiiig the study of Theoretical Mechanics a course of such a 
e as shall emphasize the fundamental physical principles of 
th ubj t Different students will of course approach the study 
t m ham s with different iiitereata, different aims, and different 
m unts f mathematical equipment, so that it may not be possible 
t p du a single hook which shall exactly fit the requirements 
f y lass of student. But I believe that all students of me- 
chaniea, no matter what their aims and intentions may be, will 
be in the same position in one respect, namely that they will best 
begin the study of the subject by trying to acquire a firm grasp 
of the physical principles, leaving aside at first all mathematical 
developments and all practical apphcations, except in so far as these 
contribute to the elucidation of the fundamental physical principles. 
I am aware that this belief is not held by all teachers of 
mechanics, some of whom regard the laws of mechanics simply as 
working rules to be acquired as rapidly as possible for their utih- 
tarian value, wliile others appear to regard them in the same light 
as the rules of a game, the game consisting in the solution of 
mathematical puzzles, most of which have no conceivable refer- 
ence to the facts of nature. I find it hard to beheve that there 
can be any considerable class of students for whom either of these 
points of view is the best. As regards the former, I feel that a 
student who cannot get, ot does not wish to get, a clear under- 
standing of mechanical principles would be well advised not to 
tenter a profession in which his work will consist in the handling 
gjpf mechanical problems ; and as regards the latter, that a student 
g^ho wishes merely to obtain material for puzzle solving would do 
FHbetter to turn his attention to chess or double acrostics. 



PREFACE 

If I have taken some space to express my private convictiona, it i 
is because the method I have embodied in the present book arises 1 
directly out of these couvictiona Mathematical analysis is, of 1 
courae, not excluded from the book, because without mathematicaj 
there can-be no serious study of mechanics, but 1 have tried to¥ 
reduce the amount of mathematics to a minimum, and I have J 
r^arded it (in the present book) as the servant and not as the I 
master. Again, practical appUcations of mechanics have not been * 
excluded, — on the contrary, these have been introduced wherever 
possible as illustrations of principles or results, — but I have tried 
to place principles first and appheations second. And problems 
have not been excluded : I have inserted a great number, because 
the solution of problems seems to me to be the one and indis- 
pensable way of emphasizing a group of abstract principles and of 
fixing them in the min d of the student. But I have r^arded the 
problems as an adjunct to the study of the principles, and not the 
principles as a framework round which to build problems. 

Besides explaining the method and objects of a book, a preface I 
may be expected to explain where tlie book starts and where it I 
ends. The present book is intended to start from the very begin- 1 
ning of its subject, assuming no previous knowledge of mechanics I 
on the part of the student. The question of how much knowledge 
of mathematics ought to be assumed has been a more difficult one 
to settle. I finally decided to rely as little as possible on the stu- 
dent's knowledge of trigonometry, and to employ the calculus as 
little as possible in tlie earlier chapters, but felt that the subjects 
of the later chapters could not be advantageously treated without 
a very considerable use of the calculus. Uutil the later chapters 
the use of the calculus is confined almost exclusively to unimpor- 
tant branches and extensions of the subject, and to the working of 
illustrative examples. Thus a student who has no knowledge at 
all of the calculus will, I hope, be able to omit the sections of the 
book in which it is used, whUe at the same time acquiring a con- 
siderable and continuous knowledge of the essentials of theoretical 
mechanics. 
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The point at which the book ought to close seemed in the pres- 
ent instance to be determined by the method of the book itaeli. 
If, as I believe, a study of physical principles ought to be the com- 
mon preliminary to the study of every branch and every appli- 
cation of mechanical science, then the book might clearly try to 
cover all this common ground, and ought to atop at the point at 
which detailed specialization becomes feasible and profitable. It 
ot^ht, in fact, to cover the range which will be covered by all stu- 
dents, and stop short of subjects which will be of interest or impor- 
tance only to a few. Judged by tliis criterion the book will perhaps 
be thought by some to be open to the criticism of covering too much 
ground ; it may be thought that the final chapter on generalized 
coordinates can hardly be regarded as essential to the student 
whose study of mechanics is a preliminary to hia entering the pro- 
fession of, say, engineering. I am nevertheless convinced that, even 
if the study of generalized coordinates is not absolutely indispen- 
sable to such students, it is of extreme value and ought not to be 
neglected by a student, possessed of the requisite abihty, who can 
possibly find time for it. The student who omits it shuts himself 
off from a point of view which sums up and illuminates the whole 
of dynamical theory ; at the same time he denies himself the 
opportunity of studying, or at least of fully understanding, the 
theory of electricity and magnetism. And as regards the student 
who intends to continue his studies in the direction of theoretical 
physics, the theory of generalized coordinates forms so essential 
a preliminary to the study of most braiiches of physics that the 
advantages of including a short treatment of this subject in the 
preliminary mechanics course will hardly be disputed. 

Prit-keton •'■ ^- J^ANS 

Hovember, 1906 
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CHAPTER I 
^L REST AND MOTION 

^^V ItJlltODUCTlON 

^H 1. Dniformity of nature. If we place a stone in water, it will 
^Hpik to the bottom ; if we place a cork in water, it will rise to 
tlie top. These two statements will be admitted to be true not 
only of stones and corks which have been seen to sink or riae in 
water but of all stones and corks. Given a piece of stoue which 
has never been placed in water, we feel confident that if we place 
it in water it will sink. What justification have we for supposing 
that this new and untried piece of stone will sink in water ? We 
know that millions of pieces of stone have at different times been 
placed in water ; we know that not a single one of these liaa ever 
I known to do anything but sink. From this we infer that 
Miure treats all pieces of stoue alike when they are placed in 
', and so feel confident that a new and untried piece of stone 
I be treated by the forces of nature in the same way aa the 
kumerahle pieces of stone of which the .behavior has been 
ted, and hence that it will sink in water. This principle is 
known as that of the uniformity of nature ; what the forces of 
nature have been found to do once, they will, under similar condi 
tions, do again. 

3. LawE of nature. The prmciple just stated amounts to say- 
ing that the action of the forces of nature ia governed by certain 
laws ; these we speak of as laws of nature. For instance, if it 
has been found that every stone which has ever been placed in 
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water has sunk to the bottom, then, aa has already been said, 
principle o£ uniformity of nature leads us to suppose that eve. . 
stone which at any future time is placed in water will sink to tht 
bottom ; and we can then announce, as a law of nature, that any 
stone, placed in water, will sink to the bottom. 

That part of science which deals with the laws of nature is 
called natural science. Natural science is divided into two parts, 
experimental and theoretical. Experimental science tries to dis- 
cover laws of nature by observing the action of the forces of 
nature time after time. Theoretical science takes as its material 
the laws of nature discovered by experimental science, and aims at 
reducing them, if possible, to simpler forms, and then discovering 
how to predict from these laws what the action of the forces of 
nature will be in cases which have not actually been subjected to 
the test of experiment. For example, experimental science dis- 
covers that a atone sinks, that a cork floats, and a number of sim- 
ilar laws. From these theoretical physics arrives at the simple laws 
of nature which govern all phenomena of sinking or floating, and, 
going further, shows how these laws enable us to predict, before 
the experiment has been actually tried, whether a given body will 
sink or float. For instance, experimental science cannot discover 
whether a 50,000-ton ship will float or sink, because no 50,000- 
ton ship exists with which to experiment. The naval architect, 
relying on the uniformity of nature, on the laws of nature deter- 
mined by experimental science, and on the method of handling 
these laws taught by theoretical science, may buUd a 50,000-ton 
ship with every cqpfidence that it wiU behave in the way pre- 
dicted by theoretical science. 

3. The science of mechanics. The branch of science known 
as mechanics deals with the motion of bodies in space, and with 
the forces of nature which cause or tend to cause this motion. 
The laws of nature which govern the action of these forces and the 
motion of bodies have long been known, and were reduced to their 
simplest form by Newton. Thus we may say that cxperhmTiMl 
meekanies is a completed branch of science. 
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) present book deals witli theoretical mechanics. We start 

.he laws supplied by experimental mechanics, and have to 

3 how these laws can be used to predict the motion of bodies, 

c instance, the f ullin g of bodies to the ground, the firing of 

ctUes, the motion of the earth and the planets round the sun. 

i important ckss of problems which we shall have to discuss 

1 be those in which no motion takes place, the forces of nature 

bich tend to cause motion being so evenly balanced that no 

■ motion occurs. Such problems are known as statical. 



Motion of a Point 

4. State of rest. Before we can reason about the motion of a 
body we have to determine what is meant by a body being at 
rest. In ordinary language we say that a train is at rest when the 
cars are not moving over the rails. We kuow, however, that the 
train, in common with the rest of the earth, is not actually at rest, 
but moving rouud the sun with a great velocity. Again, a fly 
crawling on the wall of a railway car might in one sense be eaid to 
be at rest, if it remained standing on the same spot of the walL 
The fly, however, would not actually be at rest ; it would share in 
the motion of the train over the country, the country would share 
in the motion of the eaith round the sun, and the sun would 
share in the motion of the whole solar system through space. 

These instances will show the necessity of attaching a clear 
and exact meaning to the conceptions of rest and motion. Obvi- 
ously our statements would have been exact enough if we had 
said that in the first case the train was at rest relatively to the 
earth, and tliat in the second case the fly was at rest relatively to 
the car. 

5. Frame of reference. Thus we find it necessary, before dis- 
cussing rest and motion, to introduce the conception of a. frame of 
reference. The earth supplied a frame of reference for the motion 
of the train, and when a train is not moving over the rails we 
may aay that it is at rest, the earth being taken as frame of 
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reference. So also we could say that the fly was at rest, Bu ear 
being taken as frame of reference. Obviously any framework, real 
or imaginary, or any material body, may be taken as a frame of ref- 
erence, provided that it is rigid, ie. that it ia not itself changing 
its shape or size. 

We may accordingly say that a point is at rest relatively to any 
frame of reference when the distance of the point from each point 
of the frame of reference remains unaltered. 

6. Motion relative to frame of reference. Having specified a 
frame of reference, we can discuss not ouly rest but also motion 
relative to the frame of reference. When the train has moved 
a mile over the tracks we say that it has moved a mile rela- 
tively to its frame of reference, the earth. When the fly haa 
crawled from floor to ceiling of the car we say that it has moved, 
say, eight feet relatively to its frame of reference, the car. 

In fixing the distance traveled by the fly relatively to the train, in an 
interval between two institnta I,, t^, we notice that the actual point from 
which the fly started ia, say, a mile behind the present poaitiou of the 
train ; but the point from which we measure is the point which occupies 
the same position in the car at time ig as this point did at time f,. So, iD 
general, to fix the distance moved relatively to a, given frame of reference 
in the interval between times f, and t^, we first find the point A which stands 
in the same position relative to the frame of reference at time f, aa did 
the point from which the movii^ point started at time f,. The distance 
from this point A to the point B, which is occupied by the moving point at 
instant f,, is thedistanceinovedrelativelyto the moving frame of reference. 

By the motion of a particle B relative to a particle A, is meant 
the motion of B relative to a frame of reference moving with A. 

7. Composition of motions. Suppose that in a given time the 
moving point moves a certain distance relatively to its frame of 
reference, while this frame of reference itself moves some other 
distaikce relatively to a second frame of referenee, — as will, for 
instance, occur if a fly climbs up the side of a car while the car 
moves relatively to the earth. 

Let us suppose that there is a frame of reference moving in, 
the plane of the paper on which fig. 1 is drawn, and that tl 
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E^aper itself supplies a aeeond frame of reference. Suppose that 

Ithe moving point starts at A, and that during the motion that 

f-point of the first frame of reference which originally coincided 

' with the moving point has moved „ 

&om .i to iJ, while the point itself --^Z 

has moved to C. Then the line AB ^..'^ J ' 

lepreaente the motion of frame 1 ^■' / 

I relative to frame 2, while BC repre- --"""^ > / 

sents the motion of the moving point 
relative to frame 1. The whole mo- 
tion of the point relative to frame 2 ia represented hy AC. The 
motion AOS& said to be cmitpounded of the two motions AM, BO, 
or is said to be the resultant of the two motiona Thus : 

If a point moves a distaiice BC relatively to frams 1, while 
frame 1 moves a distance AB relatively to frame S, the resultant 
^nation of the point relative to frame S will he the distance AC, 
obtained hy taking the two distances AB, BC and placing them in 
position in such a way that the point B at which the one ends is 
also the point at which the other hegins. 

There is a second way of compounding two motions. Let x, y 
represent the two motions. The rule already obtained directs us to 
construct a triangle ABC, to have x, y for the sides AB, BC, and 
then AC will be the motion reqiured. Having constructed such a 
triangle ABC, let us 
complete the paral- 
lelogram ABC I) by 
drawing AD, CD 
parallel to the side 
of the triangle. 
Then AD, being 
equal to BC, will also represent the motion y, so that we may say 
that the two edges of the parallelogram which meet in A represent 
the two motions to be compounded, while the diagonal A C through 
A has already been seen to represent the resultant motion. Thus 
we have the following rule for compounding two motions x, y : 
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Construet a paralklogram ABCD such that the two sides AB, AD 

which meet in A represent the two motions x, y to he compounded, 
as regards both magnitude and direction; then the diagonal AC 
which passes through A vnll represent the resultant obtained by 
compounding these two motions. 

Velocity 

8. Dnifonn and variable velocity. Velocity means simply 
rate of motion. It may be either uniform or variable. If a point 
moves in such a way that a feet are described in each second of 
its motion, no matter which second we select, we say that the 
velocity of the point js a uniform velocity of a feet per second. 
If, however, the point moves a feet in one second, b feet in another, 
c feet in a third, and so on, we cannot say that any one of the 
quantities a, h, or c measures the velocity. The velocity is now 
said to be variable : it is different at different stages of the motion. 
To define the velocity at any instant, we take an inlinitesinial in- 
terval of time dt and measure the distance ds described in this 



'' dt 

is the space described in unit time, and so the present definition 
of velocity becomes the same as that already given. 

Average velocity. If a point moves with variable velocity, and 
describes a distance of a feet in t seconds, we speak of - as the 

" average velocity " of the moving point during the time t. This 
average velocity is the velocity which would have to be ppssessed 
by an imaginary point moving with uniform velocity, if it were to 
cover the same distance in time t as the actual point moving with 
variable velocity. 

Units. In measuring a velocity we need to speak in terms of a 
unit of length and of a unit of time ; for instance, in saying that 
a point has a velocity of a feet per second we have selected the foot 
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J as unit of length and the second as unit of time. We can find the 
I amount of this same velocity in other units by a simple proportion. 
3 a, velocity of a feet per second 



Thus Biippose it is required to e 
a terms of miles and hours. 

The point moves a feet in one second, and therefore a x 
ue hour, and therefore 



a feet ii 



« 80 15 1 



3 X 1760 

e hour. Thus the velocity ia on 






1 of --— miles per hour. 



EXAMPLES 

1. A railway train travela a distance of 918 miles in 18 hoars. What la its 
average velocity In feet per aecond ? 

2. Compare the velocitiija uf a train and an automobile which move uni- 
fortaly, the fonner covering lOOfeet a second and the latWr 1600 yardaaminule. 

3. A man nuw 100 yards in OJ seconds. What is his average speed in miles 
per hour ? 

4. The two hands of a town clock are 10 and 7 feet long. Find the velocities 
of their extremities. 

5. Taking the diameter of the earth as 7027 miles, what is the velocity in 
foot«ecand units of a man standing at the eiguator (in consequence of the daily 
revolutJoii of the eaitli about its axis) p 

6. Two trains 23Q and 440 feet long respectively pass each other on parallel 
tracks, the former moving with twice the speed of the latter. A passenger in 
the shorter train observes that it takes the longer train three seconds to pass 
him. Find the velocities of boOv trains. 

9. CompositioiL of Telocitles. All motion, as we have seen, must 
be measured relatively to a frame of reference. Thus velocity, 
or rate of motion, must also be measured relatively to a frame 
of reference. A point may have a certain velocity relative to a 
frame of reference, while the frame of reference itself has another 
velocity relative to a second frame. It may be necessary to find 
the velocity of the moving point with reference to the second 
frame, in other words, to compov/nd the two velocities. 

To do this we consider the motions which take place during 
an infinitesimal interval of time dl. Let the moving point have 
a velocity jJj in a direction AB relative to the first frame, while 
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lowest point of the wheel, and let A' complete the payTallelogram QPLX. 
ObviouBly this parallelogram is similar to the parallelogiTam QTSIT. ec 
sponding linex in the two parallelagramB being at right aj^iglt's. Thus 

QS: QT=QL:QP. *' . 

So that on a scale io which the velocity of the carriage is repreaente 
magnitude hy QP, the radius of tlie wheel, the velocity of the jioint Q 
be represented by QL. Thus the velocities of the different points on 
rim are proportional to their distances from L, their directions being 
each case perpendicular to the line joining the point to L. 

2. A battle sliip is steaming at 18 knots, and its guns can fire project 
with velocities of 2000 feet per second retative to the ship. How n 
Q the guns be pointed to hit an object the direction 

which from the ship is perpendicular to that of 
ship's motion? 

J-.etAB he the direction of the ship's motion, 
let us suppose the gun pointed in a direction A 
Then the velocity of the shot relative to the 
can be represented by a line Jp along ^C, while 
-i ? -S of the ship relative to the sea can be represented 
FiQ. B a line Aq along AB. Completing the parallelogi 

Aprij, we find that the diagonal Ar will represent 
velocity of the shot relative to the sea in magnitude and direction. H( 
Ar must, from the data of the question, he at right angles to AB. If 
the a.nglepAr through wiiich the gun must be turned after sighldng 
object to be bit, we have 

. g _ /"■ _ velocity of ship 

A/i velocity of firing of shot 

The velocity of tlie ship is 18 knots, or 18 nautical miles per b 
Sow 1 nautical mile = 1.1515 ordinary miles = 8080 feet, so thi 
velocity of 18 knots is equal to 109,440 feet per hour, or 30.4 feot 
second. Thus 




2000 



= .0152, whence we find that 8 = 0° 52* 16" 



Triangle of Velocities 
10. We can also compound velocities by a rule known s 



! of velocities. In fig. 3 the two velocities 
by Ap, Aq, and their resultant by Ar. The two velocitiea, hi 
ever, might equally well have been represented by Ap, pr, i 
their resultant by At, from which we obtain the following rule 
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W^ tvjo velocities are represented by tJie two sides uf a triangle 
I in order, their resultant will be represented by the third aide, 
I in the direction from thejwst side to the second side. 
For example, let OP^, OF, be two lines drawn through to 
tepresent, on any scale, the velocities of a mov- 
Wh^ point at instants i,, (3. Then PiP^ will, on 
I the same scale, represent the additional velocity 
r acquired by the point in this intervaL 

For we can imagine a frame moving with 
the uniform velocity 0/*, of the particle at 
instant ij. The velocity OP, at instant i, may 
be snppoaetl compounded of the velocity OF^ ' 
of the frame and a velocity P,P, relative 
to the frame. Obviously this latter is the increase of velocity. 




EXAMPLES 

1. A PAX is running at 14 miles an hour, and & man jitinps from it with a 
\rliicity of 8 feet per eeefind in a direction making an angle of 30° with the 
ilireotion of the car's motion, Wliat is hia veiocity relative to the ground? 

2. A railway train, moving at the rate of 00 milea an hour, is struck bj a 
biillut, which IB fired hori7:Ontall; and at right angles to the train with a velocity 
'if 440 feet a seiMind, Find the magnitude and direction of the velocity with 
wliich the bullet appears U> meet the train (o a person inside. 

3. A ship whose head points northeast is steaming at the rate of 12 knots in 
.1 current which Bows southeast at the rate of 5 kuota. How far will the ship 
Lavu gone in 2^ hours ? 

1. A train is traveling at tlie rate of 30 miles an hour, and rain falls with 
1 velocity of 32 feet per second at an angle of 30° with the vertical in the same 
ilireotion as the motioii of the train. Find the direction of the splashes made 
nil the windows by the raindrops. 

5. A steamer's course is due south, and ita speed is 20 knots ; tiie wind is 
from the west, hut the line of smoke from the steamer is observed to point in a 
direction 30° east of north. What is the velocity of the wind? 

6. A mall rowH across a Btrcam a mile wide, pointing his boat upstream at 
iji iiogle of 30° with the bank. JIow long does lie take to cross, if he rows with 

elocity of 4 miles an hour and if the current has an equal velocity? 

7. A stream has a current velocity a, and a man can row Ms boat with a 
■' kici^ 6, In what direction must he row, if he is to land at a point exactly 
'■['[nisile bin starting point? And in what direction must he row so as to cross 
ill the shortest ti 
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B, A ship n lose bead is poiDting due south is Bteamiag across a, cnirent 
ning due west ; at the end of two hours it is lound titat the ahip has gone 36 mllee 
in the direotion 15° west of south. Find tlie velocities of the sliip and oi: 

9. A person traveling eastward at the rate of 3 milea an hour tinds that the 
wind seems to blow directly from the north ; on doubling his speed it appears 
to come from the northeast. Find the direction of the wind and Its velocity. 



Acceleration 

11. Acceleration is rate of increase of velocity. If we find that, 
the velocity of a moving point increases by an amount /in a 
end, no matter which second is selected, we say that the moti 
of the point has a unifonn acceleration / per second. For iustani 
a stone or other body falling under gravity is foimd to inci 
its velocity by a certain constant velocity / per second, where 
denotes a velocity of about 32 feet per second. Thus we say 
a falling stone has a uniform acceleration of / per second, or 
about 32 feet per second per second. 

Generally, however, an acceleration wiB not be unif orm 
rate of increase of velocity will be different at different stages 
the journey. To find the acceleration at any instant, we obs 
the change in velocity during an infinitesimal interval dt of 



of velocity, we say that — is the acceleral 



If dv is the 

at the instant at which dt ia taken. An acceleration will of coi 
have sign as well as magnitude, for the velocity may be eirf 
increasing or decreasing. When the velocity i 
acceleration is reckoned with a negative sign. A negative acceld 
tion is spoken of as a retardation. Thus a retardation / met 
that the velocity is diminished by an amount / per unit of time," 



EXAMPLES 

1. A wortcman (etl from the top of a building and struck the ground in I 
4 seconds. With what velocity did he strike the ground, the acceleration due ti 
gravity being 32 feet per second per second ? 

2. A train baa at a given instant a velocity of 30 miles an hour, and mova j 
with an acceleration of 1 foot per second [ler second. Find its velocity a 
aOaeconds. 



ACCELERATION 



13 



» to rest after the brakes have been applied for ten aeoonda. 
KfS the retanlation was 8 feet per second per second, what was the velocity of 
i train wUen the bralces were first drawn ? 

4. How long does it take a body starting with a velocity of 22 feet per second 
and movliig with an acceleration of 6 feet per second per second, to acquire a 
v^^ity of 00 miles an hour? 

5. Two bodies start at the same instant with velocities u and » respectively ; 
the motion of the first undergoes a retardation of / feet per second per second, 
while that of the second ia uniform. How far will the second have gone by the 
time that the first comes to rest? 

6. A body starting from rest moves for 4 seconds with a uniform accelera- 
tion of 8 feet per second per second. If the acceleration then ceases, how far 
will the body move in the next 5 seconds ? 

7. A train has its speed reduced from 40 milea an hour to 30 milea an hour 
in 6 aeconds. If the retardation be uniform, for how much longer will it travel 
before coming to rest ? 

S. A body falling under gravity has an acceleration of 32.2 feet per second 
per second. Express this acceleration when the units are (a) centimeter, 
second ; (&) mile, hour. 

12. Parallelogiam of accelerations. Theorem. Lei the velocity 
of a point he compounded of two velocities v^, u, along given direc- 
tions, and let these velocities be variable, their accelerations being 
fv fi- ^^w */ two lines be dravm in the direction of the velocities, 
.t /j, /j on any scale, the resultant acceleration will be 
I the same scale by the diagonal of the parallelogram 
of which these ^ ^ ^, 

lines are edges. 
To prove the 
theorem, we 
consider the 
motion dur- 
ing any small 
interval dt 
at which the 

component ac- ■^ Fio. 7 ^ ^ 

celerationa are 

/,,/j. In fig, 7 let AB, ^C represent the two velocities V[, v^ at the 
beginning of this interval. Let B£', CC" represent, on the same 
scale, the infinitesimal increments in velocity in the interval dt. 
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namelj fjdt, /^t. Then AB', AC will represent the velocities I 

the end of the interval dt. 

In the figure the lines BDF, B'ED', CDS, C'FD' are draH 
parallel to AB and AC. Thus AD represents the resultant velojjl 
at the beginning of the interval dt, and AD' that at the end oi\f 
interval The velocity AD' can be regarded as compounded of tj 
two velocities AD, DD', and, as in § 10, Dl^ represents the inca 
ment in velocity in time dt. Thus, if T'' is the resultant acceleratiM 
the line DD' will represent a velocity Fdt. On the same scale DSi^ 
DF represent velocities f^dt, f,dt, and DED'F is a parallelograi 

If OF,, OF, (fig. 8} represent the accelerations /,,/, on any scale, 
and if OG is the diagonal of the completed parallelogram, we 
clearly have OF^ : OF^ = /, :/, = DJS : DF. 
so that the parallelograms OF,GF^ {hi 
fig. 8) and DFD'F{ia. fig. 7) wiU be simi- 
lar and similarly situated. Thus 
OG : OF^ = DD' : DE = Fdt -.f^dt = F:f„ 
so that OG represents the acceleration F 
on the same scale as that on which OF,, 
OF^ represent /,,/j; and Of?, being parallel 
to DD', will also representihe direction of F, pro\'ing the theorem. 
Clearly the acceleration at any instant need not he in the same 
direction as the velocity. In fig. 7 the directions AD, AD' repre- 
sent velocities at the beginning and end of the interval dt. Wlien 
in the limit we take dt = 0, tliese lines coincide, and the direction 
of the velocity at the instant at which dt ia taken is that of AD. 
The direction of the acceleration at tliis instant is, however, DD'. 

Afl an illuatration of this, let ua consider the motion of a particle mov- 
ing uniformly in a circle ; e.g. a poiot on the rim of a wheel, turning with 
uniform velocity V about ita center. 

Let A, B (fig. 9) he the positions of the point at two instants, let the 
tangents at ^ , B meet ia C, and let D complete the parallelogram A CBD. 

The velocity at the first instant is a velocity V along A C. Let U3 agree 
to represent this by the line A C itself. At the second instant the velocity 
is a velocity V along CB ; this may, on the same scale, be represented by 
the line CB, or more conveniently by AD. Since A C, AD represent the 
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E CD will represent tlie change in 



locities at tlte two instants, the 1 
tdocitf between these two instants. 

Now let the two instants difier only bj an infinitesimal interval dt, so 
that the points A, B coincide except for an inflniteaimal arc ViU. In tiie 
figure, CD passes through 
P wherever A , B are on the 
circle, bo that when B is 
made to coincide with A, 
CD coincides with the ra- 
dius through A. But if F 
is the aeceJeratioa of thi^ 
moving point, the change 
in velocity produced in 
time til must be Fdl. Thus CD represents the change of velocity Fdl in 
direction and magnitude, so that the change of velocity, and hence the 
acceleration at .1, is along the radius at A. 

Here, then, we have a case in which the acceleration is at right angles 
to the velocity. 

To find the magnitude of the acceleration, we notice that CD = 2 CE, 
and that, by similar triangles, 

EC:CB= BE: BP. 

Now EC, or 1 CD, represents the velocity -i Fdl, while CB on the same 
scale represents the velocity V. 




Thus 



iFdi: r=BE -.BP. 



In the limit when BA is very small, BE, or iBA, becomes identicBl 
with half of the arc BA of the circle, and therefore with i Vdt. Thus, if a 
is the i-adiua of the circle, 

iFdt: r = iVdt:a, 



giving F = 



V* 



the amount of the acceleration. 



EXADIPLES 

1. A windmill has sails 20 feet in length, and turns once in ten seconds. 
Find tlie acceleration of a point at the end of a sail. 

2. A wheel of radius 3 feet spins at the rate of 10 revolutions a second and 
is at Uie same time falling freely with an acceleration of 32 feet per second 
per second due to gravity. Find the resultant accelerations of the different 
ptnnte on the rim of the wheel. 

3. Taking the earth lo have an equatorial diameter of 7027 miles, find the 
acceleration towards the earth's center of (a) a point at rest, relative to the 
earth'.'! surface, on the equaWr ; (6) a body falling under gravity at the equator. 
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with an acceleration, relative to the earth's mirface, of 32.00 feet per sei 
per second. 

4. SuppoBing that tha moon describes a circle of radiue 240,000 miles romd 
the earth \a 20J days, find its acceleration towards the eartli. 

5. Assuming that the planets describe circles round tbe sun with difterem 
periodic ttmua, such that the squares of the periodic times are proportional d 
the cubes of tha radii of the circles, show that the accelerations of the planets 
are Inveraely proportional to the squares of tlieir distances from the sun. 

VECT0H6 

13. We have found three kinds of quantities, — motion, velocity, 
and acceleration, — all of which can be compounded according to 
the parallelogram law. 

Quantities wliicli can be compounded according to the parallelo- 
gram law are called vectors. A vector must have magnitude and 
direction, and hence must be capable of repreaentation, on an 
assigned scale, by a straight line. We have seen that motion, 
velocity, and acceleration are all vectors. 



Composition and Resolution of Vectors in a Plane 

14. By definition of a vector, two vectors can be compounded 
into one, by application of the parallelogram law. It also fol- 
lows from the definition that any one vector may be regarded as 
equivalent to two, these two being represented by the edges of a 
parallelogram constructed so as to have the original vector repre- 
sented by the diagonal ; or, as we shall say, 
any vector can be resolved into two others. 

In particular, if we construct a rectangu- 
lar parallelogram so as to have a line which 
represents a vector R as its diagonal, we find 
that the vector R can be resolved into two 
at right angles to one another, and in 
■ e with them. 



Flo. 10 
vectors R cos e and R sin 
directions such that It makes angh 



If we take two fixed rectangular axes Ox, Oy in a plane, we see 
that any vector R can be resolved into two components R cos e, 
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Berne parallel to these axea, where e is the angle which £ 
makes with Ox. The components E cos e. It sin e are spoken of 
as the components of Ji along 0-x and Ot/. 

There are two ways of compounding a number of vectors fij, 
Sf, •■■, E^. In the first place, we can construct a polygon 
ABODE ■N, such that the sides AB, BC, CD, •■-, MN repre- 
sent the vectora JS,, R^, R^, ■■■, R„. Then A2f will represent the 
resultant For R,, R, can first be compounded into a vector .E,, 
represented by A C. Combining R^ 
with this vector, we obtain a vec- 
tor represeuted by AD, and so on 
until finally A^ is reached. 

As a second way, we can resolve 
each vector, such as R^, into its 

r components 
^, cose,, fl, sine,, 
along rectangular axea 0*-, Oy. 
The n vectors are now resolved *"'"" ^' 

into 2 71 vectors, of which n are parallel to Ox and n are parallel 

»0y. The first set of n can be compoimded into a single vector 
X = ^1 cos e, + B, cos e, + ■ ■ ■ 
parallel to Ox, while the second set can be compounded into a 
single vector Y s fl, sin e, + ^^ sin e^ + ■ ■ ■ 

,Uel to Oy. We now have two vectors X, Y parallel to Ox, Oy. 

\ their resultant is a vector B making an angle e with Ox, we 

i? cos e = X= fl, cose, + -ffi, cos Ej + ■■■. (1) 

^8ine= y=B, sin e^ + fl, sine, + ■■■. (2) 

) find the numerical value of R, we square and add (1) and 

\ and obtain 

= {^i cos e, + R^ cos €, + -■■)'+ (fi, sin e^ + fl, sin e, + ■ ■ -)' 

aJ^ + ^ + h 2^,ii:s(co8ejCose, + sin e, sin e^ H 

=>IPi + I^i-\ V2 R^B^ cos (e, 
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To find the direction of the reaultant, we divide the coiresponii 
ng sides of (1) and (2) Eind ohtain 



A' Ji^ cos e, + M^ coa e^ + ■■■ 

If we nave only two vectors Ji,, H^, making an angle 6 witJ 
one another, we may put e, — e^ — 6, and obtain 

iJ' = BJ + ^J + 2 B,fl, coa B. 

Snce E ia obviously the diagonal of a parallelogmm having tw 

edges of lengths £„ R^, meeting at the angle 6, this result caj 

be obtained directly from the geometry of the triangle ADC, ii 

„ n which the angle at (7 is evidently tr ~l 

Thus 

£" = £f + ^ - 2 R^M^ COB (tt - 6), 
which is clearly identical with the abov 
Yia. 12 expression. 

We may take two examples to 
the method of resolving vectors into rectangular components in a plan 

1. In Ex, 2, p. 10, suppose that the direction of the ship (^AB in flg. 
is taten for axis Ox, and that that in which the shot; is to travel is taki 
for axis Oy. Let the shot be fired with velocity T, making an angle 8 wi 
Ox, the velocity of the ship heing v. The resultant velocity is to be aloi 
Oy, BO that the velocity along Ox, say X, is to be nil. We have, howevai 

X = i! + FcobS, 

HO that we must have cosfi = — — » giving 
the result already obtained. 

2. To find the acceleration of a point 
moving with uniform velocity F in a circle 
of radius a. Let A be the position of the 
particle at time t = 0, and take OA for 
uds of X. After time ( the particle hasi 
described a length Vt of arc, so that if 
B is its position after time t, the angle 
BOA is — in circular mea.wre. The 
direction of velocity at B, namely the tai 
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make an angle - + — with Ox, ao that the coniponents ot the velaoitjf . 
along Ox, Off, Bay Ui, Wj, will be 



jhe acceleration along Ox i 
Bct to t, is found tu be 



r which, on differentiating h, ■with 



e that along 0^ is similarly found to be ' 



mpounding these, we obi-iously obtain an acceleration — along BO, 
B result already obtained ou page 15. " 



i 

,/1 


' 




A 
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Composition and Resolution of Vectors in Space 

pis. It may be that the vectors to be compounded are not all in 
e plane. However, the method of determining the resultant la 
feentially the same. Thus we can con- 
struct a polygon in space ABCD ■■■ N 
such that the sides AB, BC,---, MN rep- 
resent the vectors £„ ■ ■ ■, R^. As in the 
preceding case, it is readily shown that 
AN is the resultant. 

± la usually more convenient to resolve / 
I vector into three components par- ^ p^ 

1 to rectangular axes in space. Given 

r AB, we draw through A, and likewise through B, three 

s parallel to the coordinate planes. They inclose a rectangular 

llelopiped of which AB is a diagouah The edges AC, AD, 

ipreaent three vectors by which AB can he replaced ; they 

a compouents parallel to the axes of the vector AB. 

(6 there are n vectors, and that the direction angles of 
r jB, are denoted by a„ ^„ 7,. As above, each vector S, 
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^^l--1)€re placed hj three ccmipoueiits parallel to the axes; 

vectors are of amount 

B^ cos a,, R, cos yS,, Ji, cos 7,. 
Of the 3ji vectors thus obtained, the n vectors parallel to the 
lo-axis can he compounded into the single vector 

X=i?iCosrt, + Ji^cosa^-\ + ^,cosa,. (3> 

The whole system o£ vectors can thus be replaced by this vectoj 
and two others parallel to the y and z axes respectively, namely 

r = fi, cos ^, + a, cos /3, + ■ ■ . + fl„ cos j9^. (4^ 

Z= R, cos 7, + fl, cos Ti + ■ ■ ■ + -K, cos 7^. {5] 

Evidently the resultant of these three vectors, and consequently ol 
the original n vectors, is a diagonal of a rectangular parallelepiped 
whose edges are of lengths X, Y, Z. If the length of the resultant 
be denoted by Ji, and the direction angles by a, ff, 7, we have 

R'=X^+ Y^-i- Z\ 
and COB a = — . cos /3 = 



R 



R 



B7 = - 



R 



Hence the resultant is completely determined in magnitude ( 
direction, 

Centroids 

16. Let a system of vectors be represented in direction hy OA^ 
OA^, ■ ■ ■, OA^, and let their magnitudes be m,OA„ ■ ■ •, m^OA^, where m, 
"*«' ■ ■ ■) »i, are any quantities. Denote by a;,, y„ s, the coordinatea Q 
A^ with respect to axes through ; by a^, (9^, 7, the direction angle( 
of OA, with respect to these axes ; and by R^ the magnitude of thi 
vector m^OA^ The components of this vector along these axes am 

°^ ^ R, cos a^ = vi^OA^ cos a, = m^,., 

R, cos /3^ = m^OA, cos y8^ = ''ir^r' 
R^ COS 7, = m^OA^ cos 7,. = m^^. 
Hence equations (3), (4), (5) can be written thus : 



= 2"^^,, r = 2;m^„ Z = ^m^^ 



(^ 
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For the interpretation of tliia result, we make use of the idea of 
the cenlroid of a ayatem of points. By definition the centroid of a 
syatem of points is the point such that its distance from any one 
of three coordinate planes is the average of the distances of all the 
points of the system from this plane, it heing understood that each 
distance is measured with its proper algehraic sign. 

From this definition, it follows that the distance of the centroid 
from any plane whatever ia equal to the average of the distances 
of the n points from this plane. For if x„ y^,z^ are the coordinates 
of the rth point, the coordinates of the centroid, say x, ^, l, will be 

n ** n *p ** 1 

the perpendicular distance from the centroid to any plane 

ax+hy-i-cz + d=Q 

ia ■ (ax + by -^ cz ■\- d) 

•vV + fi' + c" 

= 1 A ga:^ + by^ + cz^ + d ^ 
■"■T Va' + J' + e" 
which proves the result. 

Let ua imagine that of the n points a number m„ all coincide 
at the point x„, ji„, z^ a number Wj at the point x^, y^, Zj, and so on. 
Then the centroid has coordinates (by equations (7)), 



n ^^ 



(8) 
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where the summation is now taken over the various points In space 
at which the origiDal points are accumulated. Calling these points 
in space A, B,C,- -, the point 2, J, 5 is said to be the ceutroid of the 
points A,B,C,--, corresponding to the multipliers ni„, m^, m^, ■ ■ 
By means of these results, equations (6) are reducible to 



jr=2.^m,. r=y--^m,^, 



j-^m,. 



(9) 



Hence the resultant of the above set of vectors is directed along 
the line OC, and its magnitude is UC-'^m^. As defined by equa- 
tions (9), the multipliers m^ can be any numbers whatever, positive. 
or n^ative, so that the sum Vm^ may be positive, zero, or 

tive. In particular, when the vectors are represented in m^oitofle 
as well as direction by OA^, ■ - •, OA^, the resultant is directed along 
0C„, and its magnitude is n ■ 0(7„, where n is the number of vectors 
and the pohit C„ is the eentroid, as defined above. Thus we hai 
the theorem : 

TiiEOEEM. If vectors of magnidide m,0^i, m^OA^, ■■■ t 
the lines OA^, OA^, ■■-, then their resultant is of magi 

(»6^ + wij -| ) OG, and acts along OG, where G is the eentroid A 

the points A^, A^, ■■■ for the mnltipliers m^, m,, ■ ■ ■. 

Obviously the parallelogram law ia a particular case of i 
theorem, 

EXAUPLES 



o Tectors of magnitudes 5 P anii 12 P which ID 



1. Find the resultant of t 
at riglit angles. 

2. A vector P is tiie resultant of two yectora which make angles of 80° al 
iiy with it on opposite sidea. How large are the latter vi 

3. Show how to determine the directions of two vectors of given magnltS 
so that their reaultant Bhall be of given magnitude and direction. Whenialj 
impossible ? 

4. Show that 11 the angle at which two given vectors are inclined t< 
other 1h increEwed, their resultant is diminished. 

5. Under what conditions will the resultant of a BysKim of vi 
tudes 7, 24, and 25 be equal to zero ? 
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le vectors of lengtha P, P, aiid P Vi meet in a. point and are mutu- 
ally at right angles. Determine the magiiituda of the rosultant and the ajiglea 
between its direction and thut of each component. 

7. Three vectors of leiigtlia P, 2P, 8P meet in a point and are directed 
along the diagonals of the thrae faces of a cube meeting at the point Determine 
the magnitude of their resultanl. 

8. Show that the resultant of three vectors represented by the diagonals of 
three faces of a parallelepiped meeting in a vertex A is represented by twice 
the diagonal of the parallelepiped drawn from A. 

9 J) is a point in the plane of the triangle ABC, and I is the center of its 
inscribed circle. Show that the resultant of the vectora a- AD, b-BD, c-CDia 
{a + b + c) ID, where ft, 6, c are the lengths of the sides of the triangle. 

10. ABCD, A'B'CD' are two parallelograms in the same plane. Find the 
resultant of vectors drawn from a point proportional to and in the same direc- 
tion as AA\ B-B. CC, ITD. 

11. If O is the center of the circumscribed circle of the triangle ABC and 
F its ortliocentor, show that OP is tlio resultant of the vectors OA, OB, and 
DC : also that 2 PO ia the reaulUnt of PA, PB, PC. 

12. The chords AOB and COD of a circle interaect at right angles. Show 
that the resultant of the vectors OA, OB, OC, OD is represented by twice the 
vector OP, where P ia the center of the circle. 

tApoiut possesses simultaneously velocities of S, 3, 8 feet per second, 
directions of a point describing the three sides of an equilateral tri- 
angle in oi-der. Find the magnitude of ita velocity. 

2. A point possesses simultaneously velocities, each equal to v, in the 
directions of lines drawn from the center of a regular hexagon to five of 
its angular points. Find the magnitude and direction of the resultant 
velocity. 

3. When a steamer is in motion it ia found that an awning 8 feet above 
the deck protects from rain the portion of the deck more than i feetbeliind 
the vertical projection of the edge of the awning ; but when the steamer 
comes to rest the line of separation of the wet and dry parts is 6 feet in 
bont of tills projection. Find the velocity of the steamer, if that of the 

C20 feet per second. 
A ship sailing along the equator from east to west finds that from 
le day (local time) to noon the next day (local time) the distance 
i is 420 miles. What would be the day's run, if the ship were sail- 
ing at the same rate from west to east? 
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]S. A railroad runs due eaat and west in latitude \, At what r 
I train travel along the road to keep the Bun always direcli 
south of it? 

6. Determine the true course and velocity of a steamer going due n< 
by compass at 10 knots through a 4-knot current setting southeaet; 
determine the alteration of direction by compass in order that the Bteamn 
should muke a true northerly courae. 

7. A bicyclist rides fa8t«r than the velocity of the wind, and makes thit 
error of judging tlie direction of the wind to be the direction in which i 
appears to meet him when he is in motion. Show that the wind 
always appear to he against him, in whatever direction he rides. 

8. One ship sailing east with a speed of 20 knots passes a 1 
ship at 11 A.M. ; a second siiip sailing south at the same rate paasei 
same point at 1 p.m. At what time are they closest together, and what i 
then the distance between them? 

9. Two particles move with velocities s and 2i' respectively in opp 
site directions, in the circumference of a circle. In what positions is the 
relative velocity greatest and least, and what values has it then? 

10. Find the relative motion of two particles moving with the san 
velocity v, one of which describes a circle of radius a while the other laar 
along a diameter. 

11. Two particles move uniformly in straight lines. At a given tin 
the distance between them is a and their relative velocity is V, the eca 
ponents of the latter in the direction of a and perpendicular to it bein{f: 
and tt. Show that, when they are nearest together, their distance is a 
and that they arrive at this position after the interval au/V. 

12. Th h n a field are at a certain moment at the vertices ff 
an equilate al angl Their motion relative to a person driving along t 
road is in a 1 t n nd the sides of the triangle (in the same sense), 
and in n agn t d q al to the velocity of the carriage. Show that the 
three ho a ng along concurrent lines. 

13. Two p Qta d B be concentric circles, of radii a and b, with speeds 
varying inversely as the radii. Show that the relative velocity is par^B 
lei to the line joining the points when the angle between the radH ^U 
these points is H 

_, 2 06 ■ 

14. A stone dropped from a balloon moving horizontally is observed tU 
be 4 seconds in the air, and to strike the earth in a direction making b^| 
angle of 15° with the vertical. Find the velocity of the balloon. I 
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l6. A ball is thrown from the top of a, bailding with b, velof 
per second at an angle of 30° with the horizontal in i 
Find the directions of ita motion at the end of the first and/ 
and also the velocities at these instants. 

16. A ball is toaaed into the air with a velocity of 20 feet "a (^ _id 
at the end of a second is seen to be moving in a line at right auglea to Itie 
direction of projection. What is its velocity at the instant? 

17. If the velocity of a butlet is supposed to be a uniform horizontal 
velocity equal to n times that of Hound, show that the points at which the 
sounds of the firing and of the bullet striking the target are heard simul- 
taneously lie on a, hyperbola of eccentricity n. Examine the case in which 
n is very nearly equal to unity. 

18. Assuming that the earth moves in a circular orbit about the 8un 
with a velocity 20,6 kilometers per second, and that the velocity of light 
is 300,000 kilometers per second, find the apparentdlaplacement of the sun 
due to the earth's motion. 

19. Assuming that the earth in a year describes a circle uniformly 
aliout the sun as center, that the distance between the centers is 220 radii 
of the sun, and that the radius of the sun is 108 times that of the earth, 
find the velocity of the vertex of the earth's shadow, taking the aun*s 
radius as the unit of space and a year as the unit of time. 




Newton's Laws 



17. The laws of motion, as we have said, form the material sup- 
pUed by experimental mechanics for theoretical mechanics to work 
with. These laws have been stated in compact form by Newton: 

Law L Every hody continues iji its stale of rest, or of uniform 
motion in a straight line, except in so far as it is compelled hy 
impressed force to change that slate. 

Law II. The rate of change of momentum is proportional to tht 
impressed force, and takes place in the direction of the straight lim 
in which tlie force acts. 

Law III. To every action there corresponds an equal and oppo- 
site reaction. 

18. These laws introduce several new terms, — " force," "mo- 
mentum," " action," " reaction," — which must be explained before 
the laws can be fully understood. 

The first law involves the idea of motion, which has already 
been discussed, and of force, which is new. 

The word "force" ia in common use. It is associated in 
first instance with muscular effort ; for example, we exert 
pushing against an obstacle. Scientifically, however, the word 
a wider use ; we say, for instance, that two railway trucks when 
they collide exert force on one another, and that the earth exert* 
force on all bodies, causing them to fall towards it unless they 
supported in such a way that they resist this force. 

The first law of motion, in fact, explains what is to be understooi 
by force : it is that which tends to change the state of rest of i 
body, or of uniform motion in a straight line. 
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Consider, for instance, a railway truck standing at rest an a leyel line 
>f rails. If a second truok runs into it the first truck wilt start into motion, 
that force has been applied. 

Tlie first law, however, tells us more than thia. It tells us that 
if a body is kept free from the actiou of forces, it will remain in 
itB state of rest or of uniform motion in a straight line. Thus the 
normal state for a body to be in is one of rest or of uniform motion 
in a straight line, i.e. motion with uniform velocity ; it ia only 
the presence of force which can alter thia normal state. 

Consider again t!ie caae of the railway truck. Let us suppose it has 
been set in motion Ly collision, and that it starts ofi with a velocity of, 
say, 10 miles an hour. The first Uw tells us that unless forces act on the 
truck, it will continue its motion with an unaltered velocity of 10 miles 
ail hour in the same straight line in which it started. When a truck is 
at;tually started into motion by colliHion, it may be taken for granted that 
it will not continue in uniform motion in a straight line, but will sooner 
or later be brought to rest. Thus forces must be at work. Let us consider 
the nature of these forces. 

Tn the tirst place there is a force known as the resistance of the air. 
The air in front of the truck presses against it in such a way as to retard 
its motion. The air therefore exerts force on the truck just as a man might 
exert force on the truck by pressi:ig against it with his hand. This force 
alone would stop the truck in time. 

Let us suppose that the brakes are applied, and that the wheels are 
gripped so firmly as to be at rest relatively to the truck, so that they slide 
on the rails. There is then a large force applied to the truck by the rails, 
and this again toads to stop the motion of the truck. Even if the brakes 
are not applied, so that the wheels are left free to turn, there will still be a 
force applied by the rails, although this force will be smaller than before. 

Suppose that the track is curved instead of straight. We can imagine 
the motion continuing for some time, but it will be motion along the 
cnrve, and not motion in a straight line, such as we are told by the first 
law would take place if it were not for the action of force. Force has 
therefore been applied, the force being that of the rails on the flanges of 
the wheels, tending to turn the truck round the curve. If the flanges were 
not present, this force could not act, so that the motion would ci 
a straight line — -the truck would run off the rails. 

As another illustration of the meaning of the first law, let u 
m motion of a bullet fired from a gun. Here the forces which start the 
supplied by the pressure of the powder. After the bullet has 
B the gon, the forces which act are small compared with those which 
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bare atarted the motion, m that we ge« ui ajifiroxuiuition to nnifotin 
iBOtion in s straight line. The forces acting to altei this motion are 
(n) the miltance of the air and (i) the weight of the bullet. The former, 
a* we have seen, tends to slop the motion by pressure on the ends and side* 
of the buJlet ; the latter lends to drag the bullet down to the earth, aod 
•o cauaea it, instead of describing a straight line, to describe a path wliict 
cnrreB downward towsrda the earth- 

19. The coaception of tmiform motdou in a straight line, or 
rest (the particular case of uniform motion in which the velociq 
is nil), as being the normal state of a body is due to Galileo (156^ 
1642). An interesting account of the discover)- of this law^ will 
found in Chapter II of Macb's Scitnee of Mechanics} or in Chap- 
ter IX of Cox's Meckanici^ Before the time of Galileo it was 
commonly supposed, on the authority of Aristotle, that every body 
had a natural place, and that its normal state was one of rest \a 
tfaifi natural place. For instance, a stone was supposed to sink in 
water, not liecause the force of gravity was acting on it and setting 
it into downward motion, but because its natural place was at the 
bottom of the water ; a cork was supposed to rise because its 
natural place was at the top. Thus Girard," in 1634, speaks of 
" millions de mati^res, qui sont disposes chacunes en leurs lieus," 
and defines gravity as " la force qu'une matiere dfimonstre ^ sou 
obstacle, pour retoumer en son lieu." Thus the effect of force, 
before CJalileo, was supposed to be to keep a body out of its 
natural place. Galileo perceived that bodies had no natural 
places at all, but natural stales, namely of rest or of uniform 
motion in a straight line, and the effect of force is not to move a 
body from its natural place but to disturb it from its natural 
state, — Le. to alter its speed. This discovery of Galileo is what is 
expressed by Newton's first law of motion 

20. Having settled what is meant by the natural state of 
body and also what is meant by force, — namely that which tends 

' Ernest Mach, Science of JfecAanics (Eng. trans, by McCormack). 
• J. Cox, Mtclumica, Cambridge, University Press, 1G04. 
^H|^ tJie ElzeTiT edition of Stevin, Lejden, 1634. See Cos, Mechanics, loc. ell. 



THE SECOND LAW 29 

I to alter the natural state, — we next inquire aa to what is the law 

I which governs the effect produced by force. Giveu a force, by 

how much will this alter the natural state of uniform motion in a 

straight line ? An answer to this is provided by the second law : 

Law II, The rate of change of momentum is proportional to (he 
■impressed force, and takes place in iJie direction of the straight line 
in which the force acts. 

The force, then, produces change in a certain quantity, — the 
momentum of the body on which the force acts, — and the force 
is proportional to the rate of change of thia momentum. 

By momentum is meant the product of the velocity of the body 
by a quantity known aa the mass of the body. The mass meas- 
ures simply the quantity of matter of which a body is composed, 
and s o doe s not depend on the motion of the body. Thus 

jiange of momentum = mass x rate of change of velocity 
= mass X acceleration, 
./ the definition of acceleration. We therefore see that the force 
is proportional to the product of two quantities, the mass of the 
body and its acceleration. 

21. Measurement of mass. If we drop a body from our hand, 
it will, in general, be acted on by two forces, the resistance of the 
air and its weight. If we suspend the body in a vacuum, with an 
arrangement for letting it drop at any instant we please, we get 
rid of the resistance of the air, and the only force acting on the 
body will be its weight. Now if any two bodies are suspended 
side by side in a vacuum, and are let fall at precisely the same 
instant, it wQl be found that they remain side by side during the 
whole time they are falling towards the earth. Thus at any 
instant their accelerations are the same. 

It follows from the second law of motion that the forces acting 
iirc proportional to their masses. These forces, as we have seen, are 
simply the weights of the bodies, so that, as the experimental 
result is true whatever the two bodies may be, we have the gen- 
eral law : Tlie masses of bodies are proportional to their weights. 
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This gives us a means of comparing the masses of any t 
bodies. In every cmmtry a certain mass is taken as standard, ( 
the mass of Einy other hody is then compared with this standard, o 
with a copy of it, and in this way we get a knowledge of the actitt 
mass of a body. Por instance, in saj^ing that the mass of a body 
is n pounds we mean that its mass (or weight) is equal to n times' 
the mass (or weight) of a certain standard hody kept at London, 

22. Measurement of force. The weight of a unit mass is i 
force which may conveniently be taken to represent a unit fore 
and if this is done all other forces may be compared with thj 
force. Thus a force of m pounds weight will mean a force m tim 
as great as the weight of the standard pound. 

This imit of force, however, is convenient rather than BcieQti& 
since it varies when the mass is moved about from place to plat 
on the earth's surface. A unit pound mass will weigh more i 
London than at Washington ; for instance, it will be found 1 
extend or compress the spring of a spring balance more at Londo 
than at Washington, so that if the pound weight is taken 
of force, we must remember that the unit of force is different i 
different parts of the earth's surface, and that a lorce of m poiinj 
we^ht at London will be different from a force of m pound 
weight at Washington. 

For this reason a second unit of force is generally used fi 
scientific purposes. Tliis is called the absolute unit of force, ai 
is chosen so as to be independent of position on the earth's surfac 
The second unit of force is defined to be one which produces un 
acceleration in unit mass, whereas the former unit produced t 
acceleration equal to the value of gravity at the point. Thus, if ji 
the value of gravity, i.e. the acceleration of a body falling freely in 
a vacuum, the practical unit equals g times the absolute unit. 

If unit force produces unit acceleration in unit mass, a force P 
will produce in mass m an acceleration — ■ Hence, denoting the 
acceleration by /, we have the fundamental equation 

P = m/, (lOJI 
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which is the mathematical expression of Newton's second law. 
Here the force P must be measured in absolute units. 

23. Law III. To every action there corresponds an equal and 
opposite reaction. 

It is a matter of common observation that a body A cannot 
exert force on a second body B without B at the same time exert- 
ing force on A. Thus an athlete trying to throw the hammer has 
to be on his guard that the hammer does not throw him ; the force 
he exerts on the hammer is accompanied by the hammer exerting 
force on him, and he must steady himself against the effects of 
this force. So also when a gun fires a shot by exerting force on it, 
the shot exerts force on the gun, which is shown in the recoil of 
the guu. Thus aU forces occur in pairs, which may conveniently 
be spoken of as action and reaction. The third law of motion tells 
us that the two forces which constitute such a pair are equal in 
magnitude and opposite in direotion. 

The meaning of the third law will be seen on esamiuing the reactioii 
corresponding to the forces whicli we have already used for illustrative 
purposes. The first illustmtion employed was that of a colliaion between 
two railway trucks. Truck A runs into truck B, eierting force on it and 
setting it in motion. The third law tells us that at the instant of colliaion 
B must exert force on A , this force being equal in amount to that exerted 
by A on B, and opposite in direction. The force of reaction will result in 
a ctmnge of velocity of A , lasting during the instant of collision only, and 
this may either merely check the motion of ^, bo that after the collision 
A proceeds with diminished velocity, or it may reverse the motion of A, 
so that truck A is seen to rebound from B and return in the direction is 

After B has been set in motion we have imagined it to be acted on by 
three forces : 

(a) the resistance of the air; 
(6) the friction of the rails; 
(c) the pressure of the rails on the flanges, turning the truck round a 

The reaction corresponding to the first force is a force exerted by the 
track on the air in hont of it and near it, tending to set the air in motion 
in the direction in which the car is moving ; it is, in fact, this force which 
clears the air away from the space occupied at any instant by the truck. 
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referred to axes fixed in space or to the movTiig axes ; for the 
acceleration referred to the moving axes is obtained by compounii- 
ing the acceleration referred to asea fixed in space with that of the" 
moving axes, and tliia latter acceleration is niL 

Thus it appears that the laws of motion retain exactly the n 
form when the motion is referred to axes which move in s 
provided that these axes move with no acceleration. 

This condition of no acceleration is not satisfied by a i 
axes fixed in the earth's surface. A point on the earth's sur&u 
describes, on account of the earth's rotation, a circle about I 
earth's axis. If a is the radius of this circle, and v the velocit 
with which it is described, the point will have, by § 12, an acceleri 

tion — towards the earth's axis of rotation. Thtis a set of ax 

a 
fixed in the earth's surface will have an acceleration o( th 
amount, and this lias to be borne in mind in applying the laws 
motion. At a point on the equator w = 46,510 centimeters p 
second and a = 637 X 10* centimeters, so that the acceleration 

v' 

~~ = 3.4 centimeters per second per second. A body dropped at th 

equator will appear to have an acceleration of 978.1 centimeters pe 

second per second, if the motion is referred to axes fixed in t 

earth ; but will have a true acceleration of amount 

978.1 + 3.4 = 981.5, 

if the acceleration is referred to axes fixed in apace. 

Tills explains part of the reason why the force of gravity appeal 

to vary from point to point at the earth's surface. The weight 1 

a mass of one kilogramme will produce a certain extension of t! 

spring of a spring balance at the North Pole. If taken to th 

equator, part of the weight goes towards producing the acceleratio 

of the mass towards the earth's center, and it is only the remain 

der which extends the spring of the balance. The first part ii 

weight of about 3^ grammes ; the remainder is the weight of abou 

996^ grammes. Thus we may say that, owing to the acceleratiog 

of the earth's surface towards its center, a mass of a kilogram 
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at tJie equator will appear to act on a spring balance with a force 
equal only to the earth's attraction on 996J grammes. 

A second set of errors would be introduced by referring motion 
to axes in the earth's surface, these being caused by the change in 
the directions of the axes. For instance, if we use the laws of 
motion as though they were true for motion referred to axes fixed 
in the earth, and apply these laws to the fall of a stone, we shall 
hud that the stone ought to strike the ground at a point vertically 
below that from which it ia dropped. If we allow for the rotation 
of the earth, we shall tind that the point at which the stone actually 
strikes must be somewhat to the east of the point vertically below 
that from which it started. 

The eiTors introduced by treating motion on the earth as though 
it were motion with reference to axes fixed in space are, in gen- 
eral, either extremely small or very easily corrected. We shall, 
therefore, proceed at present by neglecting such errors altogether, 

and shall apply the laws of motion to motion with reference to 

H|^bfl earth's surface. 

^^V'S6. There is a further limitation to the completeness of New- 
^tbu's laws which ought to be noticed here. The second law would 
lead us to suppose that from a knowledge of the force acting on a 
body, and the mass of the body, we could deduce a definite accel- 
eration of the body. But if the body is of finite size, the accelera- 
tion will be different at difi'erent points of the body ; for example, 
we have seen that, as a consequence of the earth's rotation, the 
acceleration of a point at the equator of the earth is different from 
that of a point at the North Pole. Which acceleration, then, is it 
3 determined by the second law 1 

3 answer to this difficulty is that the second law moat be 

bposed to apply only to particles, Le. to pieces of matter so 

1 that they may be regarded as points. A movii^ particle has 

igle defirute acceleration, just as a moving point has. Prom the 
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law as applied to particles we shall be able to deduce laws which 
shall apply to bodies of finite size. This problem will be treated 
in a later chapter. Although, however, in strictness, the laws 
ought to be applied only to particles, it is obvious that there may 
be many problems in which we can treat bodies of finite size as 
particles without introducing any appreciable error. Such a case 
occurred when we discussed the flight of the bullet in § 18 : the 
size of the bullet did not come into the question, as we could 
imagine all the points of the bullet to have the same acceleration. 
Many cases will occur in which a body of finite size may be treated 
as though it were a particle. In the next chapter we shall con- 
sider the application of forces to particles and to bodies which we 
find it is permissible to treat as particles. 
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Composition and Resolution of Forces 

37. The second law of motiou enables us to find the acceleration 
produced when a particle of known mass is acted upon by a known 
force. In nature, however, forces do not generally act singly. 

Consider, for example, the flight of the rifle liidlet, discussed in 
§ 18, While the bullet is in the air it is acted on by its weight 
and by the resistance of the air aimultaueously. In addition to 
these, there may be a cross wind blowing and acting on the bullet 
with a horizontal pressure in a direction perpendicular to its 
motion. The resistance of the air retards the motion of the bul- 
let, i.e. produces an acceleration in a direction opposite to that of 
the bullet's motion ; the weight of the bullet drags it down, le. 
produces an acceleration towards the earth ; while the cross wind 
will blow the bullet out of its course, te will produce an accel- 
eration in the direction in which the wind is blowmg. Thus we 
can regard the three forces as each producmg its own acceleration. 
The three accelerations can each be calculated from the second 
law of motion, and on compounding these three accelerations we 
shall have the resultant acceleration of the bullet. This resultant 
acceleration could have been produced by the action of a certain 
single force, so that we may say that this single force is equivar 
lent, as regards the acceleration produced, to the combination of 
the three separate forces, or that the sir^le force is the resultant 
of the three separate forces. 

We must now put these ideas into exact mathematical form. 
As a preliminary, let us notice that a force has magnitude and 
direction, so that it can be represented by a straight line. We shall 
show that forces may be compounded according to the parallelogram 
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law. Having proved this, it will follow that forcea are 

and may be resolved aud compounded according to the genei 

rules already given. 

28. Parallelograin of forces. Theorem. If two forces an 
represented in vuignitude and direction hy the two sides of a par- 
alUloijram, their resultant will be represented by the diagonal of 
the parallelogram. 

Let AB, A G represent the two forces, and let Ab, Ac represent 

the accelerations they would produce if they acted on any partidt 

separately. Since, by the second lai 

of motion, the acceleration is propoiv 

tional to the force, we must h 

Ah : Ac = AB : AC. 

Construct the parallelograms Ahde, 

ABDC. On account of the proportion 

just obtained, the two parallelograml 

will be similar, so that AdD will be a straight line, and we shall bars 

AD:Ad = AJS: Ab. 

But Ad; the diagonal of the paraUelogram of edges Ah, Ac, repre- 
sents the resultant acceleration. Since AB represents the force 
necessary to produce acceleration Ab, it follows from the proportiMi 
juat obtained that AD will represent the force necessary to produce 
acceleration Ad. In other words, the acceleration of the particle 
is the same as if it were acted on hy a single force represented I 
AD. Thus AD represents the resultant of the forces AB, AC. 

It now follows that force is a vector, so that forces can 1 
compounded according to the laws explained in §§ 14^16. 

Particle in Equilibrium 

29. In statics we are concerned only with particles, or sysl 
of particles, at rest. The resultant force on each particle mi 
accordingly be nil. It is therefore important to consider caaes 
^hich the resultant of a system of forces is niL 
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30. Polygon of forces. Theorem. If forces acting on a particle 
are represented hy straight lines, the particle will be in equUibrium 
if the polygon formed by taking all these straight lilies as edges is 
a closed polygon, i.e. if after putting all the lines end to end we 
come back to the starting point. 

Let AB, BC, CD, ■ ■ -, MN represent in magnitude and direction 
any number of forces which act simultaneously on a particle. 
Since force is a vector the forces represented by AB and BC are 
equivalent to a single force repre- 
sented by AC, and may therefore 
he replaced by this force. 

Thus the system of forces may 
now be supposed to be forces repre- 
sented by the lines AC,CJ),--, MN. 
The first two of these may again 
be replaced by a single force repre- 
sented by AD, 80 that the system 
is reduced to forces represented by 
AD,DE,-;MN. We can proceed ^°''^ 

in this way until we are left with only a single force represented 
by AN. This therefore represents the resultant of all the forces. 

If the polygon is a closed polygon, the points A and JV" coincide, 
so that the resultant force represented by AN vanishes and the 
particle is in eqiubbrium. Conversely, if the particle is in equilib- 
rium, AN vanishes, so that the polygon is a closed polygon. Thus 
the condition for equilibrium expressed by the theorem just proved 
is necessary and sufficient, — necessary because the condition must 
be satisfied if the particle is to be in equilibrium, and sufficient 
because eqiiilibrium is insured as soon as the condition is satisfied. 

31. Triangle of forces. If there are only three forces, the theo- 
rem reduces to a simpler theorem known as the triangle of forces. 
Tliis is as follows : 

Theorem. If a particle is acted on by three forces represented 
'w.^aight lines, the particle will he in eqnilibriwm if these three 
Ibiffht lines placed end to end form the sides of a triangle. 
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As thia is a particular case of the polygon of forces no separata 
proof 13 needed. As before, the eooverse is also true, so that the 
condition is a necessary and sufficient condition for equilibrium. 

When there are only three forces acting, the condition for equi- 
librium can be expressed In a still simpler form : 

32. Lami's Theorem. When a particle w acted on by thru 
forces, the necessary and sufficient condition for equUibnwm is tha 
the three forces shall be in one plane and that each force shall I 
proportional to the sine of tlie angle between the other tv)o. 

Suppose that a particle is acted on by three forces J*, Q, R. The 

necessary and sufficient coudition for equilibrium is that we c 

V form a triangle by placing end to end thret 

^*? lines which represent the forces P, Q, R^ 

\^__„(^^ magnitude and direction. 

/ ** Let us begin by taking AB to represeod 

/^^ P, and placing against it at J? a line BC \A 

/ represent Q. Then CA must represent R, i? 

Q the conditions for equihbrium are to be sati*- 

\ / fied. TIjus the three forces must be in ona: 

plane, namely, the plane parallel to ABC 
through the point of action of the forces. 

Assume that there is equilibrium, so thai 

the three forces are represented by the sides o 

the triangle ABC. Let us denote the angles of the triangle as 

by A, B, C, and its sides by a, h, c. Then, from a known propert 

of the triangle, a b c 

sin^ sinB sin G 

By our construction, however, a, b, c are proportional to tb 
magnitudes of the forces : we have 

S. = ^ = l 

P~ R~ Q 

Thus _^=_«_ = ^- 

sin (7 sin ^ sin B 
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If pq denote the angle between the Une8 of action of the forces 
P and Q, we have pq = tt ~ B, bo that ain B = eia pq, and hence 

■F ^ 9 ^ ■« 

sin qr sin rp sin pq 

The converse ia true because, if tlie relation {11} is satisfied and 
if the lines of action of the forces are in one plane, we can con. 
struct a triangle of which the sides will represent the forces F, Q, R, 
80 that there is equilibrium. 

33. Analytical conditions for equilibrium. Expressed in an ana- 
lji.ical form, the condititm for equilibrium is that the resultant of all 
the forces acting shall be zero. If the individual forces are known, 
the resultant force can be obtained at once from the rules for the 
composition of vectors, wliich have already been given in §§ 14^16. 

If the forces all act in a plane, let their magnitudes be R^, B„ ■•■, 
£,, and let their lines of action make angles e^, e,, ■■-, e, with the 
axis of X. Then the resultant has components X, ¥, where (cf. § 14) 

Hu ^ = if, cos c, + ^a (^08 Cg H , 

^H F = .£, sin e, + jS, sm e, H 

The magnitude of the resultant is Va'*+ ¥\ and this vanishes 
only if X and 1" vanish separately. Tlius the condition for equi- 
librium is that the components along the two axes shall vanish 
separately, i.e. that the sum of the components of the separate 
forces acting shall vanish when resolved along each axis. 

Similarly, if the forces do not all act in one plane, the condition 
for equilibrium is that the sums of the components along three 
axes in space shall vanish separately. 



EXAHPLES 

1. Forces of 12 and 8 pound!) weight act in two directions which are at right 
angles. Find the magtiitude of their reaultant. 

2. Three forces eacli equal to F act along three rectangular aiea. Find their 
resultant. 

3. The resultant of two forces P] and Pj acting at right angles is fi ; if Pi 
and P| he each increased by 3 pounds, 21 is increased by 4 pounds and la now 
equal to the sum of the original values of Pi and Pg. Find Pi and Pa. 
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i. ForcefinclingBlapointOare represented by Oj4, OB, OC, .--, OW. t 
chat a Lhej B.Te in equilibrium, O is the c«ntrui<l of (be poiuts A, B,C,' ■■ 

5. AiiChEF [a a regular hexagon. Find tlie resultaiii of Che foroea repa 
Benteii by AB, AC, AD, AE, AF. 

6. ABCDBF is a regular hexagon. Show that the result ant o f forces lep 
senteil by AB, 2 AC, SAD, iAE, ^AFia represented by -^/E^AB, and & 
its direction. 

7. JBCisa triangle, and Pis any point in BC. If PQ represent the resultul 
of tJie forces represented by AP, PB, BC, show that the locus of Q is a stiaigl 
line parallel to BC. 

Types of Foeces 
Weight of a Particle 

34. The weight of a particle acts always vertically dowi 
ward; for at a given place on the earth it is found that t 
weights of all particles act in parallel directions, and this direo 
taon is called the vertical at the place in question. The weight i 
the gravitational force with which the particle is attracted by tl 
earth, except for a small correction which has to be introduce 
on account of the fact that axes fixed in the earth do not n 
without acceleration. This correction we shall not discuss ] 
When the weight of a body is said to be IF, it is meant tbA f 
keep the body at rest relatively to the earth's surface a force W 
required to act vertically upward. 

Tension of a String 

35. A string or rope supplies a convenient means of appljii 
force to a body, and this force is spoken of as the tension of ti 

n g r s string. Let ABCD ■ • ■ be the stril 

^* — 'j,' B ' Q ' h ' E ^^^ let P be a particle tied to ti 

string at its end. Let the divisions A 

BC, ■ ■ ■ of the string be so small tfa 

each may be regarded as a particla 

There will be three forces acting on any particle such as Bi 
first, its weight ; second, a force exerted on BC by the particle iS 
of the string ; and third, a force exerted on BC by the particle A. 
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Gtenerally the weight of a string is very alight compared with 
the other weights in the problem. It is therefore coDvenient to 
regard a string as having no weight at all. In this case there are 
only two forces acting on the particle AB, so that for equilibrium 
these must be equal and opposite. 

36. Flexibility. A string is said to be perfectly flexible when 
the force exerted by one particle on the next ia in the direction 
joining the two particles. Thus, if the string now under discussion 
is perfectly flexible and weightless, the forces acting on the parti- 
cle BC are along the directions pq, qr. To hold BC in equilibrium 
these must be equal in magnitude. Let T be taken as the magni- 
tude of each. Also the two forces must be in opposite directions, 
JO that pqv must be a straight line. 

Since action and reaction, by the tliird law, are equal and oppo- 
site, the force exerted by BC on CD must also he T in the direc- 
tion qr. This must, for equilibrium, be equal and opposite to the 
force exeited by DE on CD. This force must accordingly be of 
imount y, and qrs must be a straight line. 

We can continue in this way, and find that all the particles 
must Ke in a straight line pqrs ■ ■ ■, and that each acta on the next 
with the same force T. Also the particle A at the end of the string 
lets on P with this same force T in the direction o£ the string. 
The force T is called the tension. Thus we have the following : 

The tension of a siring at any point P is defined as the force 
with, which the particle of the siring on the one side of P acts on 
(he particle an the other side of P. 

The tension is the same in magnitude aTtd direction at every point 
of a perfectly flexible, weightless string acted on by no external forces. 

Hence it follows that 

A perfectly flexible, -weightless string acted on by no external 
forces must be in a straight line when in equilibrium. 

If the tension vanishes, there is eqiulibrium whatever the direc- 
tion of the elements of length pq, qr, ■■■. When the tension van- 
ishes the string is said to be unstretched. Clearly an unatretched 
string can rest in equilibrium in any shape. 
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It will be proved later that when a perfectly flexible, weightleaj 
string passes over a smooth peg or pulley, the teDsion has the samel 
magnitude at all points of the string, and at points of contact with tt 
peg or pulley its direction is along the tangent to the peg or puUc^ 

37. If tlie string is not absolutely weightless, but is very light, i 
imrticle sncli as 7 will be act«d on by tbree forces, — its weight v 
'lowii, and the two forces from the adjacent particles acting along pfti 

^ ^^ n/. By Lami'Btheorein,eachforMq 

^^^•^ must be proportional to the s 

of the angle between the remain- 
ing two forces. Since the weight 
PiQ ig is small, sin pqr must be small ; i.p. 

pgr must be very nearly a atraiglit 
line. The line cannot be perfectly straight, however, unless the string is 
absolutely weightless ; thus in a real string there must alwaya be a certain 
« sag," due to the weight of the string, although this sag may be bo slight 
as to be impercejitible. 

38. Extensible and ineztensible strings. The tension, as will 
have been seen, is a force acting at every point of the string, and 
tending to stretch the string in the direction of its length. The 
string either may or may not yield to this tendency to stretch. A 
string which stretches under tension is called extensThle ; a string 
which does not stretch at all, or which stretches bo little that the 
amount of stretching is inappreciable, is called inexteris^le. 

Thus an inextensible string remains of the same length what- 
ever tension is applied to it, while tlie length of an extensible string 
depends on its tension. 

In 1660 Hooke discovered a law which expressed a relation 
between the tension and the amount of stretching in a string : th« 
one is proportional to the other. 

Definition. The length of a string when the tension is zero I 
called the " natural length " of the string. 

Definition. The amownt by which the length of a stre 
string exceeds the statural length of the same string is called i 
"extension" of the string. 

Hooke's Law. The tension of a string is proportional to t 
extension. 
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Although HouKe discovered this law in 1660, he did not publish it until 
1876, and then only lu the form of the anagram ctiinosssctuv. 

In 1878 he explained that the letters of the anagram were those of the 
Latiu words ut lensio sie i'ik, — "the power of any spring is in the same 
proportion with the tension thereof." By tension (lenaio) Hooke meant 
the quantity which we have called the " extension " ; by the power (its) 
he meant the force tending to stretch the spring, i.e. the tension. 

39. Hooke's law only enables ua to compare the extensions 
produced by different tensions. To find the actual extension pro- 
duced by a given tension we must know that produced by some 
other tension for comparison. 

DeftNITion. TTie force required to stretch a string to double its 
natural length is called the moduhvs of elasticity of the string. 

Thus if a is the natural length of a string, and X the modulus 
of elasticity, we know that a tension X produces an extension a, 
so that a tension T produces an extension TafX 

When we say tliat a string is inextensible, we mean that X is so 
lai^e that the extension Ta/\ may be neglected. 

Hooke's law only holds within certain limits. If we go on 
increasing the tension in a string indefinitely, we find that, after a 
certain Hmit is passed, Hooke's law ceases to be true, and when a 
certain still greater tension is reached the string breaks in two 

f 

Hv. A weight W hangs by a string and is pushed aside by a horizontal force 
ffitll the string makes an angle of 4S° witli the verticnl. Find tlie horizontal 
force and the tension of the string. 

2. A weight suspended by a strmg Lb pushed sideways by a horizontal force. 
Show that aa it is pushed farther from its position of rest, in which the string 
is vertical, the tension continually increases. 

3. A weight of 100 pounds Is suspended by two strings which make angles 
(if t!0° with the vertical. Find their tensions. 

4. A weight of 30 pounds is tied to two extensible strings of natural length 
2 feet, modulus of elasticity 100 pounds, and the other ends of the strings are 
tied to two points at a horizontal distance 4 feet apart. Find the position In 
which the weight can rest in equilibrium. 

5. A weight W la suspended by three equal strings of length I from hooks 
which are tbe verticeH oC a lioriKontal equilateral triangle of side a. Find the 
leusions of the strings. 
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Reaction between Two Bodiea 



40. A second way in which force can be applied to a particle I 
by the pressure between the particle and the surface of a h 
body. Such a force ia commonly spoken of as a reaction. 

A body standing on the floor of a room is acted on 
weight acting downwards, but is kept at rest hy the action of I 
second force acting upwards from the floor; this is the i 
between the body and the floor. Clearly, in order that the 1 
may rest in equilibrium, the reaction in this case must be equal I 
the weight of the body and must act vertically. 

Friction 

41. Imagine a small body standing on a plane of which t 
slope can be varied, such as the Hd of a desk. If the plane is hel 
horizontally, the body can stand at rest as already described. 
the plane he gradually tilted, and it will be found that as soo 
as the tilting reaches a certain angle the body will begin to s 
down the plane. The angle at which ahding first occurs is foui 
to be difl"ereut for different pairs of substances ; thus for wood 
sUding on wood it may vary from 10° to 25°, for iron on wood it 
varies from 10° to 30°, while for iron sliding on iron it is only 
about 10° or 15°. 

When two substances are such that this angle is zero, — i.e. such 
that one can only rest on the other wlien the surface of contact is 
perfectly horizontal, — then the contact between them ia said to be 
perfectly/ smooth. The nearest approximation to a perfectly smooth 
contact which we experience in actual life is probably that of bi 



It is found that the angle to which a plane made of c 
stance has to be tilted before a second substance begins to slid 
on it is independent both of the amount of the second 
and of the area in contact. Tlius the angle depends only on t 
" if the two substances in contact. 
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Further, when the two bodies are pressed together in any 
way it is found that the direction of the reaction can make any 
angle up to a certain limiting angle with the normal to the 
plane of separation without sHding taking place, hut that as soon 
as this angle is reached sliding takes place. This angle is 
known as the angle of friction. It is clearly the same as the 
angle through which the plane before considered can he tilted, 
for the angle between the normal to the plane and the direction 
of the reaction (i.e, the vertical) is simply the slope of the plane. 

42. In any case in which frictional forces act, let B denote the 
Qormal component of the reaction, and let F denote the corapo- 
:ient in the plane of tlie contact which 
3 caused by friction. When slipping is 
iust about to occur, the resultant must 
uake an angle e with the normal, whore 
i is the angle of friction. Thus, if S de- 
lates the whole reaction, we must have 

A = 5 cos e, F= Ssiae, 




ind hence F = R tan e. 



The quantity tan e i 
ly tlie single letter 
jlace, we have 



1 called the coefficient of friction and is denoted 
li. Then, when slipping ia just about to take 



It must be clearly understood that this equation gives the true 
fahie of the frictional force only when slipping is just about to 
ake place. It sets an upper limit to the value of, the frictional 
orce, hut does not give the actual value of this force unless we 
enow that the system ia on the verge of slidii^. 

43. Consider, for instance, the experiment already discussed, in 
vhioh a particle is placed on a horizontal plane which is gradually 
ilted up. When the plane is horizontal the particle is at rest, 
Lcted on only by gravity and the reaction with the plane. Thus 
he reaction is vertical, so that here F='d. Consider next the 
;tate of things when the plane makes an angle a with the horizon. 
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If slipping does not take place, the particle is in ejuilibrimn 
under its weight FF and the reaction between it and the plane, 
Thus the reaction must consist of a vertical force W. "Wo can 
resolve this into componeiiln 
W cos a and IT sin a perpen- 
dicular to and up the plane, 
■ Tlie former is the normal 
ponent of the reaction, the 
latter is the frictional 
ponent. Thus in the notatii 
already used we have 
-R = IT cos or, 
F= irsinor, 
J that in this case we havoj 
F^ Rt&ua. 

As a increases, F and F/2t both increase until, when a reachj 
the value e, F/Ji reaches its limiting value n, or tan f, and s 
this slipping takes place. 



the 
-i«fl 



EXAMPLES 

1. A masa of 100 pounds placed on a rougli horizontal plane is on the 
of starting into motion when acted on horizontally by a, force equal t 
weight of 100 pounds. Find the angle of friction. 

2. A body placed on an inclined plane which makes an angle of 30° with || 
horizontal is just on the point of moving down the plane when acted o 
horizontal force equal to the weight of the body. Find the coeflioieiit of f ilctll 

3. A man capable ot exerting a pull of 200 pounds tries to drag a. 
700 pounds over a horizontal road (coefBcient of friction i). To help him, S 
chain from a crane is attached to the mass, the chain hanging vertically. 1 
much tension must there be in the chain before the man can move the bloo 

4. An insect tries to crawl up the inside of a hemispherical bowt of tadfai 
How high can it get, if the coefficient of friction between its feet and the bowl is 

5. A man trying to push a block ot stone over ice pushes horizontally K 
finds that just as soon as the stone begins to move his feet begin to f 
that if be pusbeu upwards on the stone be will get it along without difSoulty, t 
that if he pushes downwards he cannot possibly move it. 

6. A smooth pulley is placed at the edge of a horizontal plane, 
puses over it, having at one end a weight u hanging freely, and at 1 



ATIVE EXAMPLES 



49 



and* welglit Vsfttlsg on the plane. If the coefBcieot of friction ;i is bo large 
that motion does not take place, find thruugh what angle the plane must be 
tilted before motion begins, 

7. A touriBt of masa M is roped to a guide of mass m on the side of a. moun- 
tain, the side of which may be taken to be an inverted hemisphere. The length 
of the rope aubtends an angle a at the center of the mountain, and the rope ia 
not supposed to touch the mountain at any point, If the coefBcIent of friction 
between either man and the mountain ia ii, how far can the tourist venture 
down the side of the mountain before both be and the guide fall to the bottom ? 



Le 
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ILLU8THATIVE EXAHPLES 

I. A heavy particle C rcst« on a smooth incUnetl plane, being supported by 
itringi ctf lengths ii, Ij, vihich are attached to two points A, B in the plane, 
pointa bang in the aamc hmzontal line anil at a distance h apart. Find the 
nu nf the i^nga and the reaction with the plane. 
Let W be the weight of the particle and let a be the inclination of the plane to 
horizon. The particle iain equilibrium, beingacted on by the foUowingforces; 
(a) Its weight W, which acts vertically downwards. 

~ ution between the particle and tlie plane. Since the plane is 

itb, tliis reaction acta at right angles to tlie plane. Let the amount of tiie 

beR. 

(c) The two tensionH of which 

the amount is required. Let 

the amounts of these be denoted 

by Ti. Tj. 

Since these four forces pro- 
duce equilibrium, the sum of 
their resolved parts in any di- 
rection must vanish. The two 
tensions have uo re sol 
at right angles to the pla 

hence, by resolving at right 

gles to the plane, we shall get 

an equation in which only two of the forces are involved. 
^^^ The resolved part of the weight at right angles to the plane is W cos a. The 
^^■lation is vbolty at right angles to the plane ; hence the equation for which 

^^fioB gives us the amount of the reaction at once. 

Let us now consider the resolved parts of the forces in the inclined plane. 
The only forces which have componenls in this plane are the following ; 
(a) The weight, of which llie component is H' sin n, down the line ol 
lb) The tensions of the strin) 
along the strings CA, CB. 




i, which are entirely in the plane and which 
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The three forces Wmatr, Ti, and Tj must bo in equilibrium; hence, by 
Lami'8 theorem, each must, be proportional lo the sine of liie angle between 
the other two. 

In 8g. 23, CD, CA, CB are the lines of action of these three forces. The 
line CD, being the line of greatest slope through C, is at right angles to tl 
line AB, which we are told ia horizontal. Thus if DG is produced to meet A 
in P, the angle APC is a right angle. Hence 




nACD = 



nACP^ 



«CAP, 



and similarly 

sin BCD = siD BCP = cos CBF. 
By Laml's tlieorem we have 

tyBina- _ Tl _ r, 
aia AOS~ sin BCD ~ ain A CD' 
From the relations just obtained we i 
obtain these ratios in terms of the angles 
the triangle ABC. We have 



Fia. 23 sinC coeB cosA 

We can now, if required, express cob A, coa B, and sin C In terms of 
Ii, Ij, and ft of the triangle, by meana of the ordinary formulEe ot trigonometry. 

The student is advised to examine for himself the form assumed by the result 
in the two special cases 

[a) A = B = 0, in which A CB are in a straight line ; 

(6) C = 0, A = B = —, in which the strings are parallel. 

2. Fiiid the direction and magnitude of the smaUest force which will start a 
body reding on an iTictined plane into motion down Cfte plane. 



u the coefficient of friction between 
if the body, and let i 



Let a be the angle of the plane, 
and the body to be moved. Let W 
be applied in a direction making 
an angle with the line of greatest 
slope down the plane, this force 
being supposed to be just sufficient 
to move the body. 

The forces acting on tie body 
consist of 

{a) its weight W ; 

(6) the applied force F ; 

(cl thereactionwiththeplai 

Let the last force be resolved into two components along and perpendicular 
to the plane. Taking the latter to be it, the former will be liB acting up t^ 
plane, for, by hypothesis, the body is on the point of motion down the pit 
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f -^Hie resultant of all these forces vauiabea, so tiiat tbe sum of their com- 
n atiy direction vanishes. BasolviQg normal to the plane, we obtain 



ft reeolviug along Ibe plat 



g the unknown r 



aiCtioD R, we obtain 
«e)-tr(fico8a-Hina) = 0, 
W{^ cos It - sin a) 



f Eeplacing f- by tan r, we obtain 



P= H 



in(,- 



o:). 






^^hb this is the smallest force bj which motion can be produced, and it must 
:e an angle 6 witli the plane equal to the angle of friction i. 
Ince, by hypothesis, the weight rests without slipping when no force is applied, 
the angle e must be greater than a. Thus the direction of the force F must 
always be inclined in an upward direction. The function performed by the 
force F is twofold : it supports part of the weight of the body (through its 
component normal to the plane), and mi lessens tbe amount of friction to be 
t also supplies (through its component in the inclined plane) 
■e power for overcoming tbe frictional resistance. When . 
1 parts of the force are balanced in tbe most advantageous 
the value of i*' is a minimum, and this, as we have proved, 

An Interealing and instructive solution of this problem can 
also be obtained geometrically. For equilibrium, the three forces 
already enumerated must satisfy the condition of forming a tri- 
angle of forces. 

Let AB represent the weight and BC the reaction between the 
mass and the plane, then CA must represent the applied force F. 
If the body is on the point of motion, the reaction must make an 
angle t with the normal to the plane, ho that the angle A BC must 
be J — tr. Thus the line BC is fixed in direction, and the problem 
is that of finding the direction and magnitude of AC, when the length AC is a 
minimuin. Obviously the minimum occurs when AC is perpendicular to BC, so 
that A C must be in a direction making an angle t — a with the horizontal, as 
already found, and since AC = AB»mABC = ABBiD{t~a), the magnitude of 
the force required will be H''Bin(e — a). 
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3. A particle i> lied to an elofiie ttriitg, lite other end of mkicb ia fixed at a 
piHnt in a rough inclined plane. Find the region of the plane within uAicA tAe 
partiele ean res(. 

The forces actiug uq the imrticle are 

(a) ilfl weight. Bay W, vertically down ; 

(b) the tension of the etritig; 

(c) the reaction with the mugh plane. 
Let the natural length of the string he [, the modulus of elasticity X; thrt 

when the actual length of tha 
string Is r, where r U gi 




I, the t* 



^Ml 



I 



Resolving at right ai 
nents in this direction a; 
with the plane. Tlius 



Let It be tha iDclination of 
lilt) plane, and let n b< 
oi-cllicient of friction between 
tlie plane and the parUola. Iiet 
the reaction with tJie plane ba 
rcaulved in toanonnal component 
R, and a component F along the ' 
plane. The condition that tiie 
particle can remain at rest ll 
that F shall be less than itB, 
les to the plane, the only forces which have compo- 
found to be the weight of the particle and its res 

B- >rcoBa = 0. 



Consider the equilibrium of the particle when at soma point P, distant r( >Q 
from O. The components in the inclined plane, of the forces acting on it, 

(a) IP Bin a down the line of greatest slope through P\ 

(6) the tension '''"'^^ along PO ; 

(c) the frictionai component of tlie reaction, which we have called F. 

Let OF make an angle S with the line of greatest slope in the plane. Tliat, 
since the resultant of the first two forces must be of magnitude F, we must ha*l 



giving the magnitude of the frictionai force required to maintain equilibrliUBi'; 
If tha particle is on tlie point of motion, F= *tfi = itW cob a, so that 



''-"■>■ ,g('--i>„ 



Since r, e are polar coQrdinatea of the point P, equation (a) is the polar e< 
Hon of the boundary of the region wiUiin which the particle can remain at i 



e equation 
jj r, tlie equatloD becamea 



(lly interpreted by noticing that if r 



■cf) + 



■= + 2^Wsi 



(6) 



which is the poltir eqaation of a circle. Thus the original locus represented by 
iquation (a) can be drawn by first drawing the circle represented by equation 
b), and then producing each radius vector through the origin to a, distance I 
jeyond the circumference of tliis circle. 




The same result can be obtained by a geometrical treatment of the problem, 
T^e particle is acted on by only three forces in Che plane on which it rests, so 
Quit lines parallel and pmportional to these forces must form a triangle at forces, 
hi fig. 29 let OF be the string, and let AP be a ^ 

length I measured oH from P, so that .4 ia the 
tsienalDn r— I of the string. The tension ia always 
propurtional to AO and acts along AO. Let us 
then ftgree that In the triangle of forces the tension 
'tiall be represented by the actual line AO. On 
IIk eajne scale let the component of Che weight, 
ITsinir, be reprtaented by the line 00, the diree- / 
1^11 of this being, of course, down Oie line of greatest 
'lope through 0. Then AOG must be the triangle 
rf lotcesi, »o that GA cnust represent the frictional 
'*wtion between the particle and the plane. The 
nulmum value possible for this is ^ITcosa, so that 
if "lipping is just about to occur, QA will represent 
lioNBalPcoao. Thus corresponding to a position 
o< P in which slipping is just about to occur, the positions of A are such that GA 
ffptesents lie constant force nWcoaa, — in other words, the locus of -1 ia a cirela 
tif center O. This leads at once lo the construction previously obtained. 




Fta. 2g 
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The region in which equllihrtum Is possible assumes two different foTU 
according as the angle of the inclined plane a is less or greater tliiui the ai 
of friction i. In the former case the region of equilibrium is of the kind, repis- 
aenled in flg. 27. On passing the value a = t the circle nsed in the conatnwlia 
passes through the point O, and for values of a greater than t the re^on e( 
equilibrium IxjcomeH an area of the kind dravm in tig. 26, On passing tiuoo^ 
the value a = I a. sudden change takes place In Ihe shape of the region Hi 
stability. For values of a which are greater, bj however little, than c, a cirdC 
of radius I, center O, is entirely outside tlie region of stability ; while for vs 
of a which are smaller, by however little, than t, this circle is incliwed withh 
the region of equilibrium. Clearly this circle maps out the region within whisl 
QiB weight can rest wilh the string unstretched, and this will be one of eqilt 
librium or not according as a < or > c. 

Thus this circle falls inside or ouulde the region of eciullibriutn in the wi 
predicted by analysis. At the same time we could not have been sure, wilho 
a separate investigation, tliat the result given by analysis would be acouratft 
regards the region within a distance I of O. For the anniysis began by assmid 
the string to be stretched, and so bad tio application except to the region si 
distance greater than I from O. 

4. Tioo weigMs up, lo' rest on a smooth sphere, being supported bj/ a aM 
which passes thraugh a smooth ring atO,a point verticidly above t?ie center aft 
spAcre. Fiiui the coTiJiguration nf equilibrijan, 

^ Let P, Q, in fig. 30, be the positions of the ti 

In a conHguration of equilibrium. Tiie weight u at P 
acted on by the following forces : 

(a) its weight lo vertically downwards ; 

(6) the tension of the string along FO; 

(c) the reaction between the sphere and the y 

Since the sphere is supposed smooth, the direction i 

this reaction Is at right angles to the plane of conli 

between the particle and the sphere; i.e. along CP. 

The three forces acting on the particle P are acco 

, ingly parallel to the three sides of the triangle 0F\ 

I Thus the triangle OPC may be regarded as a triangle i 

f forces for these forces, i 

forces must lie proportional t 

Denoting the tei 




Fra. 30 



ay be regarded as a triangle i 
X} that the magnitudes of It 
lal to tlie sides of this triangle, I 
reaction by T and B, we obtwn 

^ = 4- (-) I 



00 OP CP 



In the same way the triangle OCQ may be regarded as a triangle of forces for 
the particle Q. (This triangle does not represent force on the same scale as tbe 
former triangle OOP ; for in the former case OC represented a weight w, wiiei 
It now represents a weight to'.) 



^ 



ILLUSTRATIVE EXAMPLE 
From thiH aecojid triaitgle of foroes we obtain 



where 7", Jf repreBent the tension 

Since the ring at O is supposed I 
is the same at all points. Thus T 
and (b), 



OC OQ CQ 

and reaction acting oi 



)oth, the tension in the string POQ 
V obtain, from equations (a) 

(«) 

f the string, 



If i ia tlio whole length 



wing that tlie string arranges itself e 
tie inveise ratio of the two weigiits. 
(4)C 



> that it is diluted by the ring at O 
We notice also from eiiuutiona {a) 



o is that of the radius of the sphere to 00. Thus the reactions are 
In the direct ratio of the weights. 

If the string ia inexteiisible, the length I ia known, so that equations (d) 
determine the lengths OP, OQ completely. Suppose, however, that the string ia 
an extensible string, say of natural length a and modulus X. Then, instead of I 
being a known quantity, we have one additional equation between unknown 
quantities, namely 







the viklue of I, and having found this we proceed 



5. Aweiglil Wis supported liy strings of which the tensions are T^, T», . . ■ T^. 
The strings do not hang vertically, but the angles between the differeiU pairs of 
strings are Imovm, being tig, us, etc. Find the weight W in terms o/ (fte (ensioM 
and of these angles. 



.^ 
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Clearly the weight ia eqiul to the resultant of the tensions Ti, Tj, - - ■ T,. 

Iiet us take an; three rectangular axea in spaoe. Let the direction coeincs 
of Che flt«t string l>e I[, m,,n[ ; let those of the necond string l>elj, mj, nj; andsn 
on. Then, reaulved along the :ixed, the componootsof tlie iimc [«jisioQ villi be 
i,r,. m,T,, ii,ri. 

The components of the other tenaioiia are similar eKpreasions, so that 11 
7, y, Z denote the three components of the resultant, we have 

r = miri + inaT", + ... + m,r„ 
Z = niTi +niTi +■■■ + 71,7'.. 

Since the magnitode of the resultant ia equal to W, we have 
H" = J" + r" + Z» 

= ViTi + £jri + ■ ■ . + !,r,)^ + {m,T, + m,r, + ■ - ■ + Tn,r.)* . 

+ (n,Ti+n,T, + ^.. + ii.!r,)" 
= 7','(I,' + m,'+ n|') + .^.+2Tir4{iii, + m,m, + nin,)+--- 
= r,' + T,' + --. + 2 Tir,cos«ia + -.-, J 

nliloh gives the result required. I 

GEireBAI. EXA3IPLES 1 

1. ABC ia a triangle, with a right angle at ^ ; AD ia the perpendicolM 
on BC. Prove that the resultant of forces, — — acting along AB and --3 
acting along AC, ia — — acting along AD. 1 

2. At a point there acta a force P, whose line of action is in the platri 
determined by two lines OA, OB, meeting at 0. The resolved part of P fl 
the direction OA is represented in magnitude and direction by OX, tim 
in the direction OB by OY. Show that the force P is represented in muj 
nitude by the diameter of the circle OXY, and find its direction. I 

3. Forces Pj, Pj, ■■■,?„ acting in one plane at a point are in eqa 
libriuni. Any transversal cuts their lines of action in points L,, £,, . ■-, jM 
and a length Oi,- ia considered positive when the direction from O to iS 
the same as to P^. Prove that %PJOL, = 0. 9 

4. A body is sustained on a smooth inclined plane by two forces, CM 
equal to half the weight, the one acting horizontally, and the otiier ftbfl 
the plane. Find the inclination of the plane. ■ 

5. The angle of a smooth inclined plane ia 30°, and a force P aotfl 
horizontally sustains a body. In what other direction can P act and MB 
port the body? Compare the pressure upon the plane in. the two caaeB^H 
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6. Two smooth planes, whose inclinations are a and p, meet in a hori- 
eontal line AB. At a point in AB IB a Hinall aniooth ring through which 
pasBea a string with a weight at either end, resting one on each of the 
given planes, and in the same vertical plane with the ring. If the weights 
are in the equilibrium, find the tension of the string and the ratio of the 
weights. 

7. Two smooth rings of weights IV, and W^ are connected by a string 
and rest in equilibrium on the convex side of a circular wire in the vertical 
plane. Show that, if the string subtends the angle a at the center of the 
circle, the angle of inclination S of the string to the vertical is given by 



tan fl = - 









8. Two weights rest on a rough inclined plane and are connected by a 
string which passes over a smooth peg in the plane ; if the angle of inclina- 
tion It is greater than the angle of friction i, show that the leaat ratio of 
the less to the greater is Bin(rt - «)/sin{a + (). 

9. Two weights support one another on a rough double inclined plane, 
by nieana of a fine string passing over the vertex, and both weights are 
about to move. Show that if the plane be tilted until both weights are 
again on the point of motion, the angle tiirough which the plane will be 
turned is twice the angle of friction. 

10. Two weights P, Q of similar material, resting on a double inclined 
plane, are connected by a fine string passing over the common vertex, and 
Q is on the point of motion down the plane. Prove that the greatest weight 
which can be added to P without disturbing the equilibrium is 

Psin2,sin(n: + 3) 
ain(a^.)sin(p-.)' 
a, p being the angles of inclination of the planes, and t the angle of 
friction. 

11. A body is supported on a rough inclined plane by a force acting 
along it. If the least magnitude of the force, when the plane is inclined 
at an angle a to the horizon, be equal to the greatest magnitude, when the 
plane is inclined at an angle fi, show that the angle of friction is i(a— p). 

12. Two equal rings of weight W are movable along a curtain pole, the 
coefficient of friction being ji. The rings are connected by a loose string 
of length I, which supports by means of a smooth ring a weight IV,. How 
far apart must the rings be so that they will not come together? 

13. Two weights P, Q of different material are laid on a rough plane, 
whose inclination is 8, and connected by a taut string inclined at 45° to the 
intersection of the plane with the horizon. £oth weights are on the point 
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of motion. Determine the coefficients of friction of P and Q, it 

known that that of the upper weight is twice that of the lower. 

14. A heavy ring is free to slide on a smooth elliptic wire of 
tricit; e laa. vertical plane, the major axis of the ellipse making an anglftj 
with the horizontal, and a string fastened to the ring passes 
peg at the center of the ellipse and siipporta a body of equal weight. SI 
that the angle ^ which the tangent to the wire at the ring makes with 
major axis is given by the equation 

tan(# + Q'){sec»* - e") = e^tan*. 

15. Two small smooth rings of weights W, W are connected by a string, 
and slide on two fixed wires, the former of which is vertical and the XatXet 
inclined at an angle a to the horizontal. A weight P is tied to the striag, 
and the two portions of it make angles 9, with the vertical. Prove that 

cot « ; cot * : cot a = TF : P + TT : P + TT + H". 

16. Two particles of unequal mass are tied by fine inextensible strings 
to a third particle. They lie on a rough inclined plane, with the strings 
stretched and making angles a, p with the horizontal line in the plane. 
Find the magnitude and direction of the least horixontal force which, on 
being applied to the third particle, will move all three. 

17. A heavy particle is placed on a rough inclined plane of which 
inclination a is equal to the angle of friction. A thread is attached 
the particle, and passed through a hole in the plane which is lower 
the particle, but is not in the line of greatest slope through it. Show that 
it the thread be gradually drawn through the hole, the particle will describ 
a straight line and a semlcirole 
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STATICS OF SYSTEMS OF PARTICLES 

\A. So far we have been considering the action of forces on a 
Igle particle, A different class of problems arises in considering 
the action of forces on a body composed of a great number of par- 
ticles, to wliich forces are apphed in such a way as to act on the 
different particles of the body. 

Consider what happens when a force F is applied to one parti- 
cle ^ of a body which is composed of a great number of particles 
A, B,C, D,--. If the particle A 
were in no way influenced by the 
other particles B, C, D, ■■■ the 
particle A would start into motion 
under the action of the applied 
force, and would soon become sepa- 
rated from the other particles B, 
C, D,-- -. If, however, the p 
A, B, C, D, ■■■ constitute as 

continuous body, this does not ^ 

■' Fig. 31 

happen. What happens is that as 

soon as the particle A begins to move relatively to the other parti- 
cles, systems of actions and reactions come into play between the 
particle A and the adjacent particles B, C, !>,■■ ■. Speaking loosely, 
we may say, that the forces acting on A tend to check the motion 
of A, while the corresponding reactions tend to impart motion to 
B,C,I),---. When B, C, !>,■■■ start into motion, further systems of 
forces begin to operate on the particles next beyond B, C, D,--, 
and so on. Thus all the particles are set into motion, and instead 
of the particle A moving singly the complete body moves as a whole. 
We have now to discuss whether such a body, or system of bodies, 
60 
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will move or will remain at rest, when systems of forces act from 1 
outside ou its different particles. We shall have to remember I 
throughout that the forces applied from outside are not the only 
forces acting, but that these are accompanied by actions and reac- 
tions between the different particles. 

45. One consequence of this last fact appears at once. Applying 
a force to one particle ^ of a body is not the same tiling aa apply- 
ing an exactly similar force to another particle B. For the systems 
of internal actions and reactions will be different in the two cases. 
Any simple example will show that the resulting motion will, in j 
general, also be different ; e.g. a horizontal force applied to the | 
middle point of the back of a chair will probably cause the chair I 
to overturn. A similar force applied to one foot will drag it alon^ I 
the ground and also cause it to turn about a vertical axis. J 

The position occupied by the particle to which a force is applied^ 

is called the ^int of application of the force. The line drawal 

through this point in the direction of the force is called the lint I 

of action of the force. 1 

Clearly, in order to have full data as to the action of a forc^ J 

we must know ^ 

(a) its magnitude; H 

(5) its point of application ; ^^^^B 

(c) its line of action. ^^^^H 

Moments ^^^^I 

46. Definition. T}ie moment of a force about a line at r^Mf 
angles to the line of action of the force is defined to be the prodaet J 
of the force artd of the shortest distance hetvKen the two lines. m 

This momenb, as we shall soon find, meaauFes the tendency to tufnaxaosA ■ 
the line about which the moment is measured ; e.g. if the arm of abalanwfl 
is of length t, a weight w at ita end has a moment be about the pivot of tli»'^ 
balance, and we shall find that this measures the tendency of the arm to tuni. I 

Definition. Tlie moment of a force about a line L which is not-m 
at right angles to the force is defined to be the same as the mom^i^H 
about L of the component of the force in a plane perpendicular to u^k 
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Resolving the force into two components, one parallel to L and one 
perpendicular to L, it is clear that the former will not give any tendency 
to turn about L, so that the whole tendency to turn cornea from the second 
component. 

The two definitions which have now been given suffice to detei- 
mine the moment of any force F about any line L. It may be 
noticed that the moment vanishes 

(ffl) if the line of action of .F is parallel to L ; 

(6) if the line of action of F intersects L. 

Obviooslj, in either of these cases, the tendency to turn about L is zero. 

47. Let the luie £ be at right angles to the plane of the paper, 
and intersect it in the point M. I-et PA be the line of action of 
a force F in the plane of the paper, acting on a particle at A, and 
let MN be the perpendicular from M on 
to PA. Then, by definition, the moment 
of the force F about Lis Fy. MN. 

Let the angle PAS be drawn equal 
to the angle NMA, say equal to Q, so 
that AS is perpendicular to MA. Then 

I the moment of the force F about L 
\ = Fx MN 

1 ^FxAMc^y^e j^„3, " 

I =AM-n Fease 

I = AM X resolved part of F along SA. 

■ Instead of F being the actual force acting at A, suppose that F 
is the resolved part, in the plane perpendicular to the line £, of 
some other force E. Then the moment of R about L is, by defini- 
tion, the same as the moment of F, and the resolved part of R 
along AS = Fco9,B. Hence what has just been proved may be 
put in the form 
^^Lmoment about L of auy force R acting at A 
^^B = AM X resolved part of R along SA, 

^(Sd SA is now determined as the direction which is perpendicular 
to L, and also to AM, the perpendicular from A on to L. 
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Thus we have a new detiiiitioii of a moment, which is exi 
equivalent to that previously given, namely: 

The moment about a Ihie L of a force R acting at A is e 
to AM, the perpendicular from A on to L, multiplied by the cor, 
poTtent of R in a direction perpendicular to AM and to L. 

48. From this conception of a moment we have at once th( 
theorem : 

Tlte smn of the moments about any line L of any number of 
forces acting at a point A is equal to the moment of their resultant 
about L. 

'Sot, let R^, -Bj, ■ ■ ■ be the forces, and R their resultant. Let j. 
as in § 47, he the perpendicular from A on to L, and let ^5 be i 
direction perpendicular to AM and to L. The theorem to he provec 
is that 

AM X component of R, along AS 
+ AM X component of £, along AS -\- ■•■ 
=s= AM X compODent of R along AS. 



On dividing through by AM the theorem to be proved i 
to be simply that the component of Ji along AS is equal to thi 
sura of the components of R^, fl,, - ■ ■ along AS, which is knowi 
to be true. 

We can now see more clearly how it is that the moment of a 
force, defined aa we have defined it, gives a measure of the tJ 
to turn. In iig. 32 we are taking moments about a line L whi(^ 
is at right angles to the plane of the paper and meets this plant 
at M. The force whose moment ia being considered is a force J 
acting at the point A. At A we have three directions mutually a 
right angles, namely 

AS, AM, and the direction of a line through A parallel to L. 

The moment of S about L has been defined to be 
AM X component of M along AS. 
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Wow the component of R along AM. is a force of which the line 
of action intersects L, and so can produce no tendency to turn a 
body about L, while the component of R along the hne through A 
parallel to L can again produce no tendency to turu about L. Thus 
R can be resolved into three components, of which only the first, 
the component along AS, tends to set up rotation about L. We 
have defined the moment of the whole force R in such a way that 
it becomes identical with the moment of that one of its cumponenta 
which tends to set up i-otation. 

It will be noticed that a moment has sign as well as magnituda 
In moving along the line of action of a force R, we may turn in 
either one direction or the other about a line L. We agree that 
when the turning is in one direction the moment of R about h is 
to be regarded as positive ; when the turning is in the other 
direction the moment is taken to be negative. 

49. If a particle is in equilibrium under the action of any num- 
ber of forces, the resultant of all these forces muat be nil. The 
sum of the moments of the separate forces, taken about any 
line whatever, ia equal to the moment of the resultant and is 
therefore nil 

Hence we have the result : 

Whan a particle is iji equilibrium under the action of any forces, 
the sum of the moments of these forces about any line whatever 
must vanish. 



^H System of Particles in Equilibrium 

50. Consider a system of particles supposed to be in equilibrium 
imder the action of any number of forces. As we have seen, the 
forces acting on any single particle will be of two kinds : 



■ (o) external forces, forces applied to the particle from outside, 
■Itt for instance the weight of the particle; 

(6) internal forces, forces of interaction between the particle and 
the remaining particles of the system. 
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Now if the whole system of particles is in eq^uilibrium, it folloif! 
that each particle separately must be in equilibrium. It follows 
from § 33, that 

(a) the sum of the components in any direction, of all the fon 
acting on any single particle, must vanish ; 
and from the theorem just proved in § 48, that 

(h) the sum of the momenta about any line, of all the forces 
acting on any single particle, must vanish. 

If, however, the sum of tlie components of the forces acting od 
each particle vanishes, it follows by addition that the sum of the 
components of all the forces acting on all the particles must vanish. 
The sum of the components of the internal forces, however, van- 
ishes by itself, for the internal forces consist of pairs of actionB 
and reactions, and the two components in any direction of such 
pair of forces are equal and opposite. 

Since the total sum vanishes, and the sura of the components 
of internal forces vanishes, it follows that the sum of the com- 
ponents of external forces vanishes, 

A similar propasition is true of the momenta of the external 
forces. The sum of the moments about any line i of all the Intel 
forces is nil, for the moments of an action and reaction are eqi 
and opposite. The sum of the moments of all the forces, intei 
and external, is zero, for each sum of the moments of the 
aeting on each particle is zero separately. Thus the sum of 
moments of the external forces is zero. 

Thus we have proved the following theorems : 

When a system, of particles is in eqvilibrium under the action 
of any system of external forces, 

{a) the sum of the components of all these forces in any directk 
ia zero; 

(S) the sum of the moments of all these forces about any line 

Speaking loosely, we may say that these theorems express that 
there is no tendency to advance in any direction or to turn about 
any line. 
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ILLUSTRATIVE EXAMPLE 

;1 and szle. Tlio apparatus knunn as the "wheel and axle" consists of 
Pclreular axle free to turn about iW central axis, U> which a circular wheel 
Is rigidly attached, so that its center is on the center of the axle. A rope or 
string is wound round the axle, and has a weight attached to its end. A second 
rope or string le wound round the circumference of the circle in the oppositfl 
direction, and this again has a weight attached to its end. B; a suitable choice 
of the ratio of these two weights, the apparatus maj be balanced so that there 
is no tendency for it to turn about its axis. 

Let UB conaidei the equilibrium of the system consisting of the wheel and 
axle and of those parts of the strings or ropes which are wound round them. 
To simplify the problem, let as disregard altogether the weight of the s; 
Then the externally applied forces are 

(a) the tension of the rope wound rooiid 
the wheel ; 

(b) the tendon of the rope wound round 
the axle ; 

(c) the action of the supports which keep 
the wheel and axle from falling. 

Let the weights be denoted by P and Q, so 
that these are also the tensions of the strings, 
and let the radii of the wheel and aile be a, 
b respectively. Let us express mathematically 
that the sum of the moments of the externally 
a,pplied forces about the axis is nil. 

The moment of the tension of the string i 
on the wheel is Pa, for P ia the amount of 
'he tension, which acta at right angles to the 
fLxis, and a la the shortest distance from the 
axis to the line of action of this tension. 

Similarly the moment of force (6) is — Q6, 
the negative sign being taken because this tends to turn the system in the 
direction opposite to that in which the first tension tends to turn it. 

If we imagine the system to be supported by forces acting on the axis itself, 
the moment of forces (c) vanishes, for the lines of action of these forces intetsect 
the line about which we are taking moments. Thus the required equation is 

This equation simply expresses that 

^ [tendency of P to turn system] — [tendency of Q to turn system] =0. 
iiu when the system ia balanced so as to remain at rest we must have 
P:Q = b:a, 
eo that the weights must be inversely as the radii. Practical examples of the 
principle of the wheel and axle lire supplied by the windlass and capstan. 
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SZASPLBS 

1. Eight BEiilors, eacli pressing on the arm of a, capstan with a horizontal foR 
of 100 lbs., at a. distance of 8 feet from its center, can jtist raise tli 
The radlUB of the axle of the capstan is 12 incbcB. Find the pull on the cabtti 
which raises the anchor. 

2. In the apparatus o£ fig. 33 the weight P la disconnected, and tie free ei 
of the string is tied to the same point on Q as the other string. Show that hi 
equilibrium this point ia vertically below the axis. 

3. A wheel ia free to turn about a horizontal axla, and has fastened to it 
two strings which are wound round Its circumferenoe in opposite directions. 
The other ends are both tied to a small ring from which a weight la suspended. 
Show that when the system is at rest the two stringa will make equal angles 
with the vertical. 

4. A man finds that he can just move a lock gate against the pressure of the 1 
water, by pressing with a horizontal force of 150 Iba. at a distance of 8 feetfl 
from the pivot. What force must be exert if he presses at a distance of 9 feetl 
from the pivot ? I 

5. A wheel capable of turning freely about a horizontal axis, has a weighbl 
of 2 pounds fixed to the end of a spoke wliich makes an angle of 00° with thol 
horizontal. What weigbt must be attached to the end of a horizontal spoke to^ 
prevent motion taking place ? 

6. A drawbridge is raised by a chain attached to the end farthest removed 
from tlie hinges. When Uie bridge is at rest in a horizontal poaition, the chain 
makes an angle of 60° with the bridge, and the pull on the chain necessary to 
move the bridge is equal to the weight of three tons, Find what additional 
pull is required in the chain wtien a weight of one ton is placed at the middle 
point of the bridge. 



Forces in one Plane 

51. The simplest problems in atatica are always those in which 
fdl the forces have their liuea of action in one plane. In such a 
problem it is obviously most convenient to take moments about 
a line perpendicular to the plane in which the forces act. Let any 
such line intersect the plane in a point P. Each force is entirely 
perpendicular to the line about which moments are taken, so that 
the moment is equal to the product of the force and the shortest 
distance of the line of action of the force from P. 

Taking moments about an axis which intersects the plane of 
the forces at right angles in a point P is often spoken of as taking 
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monents about the point P, and the perpendicular from P to the 
lint of action of a force i8 spoken of as the arm of the moment 
of tH,- force. _ 

52. 'i'heorem. When three forces, aeting in a plane, keep a body 

or system of bodies in equilibrium, these Giree forces must meet vn 

a point. 

For let P, Q, It he the forces, and let P, Q intersect in the 

point A. Then the sum of the moments of P, Q, and R about A 

must vanish, and those of P and Q are already known to vanish. 

Thus the moment of R about A must vanish, — that Ls, R must 

pass through the point A, or, what is the same thing, the three 

forces must intersect in a single point. 

An apphcation of this principle is often suEBcient in itself for 

the solution of statical problems in which the apphed forces can 

be reduced to three. 
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The ieesaw. TiOD persons of weights H'l, \\\ Awnd on a pUink -which rests 
•oitgh support about which it is free to turn. Neglecting the weight of the 
plank, Jind Aoui the persona must place (Aemseiues in order that the plank may 
balance. 

The forces may be eupposed all to act in one plane, namely the vertical 
plane through the central line of the 

plank. The forces are I 

(a) the weight TPi of the person at I I 

one end; t ' ~f 

(6) the weight Wj of the person at W, 
the other end ; 

(c) the reaction between the plank 
and its support 

Let a, b be the distances of the persons from the support; then, on taking 
momeats about the point of support, ■vie have 
Wia-Wib = 0. 
IS tite two pereons ahould stand at distances from the support which are 
jly proportional to their weights. 

Sotlce that In this problem tho syatem is acted on by three forces, which meet In 
IB point being at infinity. 
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2. Th« nnteraeker. It la found thai a aeight cif 100 potinda placed m 
nut milijiist crack it. Ham much force mult be applied ai the ends of the a: 
anntcracker 6 iacfiet long to crack the nutmhen Uw placed J inchfromthehingiJ 

Let a force Fttpplied at the extreme end of e; 
clentlo Cluck the nut. Then when a force f is applied at the end of thi ^.i/m, the 
pressure between the mit and the arm muat be the weight of 100 pouiuA Thus 
the forces acting from outside on either am 
of the nutcracker will conBist of 

(a) the force F applied at the end of the arm ; 
(6) tlie pressure of JOO pounds weight eierted 
by the nut on the arm at a distance of ^ iDcb 
from the hinge ; 

(c) tlie reaction at the hinge. 
The weight of the nutcracker is here suppoeed 
til be negligible. 

Taking moments about the hinge, we obtain 
6 X F= i X 100 pounds weight, 
BO that F= 8J pounds weight. 

is reqoi 
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NoTB. When, as hae, an unknown farce neither enters in the data n 
in the anawer. we can alwaya obtain equations In which the force doea 
taking mnmenta atKint a point in its line of action. So again, it two Buch forces i 
ne can olitain an equation into which neither force enters, b; taking moments 
the point of " 



3. A ladder stands on a rough horizotiial pU 
tical wall, the contacts at the two ends of tlie 
ladder being equally rough. Find hots far a 
man can ascend the ladder viithoal Us slipping, 
it being supposed that the weight of the ladder 
may be neglected. 

The forces acting on the system composed 
of tlie man and ladder are three in number; 

(a) the reaction with the horizontal plane ; 

(h) tlio reaction with the vertical wall ; 

(c) the weight of the man. 



:, leaning against a rou^A n 



e all ii 



eplar 



; hence, 



by the theorem of § 52, their ii 

In the figure let AB be the ladder, C 
the position of the man, and P the point 
which the three forces meet, so that PC 
Tertical, and AP, BP are the lines of acUi 




Pio. 36 
When slipping is just about to begin, eact of thi 
t make with the normal an angle equal to the angle of triolic: 
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e be this angle at friction, and let a be the inclination of ladder t 
hoizontal. Then, from the geomeUy of the triangle ACP, we have 






•eAPBiaa. right angle. 



AC^APsiaa 



= AB sin 1 1 



,(, + «)« 



Blipping will begin as soon aa the man has climbed a height equal to 
Gin { sin {e+ a) sec it tSwea the whole height. 

The condition that the man can reach the lop without alipping is thai 
dn e sin (f + (t) sec n shall be greater than unity, or that 

t Bin. sin (. + «)>«« [(.+ «)-.] 

>sineHin ((+ a) + coB.eo8{E+ q). 
oa for the condition t^i be satlBfled cos < cos (t + a) must be negative ; i.e. 
t + a must be greater than 90°. Tliiis the angle between the ladder and the 
vertical must be less than the angle of friction. This Is also clear from the 
Hgure, for when the man reaches S, two of the forces, namely the reaction at S 
and the weight of the man, both pass through B, so tliat the third force must 
also pass through B; i.e. the reaction at A must have AB for its line of action, 
and if the ladder just slips hero, the angle between AB and the rertical 
must be e. 

4. If, in the last problem, the mnn has 
ascended to gome point G ioilkout the ladder 
flipping, what are the Tcactions at A aad Bf 
Here it is not known what angles the 
reactions make with the normals: all that 
is known Is that these angles are lem than 
the angle of friction. 

Let U8 resolve the reaotion at A into two 
components if], Fi, and that at B into two 
componenta Wj, Fj, these being horizontal 
and vertical as in thu figure. Then the 
forces acting on the system composed of 
tlie mEiD and ladder are the five forces 

,, fi, Ni, Fa, and W. Fia. ;(7 

■olving vertically, IT — Jfj-F, = 0. (a) 

Bolring horizontally, F, - JVj = 0. (6) 

omenta about A, 
W ■ AC co&a - Fi- ABc<iaa - Ni- ABsina = ft. (c) 
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Tkere are fourqimndtieswhich it ia required to find. So farwehaveobtidp 
■jnly three equations. We can, of courae, obtain other eqaatioiia by reaolfl 
In otJieir directions and by taking moments about other points, but It v 
found that the equationa so obtained will not tie new ettuationa, but s 
equationa of which the tmtb is already implied in the equationa 
obtained. Thits we cannot, by reaolving and faking momenta, obtain m 
tliree independent equaUona, and these do not suffice to ilnl^nnlne the foq 
unknown quantities. 

Here we have illiistnited a problem which cannot be solved by ti 
explained in thia chapter, and which requires fur ita aolution a considenitlf 
of the systema of foreea set up between the separate particles of the bodiea at 
upon. It is important tliat the student should realize that such problems ezlBl. 
although he may not yet be able Ui solve them. 

5. Force required to dray a car alon^. To simplify the problem ais far u 
pOBsIble, let us auppuse that the car is monnted on four equal wheels, each fit 
radius a and revolving round an axle of radius 6, tlie coefficient of frietioo 
between wheel nnd axle being the muie for nach wheel. Let us suppose that a 
force P applied horizontally is found to be just sufficient tu start the car inU) 




Let ua consider firat the equilibrium of the whole car. We 
veniently able to enumerate tlie forces acting on any system by taking » tt 
in imagination, oyer the whole surface of a cover made just to fit the s^ta 
and noting the forces which act acroaa this cover at ils different poin 
together with the weight of the whole system, will give tlie whole ayatem o 
forces. The foreea acting on the car are In this way found to be 

(o) ita weight, say W; 

(6) the horizontal applied force P ; 

(c) the reactions between the wheels and the ground. Let i: 
reaction into a vertical component R and a horizontal component F; let a 
denote the components of the reaction between tha first wheel and the gnjUB 
by F-i, Ri ; let the corresponding quantities for the second wlieul be f j, Bn ; a; 
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^Au regards the frictional force acting between the wheel Eind the ground, we 
no^e that although motion \b about to take place, this motion ia not one of 
M^ing between the wheel and the ground, eo tliat the ratio of F to ii for any 
wheJ in not the coefficient of friction between the wheel and the ground.) 

Tht forces juBt enumerated hold the car in equilibriiun. Thus the sum of 
Hieir components in any direction must vanish and the sum of their moments 
about any line must vanish. Resolving horizonUilly and vertically, we obtain 
P = Fi + Fs + F> + Ff (a) 

TT = JJi + if, + fls + fl,. (6) 

TTiere is nothing lo be gained by tnking moments about any line ; as we do not 
know the line of action of F, we cannot 
know its moment. 

Next let us consider the equilibrium of 
a single wheel. The wheel touches the 
ground and also touches the axle at some 
point C. (We may think of the axle as a 
circle of rndiua very slightly less than I 
that of the inside of the liub of the 
wheel.) The forces acting on the wheel 
are accordingly 

(a) its reaction with the ground ; 

(b) its reaction with the axle ; 

(c) its weight, which we aliall neglect 
as being insignlflcant in comparison with B 
that of the car, f^o- 30 

Neglecting the third force, the two former forces must be equal and opporite. 
The line of action of each Is accordingly the line joining B, the point of contact 
with the ground, to C the point of contact with the axle. Since slipping ia just 
about to take place at G, the reaction at C will make an angle t, ec|ual to the 
angle of friction, with AC the normal at C Thus the angle BCA is equal to «. 

In the triangle A Cft we have AC = b, AB = a, and the angle A CB = e. 




Tliua 



ine 


sin.^BC 


g BC has 


omponents 


BG 






F, 


-tan 


ABO 

in ABC 




Vi 


- sin^^BC 
bsint 



i, and F] along and per- 
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a, and b am Biipposed to be the same for each wheel, i 



■Fi _ Ft _ fi _ f) 
Hi Ri Bi R^ 

_ -Fi + F, + Fi + F« 
■ H, + K, + £, + B« 



by eqUBtio:is (a) and (6). 
Thus 



HTiBln* 



V^Z 



_6"gin»e 
giving the horizontal pull require). 

The value ol 6, the radius bf the axle, will generally be small in o 
witfi a, the radius of the wheel. Thus, without serious error, we may ni 
bi sin^ I in 'comparison with a^, and replace tiie denominator in equation (e) ' 
The equation now becomes 

„_ 176.1.,, 



By making b/a very small, we see that tlie car can be made to run 
BBLOothly. We notice also that eyen if there is ho much friction between w 
and asle that the coefficient of frictioa may be regarded as infinite, we '. 
sin t X 1, and hence 



BO that the force required to drag the car along will still be small compared 
with that required to drag the same weight over a fairly smooth surface. 

This analysis has assumed that the wheels may be supposed to touch ti 
ground only at their lowest point. It applies pretty accurately to the case q 
steel wheels rolling on steel rails, but does not apply to the problen 
ordinary road carriage moving over a Bof t road, where the wheels are embeddti 
to a small extent in the road. In fact, if the analysis just given took account^ 
all the facts of the case, it is clear that the force required to haul a c 
be independent of the stale of tlie road. 



EXAMPLES 

1. A weight of 250 pounds is suspended from a light rod which it 
over the shoulders of two men and carried in a horizontal position. It the n 
walk 10 feet apart and the weight is 4 feet from tlie nearer of them, find H 
weight borne by each. 

2. A weight is suspended from a light rod which passes over two fzed M 
ports 5 feet apart Oa moving the weight fl incites nearer to one support, '\ 
pressure on that support is increased by 10 pounds. What is UiB amount of II 
weight? 



IImu 



A balance has two pans, each of weight 8 ounces, suspended from a beam, 
t distance 7 inches from the pivot. A diabonest tradesman moves one 
inch nearer Co the pivot, adding weight to this Bame pan in order 



o pana may atill balance. Find how much weight he must add, and 
^ *^ much his profile will be increased by hia dlsiioneHty. 

i. A balance has a weight of 20 ounces suspended from one end of the beam, 
'".Ing IB tied to the other end of Uie beam and at equal distance from the 
C,u)d this string makes an angle of 46° with the hortzonlaL With what force 
it It be pulled to maintain the beam of the balance in a horizontal position ? 
i. A crowbar 8 feet long Is t« be used to move a body, it being required to 
fcly a force of 600 pounds weight vertically upwards to this body to move it, 
near to the end of the crowbar must the fulcrum be placed in order that a 
if 140 pounds weight may be able lo apply the required force by pressing 
n the othei' end of the crowbar 7 

fi. A table of negligible weight baa any number of legs. A heavy particle is 
placed on the table. Show that the table will tilt over if the vertical through 
tlie particle meets the floor under tlie table, in a point (nUaJde the polygon 
tormed by joining the points of contact of the fe>et with the floor, 

7. A table of negligible weight has three legs, the feet forming an equilateral 
triangle. A heavy particle is placed on the table in a position such that the table 
(lii«a not tilt over. Find the proportion of weight which is carried by each foot. 

8. A card is suspended in a horizontal position by three equal ineitennble 
airings fastened to three points A, B, C in tlie card which form an equilateral 
triangle, and also to a point P above the card. A weight Is placed on the card 
at any point Q inside the triangle ABC. Find the tensions of the strings. 

9. A card isauspendedbyfourequalineitenaible strings which pass through 
die four points A, B, C, D of a square in the card and are tied (o four points 
.r, B", C, ly at equal heights h vertically above the points A, B, C, D. A 
weight Is placed on the card at any point P inside the square ABCD. Show 
that the tensions in the strings cannot be determined without discussing the 
internal stresses in these strings. 

10. If in the last question the internal stresses In the strings stretch the 
strings very slightly, so that Hooke's law is obeyed, show that the tensions can 
be found, and find them. 

11. A seesaw rolls on a rough circular log of radius a, fixed horizontally. 
Two persons stand at distances b, c from the middle point of the seesaw, their 
weights t>eing sucli that the seesaw Is just balanced horizontally with the 
middle point resting on the log. The fiiKt person moves a distance d towards 
the center of the log. Through what angle will the seesaw turn ? How far 
can the person advance before the seesaw slips oS the log altogether? 

12. A pair of wheels of radius a are connected by an axle of radius b, and nm 
on horizontal rails. A string is wound round the axle and the end leaves the 
nxle making an angle 8 with the horizontal. If this string la pulled, show that 
the wheels wUI run toward or away from the person pulling according as 
cos 3 is greater or ^esi than b/a. What happens when cos 9 = b/a ? 



>J^H 
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13. If the weight of the wheels and axles of a. car ia lo, and if this 
be negleelad in compnriBoii with W, the total weight of the car, ahcsfw 
equation (c) o£ example 5, p. 72, must be replaced by 

Va^-fi^Hin*! 

14. A locomotive of weight 134 toiisrestsonabogie,of which the wheels: 
axles weigh i toiw, and two pairs of driving wheels, of which the wheels 
axles weigh 10 tons. The weight taken on the axles of the bogie is 40 b 
that talcen on the aztea of the driving wheels being 80 toas. The diameter 
the wheels are 2 feet 10 inches and 7 feet 1 inch respectively. Each axle, whel 
it passes through the axle box, ia of radius 2| inches, and the coefGcIent of fril 
tion is I. Find the horizontal force necessary to move the engine. 

15. In question 14 the rails are greased so that the coefficient of fdet 
between them and Oie wheels ia leas than yjj ; show that the engine 
be started without the wheela skidding on the greased rails, and explai 
dynamical procetsses by which the engine ia set in motion in this case. 



Strings 

53. Strings, ropes, and chains frec[uently form part of the systeii 
of bodies with wliich statical problems are concerned, so that it 
important to discuss the equilibrium of a string (or rope or chail 
The first problem we shall consider is that of a string stretch 
over a surface, — as for example a pulley wheel, — it being suppc 
that the weight of the string may be neglected, and that the c 
tact between the strmg and the surface is equally rough at i 
pointa It will also be supposed that the string is all in oue plai 

Let F, Q he two adjacent points of the string so near U^eth 
that the portion PQ of the string may be treated as a partide. 

The forces acting on this particle will be 

(a) Tp, the tension at P, acting along the tangent to the Btri 
at P; 

(6) Tg, the tension at Q, acting along the tangent to the atr 
at©; 

(fl) the reaction with the surface. 

By Lami's theorem, each force must be proportional to the s 
of the angle between the remaining two forces. 
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Let A be the point of the surface at which the string leaves it. 
Let the iiormala to the surface be drawn at A, P, Q, and let the 
normal at P make an angle with the norma! at A. If the points 
A, P, Q come in this order, as in fig. 40, the normal at Q will make 
with the normal at A an angle slightly greater than 0, — say 6 + dd, 
-80 that dO ia the small angle between the normals at P and Q. 




Fio, M 

With this notation the angle between the tensions Tf and T^ is 
TT — d0. Let the angle between the reaction R and the tension T^ 
bii a, then the angle between the tension r^ and R hair ~a + dO. 
Thus we have 



8in{'7r — d0) sin(7r — a + dd) sin a 
Since sin(7r — a + dd) = sm(a — d0), we have 



and by a known theorem in algebra, each fraction is equal to 



sin a — sin (a — d0) 
Now Tg— Tp is the increase m T when 6 changes from 6 to 6+d6, 
and this, in the notation of the differential calculus, may be written 
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AIbo the denominator sin a — am(a — d$) is the increase 
ain a when a changes from a — dS to a, and this in the 
is equal to 

d (sin a) ,„ ,o 

— i— '' do or cos a do. 



i Id 1 

way 



Thus the original fraction is e 


qual to 




or sec a 


Thus -^ 


dT 
= sec»-, 


or Tq 


dT 



(1! 



When in the limit the particle PQ is supposed to become v 
ishingly Bmall, Tp and T^ become indistinguishable. Let us denot«l 
either by the single letter T, so that T is now simply the tension 
at a point at which the normal makes an angle with that at A 
If the string is just on the point of slipping in the direction AFQ. 
the angle between the reaction B and the normal of either Q or P 
will be e, the angle of friction. Tlius we shall have 



so that tan a = cot e, and equation (12) 



54. If the contact between the surface and the string is ] 

dT 
fectly smooth, e = 0, so that -ja = 0- It follows that 2" is a c 



staut; Le. the tension is the same at all points of the string, 
the tension of a string is not altered by its { 
surface, — the result already given in § S 




STRINGS 



n 



= t^T, 



*'55. In the more general use in which the contact is not perfectly 
DQOOth, let li be the coefficient of friction, so that >* = tan e, then 
quation (13) may be written 

dd ~ 

and integrating this, — = d (fiff), 

d {\og T) ^ d i^ff), 
or log T= f/^ + & constant. 

Let T^ be the tension at A, then we find, by putting = 0, that 
the constant must be equal to log T^, so that 

log r — ic^ r„ = fid, 

or T= T^^K (1,4) 

If the string leaves the surface again at some point B at which 
the normal makes an angle ^ with the normal at A, we find foi 
the tension at B 

T = r^e-*, 

80 that the tension is multipHed by ^* on passing over the surfiice 
from A to B. 

If the string (or rope) is passed round and round a post or bollard, 
the tension ia increased in the ratio s"" for each complete turn. 
For a hemp rope on oak the coefficient of friction, according to 
Morin,isfi-0.53. Thus 2 ^itt- 3.34 and 6"^"= 28.1. The tension 
of a rope wound roimd an oak post is accordingly increased about 
twenty-e^ht fold for each complete turn. 



EXAMPLES 

1. A weighl. is siinpetnled by a mpe which, afl«r being wound round a hori- 
eontal beam, leaves tlie beam horizontally, its end being controlled by a work- 
man. If Che rope makes 1} complete revolutions round the beam, what tome 
must be exerted by the man 

(o) to keep the weight from slipping? 

(6) to raise the weight ? 

(Take ^ = {.) 
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2. A weight of 2J pounds stands on a rough table. A string tied to the 
base of the weight liangs over tlie edge of tlie table and baa attached to it 
a second weight which hangs free)]'. If the euefflcienU of friction between 
the weight and the table and the string and the table are \ and J respec- 
tively, find how heavy the hanging weight must be to start the other weight 
into motion. 

3. A weight of 2500 pounds is to be raised frotn the hold of a ship. A rope 
attached to the weight makes 3J turns round a steam windlass, its other end 
being held by a seaman. With what force must ho pull his end of the rope so 
as to raise the weight when tlie windlass is in motion ? (h — J.) 

4. In the last question, find what pull would have to be exerted on tho ropi J 
if the windlass were at rest. 

5. It is found that two men can hold a weight on a rope by taking t 
turns about a post, and that one of ttiein can do it alone by taking o 
turn extra. If each can pull with a force of 220 pounds weight, find the 



6. In a tug of war the rope is observed to tub against a post at Uie oritioa 
moment, in such a way that the two parts of tlie rope make an angle of 1° wid 
one another. If the coefilcient of friction between the rope and the post is I, 
show that this imposes a handicap on the winning side equal to about ,1 



S6. An interesting problem is afforded by the kind of ( 
sion bridge in which the weight of the bridge (supposed horizontalw 
is taken by a suspension cable by means of vertical chains con- 
necting the bridge with the cabltu 

Let us, for simplicity, e 
neglect the weights of the chai 
and cable, and suppose the weighl 
of the bridge to be distribute 
evenly along its length. 

Let be the lowest point < 
the cable, and let P be any othei 
point. Let o, jj be the points of the bridge vertically below 0, pM 
and let op = x. Let the tension at P be T, and let that at b 
Ixt the direction of the cable at P make an angle Q with ) 
horizontal 
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The forces acting on the piece OF of the cahle consist of 
(a) the tension at 0, of amount .ff acting horizontally; 
(t) the tension at P, of amount T acting at an angle 8 with 
the horizontal ; 

(c) the tensions of the vertical chains, all acting vertically. 
Resolving horizontally, wc obtain 

B-Tcose = Q. (15) 

Eesolving vertically, we obtain 

Tsme~ S= 0, 
where >S ia the sum of the tensions of all the chains which leave 
the cable between and P. Tliese tensions support the portion 
op of the bridge, and if the weight of the bridge is w per unit 
length, the weight of op will be wx^ Thus A' = wx, and therefore 
Tsm0 = wx. (16) 

This and equation (15), Tcos 6 = H, (17) 

will give us all the information we require. 

To find the shape which the cable must have in order that the 
bridge may hang horizontally, we require to obtain a relation 
between and x. We accordingly eliminate T from equations (16) 
and (17), and obtain 
^ tan 9 = — x. 

I 

If y is the height of the cable above the bridge, x, y may be 
regarded as the Cartesian coordinates of a point F on the cable, 
and we have , 

ax 
Thus the coordinates x,y at P are related by 



giving on integration y = ; 

where C is a constant of integratio 



^^ + C, 
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This is the Cartesian equation of the cable. It is easily seen'tn 

represent a parabola of latua rectum Thus the cable musi 

hang in the form of a parabola. The greater the horizontal ten- 
sion, the greater the latus rectum of the parabola, and therefore 
the flatter the curve of the cable. A perfectly straight cable is of 
course an impossibility — this would require infinite tension. 

57. To find the tension at any point of the cable, we square' 
equations (16) and (17), and add corresponding sides. Thus 



\ 



( 



giving the tension at a point distant x from the center. If the 
bridge is of length 2 a, the tension at either pier must be 



V/T'+w'a'. 



The Catenary 

58. In the problem of the suspension bridge, we neglected th 
weight of the cable. A second problem arises when the cable i 
supposed to be acted on by no external forces except its ovr 
weight The problem here is simply that c 
a string of which the two ends are fasteni 
to fixed points, and which hangs freely t 
tween these points. 

As before, let be the lowest point, ai 
let F be any pther point. The forces actin 
on the portion OP of the string are 

(a) the tension at 0, of amount H actin 
■ horizontally; 
Pj^ ^„ (J) the tension at P, of amount T actio 

at an angle 6 with the horizontal ; 
(c) the weight of OP. If we take the string to be of weight i 
per unit length, and denote the distance OP by s, this we^ht \ 
ws acting vertically. 






Eeaolving horizontally, we. obtain 


H~Tcose = 0. (18) 


Keaolviog vertically, we obtain 


L Tsm0~ws = Q. (19) 


V To find the shape of curve in which the string will hang, we 


IIt&Be = ws, 


_.or, it we replace H/w by the single constant c. 


■ a = c tan e. (20) 


* This is oDe form of the equation of the curve, a and B being taken as 

of the curve. We require, however, to deduce the equation in ita Carte- 
sian form. 


59. If the point o in fig. 42 is taken as origin, the axes being 
horizontal and vertical, we have at once the rela- y. 


^^^^^ dx : di/ : ds = COS 0: sin 0:1, (21) ds/ 
for dx and dy are the horizontal and vertical pro- /b \ 


dy 


jections of the small element ds of length of the '^ 
string. Aa a first step, let us use relations (21) to ^" *^ 
change the variables of equation (20) from s and 5 to a and 
kWe have , , , , 


y- 




^H^d int^rating this, we obtain ^M 


^h y = Vs^ + c" -f- a constant. (22) S 


^H "We can determine the constant of integration as soon as we ^H 
^Wcide where the origin is to be taken — so far we have not fixed ^H 
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the point o. Since s denotes the arc of the curve raeasured from 
0, we have s = at the point 0, and therefore the y coordinate 
of (putting s = in equation (22)) is 

y = c + a constant. 
Let us agree that Oo is to be made equal to c, so that y = c at 0. 
Then the unknown constant of inte^ation must be zero. Thus 
equation (22) will be y*=s' + c'. (23) 

The last step is to transform the variables from y and stoi/ andx 
The relation which enables us to do this is obtained by eliminat 
d from relations (21), and is 

(rfs)» = (dijf + {dx)\ 

The equation already obtained is 

so that ds = f ?-: > 

and on eliminating ds from this and relation (24), we obtain 

rrom this, (&)' - (dyf ["-X- _ 1 j 
nn f.Tint: da: ss i — . 




Integrating this, we obtain 



The atudent who is not familiar with the hyperbolic cosine (coah) fun 
tion will eaaily be able to verify equation (26) by differentiating it bao 
into eqaation (25). 



(a 



THE CATENARY 8 

1 (26) is the Cartesian equation of the curve formed t 
the string; this curve is known as the catenary. 

From equation (23) we obtain the value of s in the form 
«» = y" - c" 
= (^/cosh»--l'\ 

= c'sinh*-! 
c 
8 ■ 1 X 
- = Sinn -I 
c e 



Expanding the exponentials d", 
i form 

coah - 



, we obtain coah - in 



^l^^^^^ 



RSo long as x is small, we may neglect all the terms of this series 
fond the second. Using the value obtained in this way, we 
i of equation (26) 



afiowing that so long aa xis small the curve coiniades very approxi- 
mately with a parabola of latus rectum 2 c or 2 ff/w. 

This pBraboia, it will be noticed, is one which would be formed by the 
cable of a suapension bridge of horizontal tension H, in being the weight 
per unit length of the bridge itself. Indeed, it ia clear that when the cable 
is aliaost horizontal, it is a matter of indifference whether the cable 
itself possess weight w per unit length of its arc, or whether a weight to 
j-fij unit length ia hung from it so as to lie borizontally • 

We can also obtain a simple approximation to the shape of the 
itenaiy when x ia large, Le. at points far removed from the lowest 
point. When x is very large, so that - is very large, the value of 
s very large, while that of e " becomes very smalL ThuB 
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X 



the value of cosh - becomes approximately ^ ef, and the equation 

c 

of the catenary (equation (26)) becomes 

c * 

Thus for large values of x the catenary coincides with the 
exponential curva 




Fig. 44 shows the form of the catenary. The thin curves are 

(a) the parabola, to which the catenary approximates for small 
'Vajues ot x; 

(b) the exponential curve, to which the catenary approximates 
tot large valuer of ic. ■ ^ 



\ 
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61. Sag of a tightly stretched string. A string or wire stretched 
!arly horizontal all along its length — as for instance 
1 wire — may, as we have seen, be supposed to form a 
mbola to within good approximation. Thus let A, B be two poles 

t equal height between ^ £_ 

b-hich a wire is stretched ; 
it C be the middle point 
f AB, and let D be the 
Joint of the wire verti- 
ily below C. Then, ^t- « 

a symmetry, D will be the lowest point of the wire and there- 
fore will be the vertex of the parabola. Thus, from the eq^uation 
of the parabola, 2 jr 




CB^-- 



-cjy. 



since, by § 60, ita latus rectum is 2 -H/w. 
- Thus if A = AB, the distance between the poles, the " dip " CD is 
given by ^ 

To obtain the lei^h of the wire we have to introduce a higher 

order of small quantities, and so are compelled to return to the 
equation of the catenary. 

We have B = ^c{e'-e~^ 

. 1^ . 



The quantity we require is s — x, namely DB ~ CB in fig. 45. 
When the string is tightly stretched c is very great, so that we 
may neglect the terms in s beyond those written down in the 
I .above equation, and obtain 

s — X = — -< approximately, 
6 c 

1 w'x' 
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Putting x—iih, we find as the total increase in a span i 
length A, caused by sagging, 

1 w'h' 



2s~h = 



24 H* 



BZAKPLK8 

1. The entire load of & suspension bridge is 320 tons, the span is 640 feet, 
and the lieiglil is 50 feet. Find the Unston at the points of support, and aJsn 
the tension r>t Uio Idwest point. 

2. The weight of a freely miepended cable is 330 tomi; the distance tietween 
the two points of support, which are In the same horizontal line. Is 640 feet, 
and the height of these {xiints above the lowest point of the cable is 50 fe^'i. 
Find the tenaion at tlie poiuu of support, and also the tension at the lowest poini 

3. Tlw wire fora telegraph line cannot sustain a weight of more than a mile 
of its own length without breaking. If the wire is stretched on poles at eijuEil 
Intervals of 83 yards, what is the least sag permissible ? 

4. In the last question how much wire is required for a mile of the line P 
6. A telegraph line lias to be built of a certain kind of wire, stretched over 

evenly spaced posts, Show that If the number of posts is very large, the line' 
will be built most economically as regards the cost of wire and posts, if the 
«ist of the posts efinals twice that of the additional length of wire required by 
"BABt^ng." 



GENERAL EXAMPLES 

1. A block of stone weighing \ ton is raised by means of a r 
whioli passes over a pulley verlirally above it and is wound upon a wind- 
lass one foot in diameter. The windlass is worked by two men who tnx 
orauks of length 2 fi:ut. What force must each man exert p 
to the crankH ? 

S. A man sitting in one scale of a balance presses with a force of 4 
pounds against the beam in a vertical direction and at a point halfwl 
between the fulcrum and the end of the beam from which his st 
ported. If the beam is 5 feet long, find the additional weight which muSt 
be put in the otlier scale to maintain equilibrium. 

3. The scales of n false balance hang at unequal distances a, b from 
the fulcrum, but bulnnce when empty. A weight appears to have weighta -i 
P, (I respeotivuly when weigluHl in the two scales. Find its true » 
and prove that 

'- = J9. 

a \P 



&ve weigbB -m 
:xue weighk^^ 



I 
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1. A weightless string 24 inches in length is foBtened to two points 
hich are in the same horizontal line, and at a. distance of 16 inches apart. 
Weights are fixed to two puintH at distances of 9 and 7 inches from the 
of the string and hang in such a way that the portion of the string 
them is horizontal. Determine the ratio of the weights. 



5. A light wire has a weight suspended from its middle point, and is 
itself supported hj a string fastened to its two ends and passing over a 
smooth peg. Show that the wire can rest only in a horizontal or vertical 
position. 

6. Three smooth pegs A. B, C stuck in a wall are the vertices of an 
equilateral triangle, A being the highest and the side BC horizontal ; a 
light string pa^es once around the pegs and its ends are fastened to a 
weight W which hangs in equilibrium below BC. Find the pressure on 
each peg. 

7. Two rings of weights P and Q respectively slide on a weightless 
string whose ends are fastened to the extremities of a straight rod inclined 
at an angle S to the horizontal. On this rod slides a light ring through 
which the string passes, so that the heavy rings are on different sides of 
the light ring. All contacts are smooth and, in equilibrium, ^ is the angle 
between the rod and those parts of the string which are close to the light 
ring. Prove that tan g _ P - Q 

tan0"^ P + q' 

8. Two small heavy rings slide on a smooth wire, in the shape of a 
parabola with axis horizontal ; they are connected by a light string which 
passes over a smooth peg at the focus. Show that their depths below the 
axis are proportional to their weights when they are in equilibrium. 

9. Two equally heavy nngs slide on a wire in the shape of an ellipse 
whose major axis is vertical, iind are connected by a string which passes 
over a smooth peg at the upper focus Show that there are an infinite 
number of positions of eqiiilibnum 

10. ABCD is a quadrilateral, forces act along the sides AB, BC, CD, 
DA measured by a, §, y, f times those sides respectively. Show that if 
these forces keep any system of particles in equilibrium, then 

ay = pS. 

11. A light rod reata wholly within a smooth hemispherical bowl of 
radius r, and a weight W is clamped on to the rod at a point whose dis- 

from the ends are a and b. Show that 6, the inclination of the rod 
the horizon in the position of equilibrium, is given by the equation ._ 



l^tothel 
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12. A weightless rod, to which are fixed two rougli beads of inaBBee I 
Uid Ri', lies on an inclined plane aud is free to turn about au axis througll 
the rod perpendicular to the jilane. If it be lu a horizontal position, ahov 
that it will not begin to slip round unless 



vhere a is the angle of the plane, and a and b the distanoeB of m and 

respectively from the aiis. 

13. A bead of weight IV, run on a smooth weightless string, rests on 
iaclined plane of angle a, the coefficient of friction between the bead K 
plane being «. The ends of the string are tied M two points .4, B in t 
plane at the same height. Show how to find the positions of limitii^ 
equilibrium for th^ bead, and show that in snch a position P, the teneios 
of the atrinir is , 

\WBeoiAPB ■ COB tUtAB^a - fL*)*. 

14. A uniform string is placed on a rough sphere so as to lie on e 
zontal small circle in altitude a. Prove that, if the string be on the point 
of slipping along the meridians, the tension is constant and equal to IF cot 
(or + «), where W is the weight of a length of the string equal to the radiut 
of the circle, and • is the angle of friction. 

15. A weightless string is suspended from two fixed points and at given 
points on the string equal weights are attached. Prove that the tangents 
of the inclinations to the horizon of difierent portions of the string forB 
an arithmetical progression. 

16. A smooth semicircular tube is just filled with 3n equal smooth 
beads, each of weight W, that just fit the tube, and stands in a vertical' 
plane with the two ends at equal height. If R„ is the pressure between 
tbe mth and (in + l)th beads from the top, show that 

R„ = IV8in^cosec-^. 



17. Tn the last question, let the beads be indelinitely diminished 
size. Prove that the pressure between anj two beads is proportioiial 
the depth bebw the top of the tube. 

18. A heavy string hangs over two smooth pegs, at the same level aai 
distance n apart, the two ends of the strings hanging freely and the centri 
part hanging in a catenary. Show tlmt for equilibrium to be possible, th 
total length of the string must not be less than ae. 
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19. A string of weight W is suspended from two points at the same 
level, and a weight W^ is attached to its lowest point. If a, /3 are now the 
inclinations to the vertical of the tangents at the highest and lowest points, 
provethat tana ^ TT 

•tan ft W 

20. A heavy string of length I is supported from two points, and at 
these points the string makes angles a, /3 with the vertical. Show that 
the height of one point above the other is 

I cos i (a + /3) sec i (a — j8). 

21. Prove that the direction of the least force required to draw a 
carriage is inclined at an angle to the ground, where asin^ = 6 sine, 
a and b being the radii of wheels and axles respectively, and e being the 
angle of friction. 
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ElGIDITY 



62. If we press a lump of wet clay or of soft putty with the 
tiDger, we find that a dent is left in the clay or putty ; the force 
applied to the substance by the finger has caused it to change its 
shape. If we press a mass of jelly with the finger, we do not find 
any dent left in the jelly, hut we notice that so long as the force 
is applied the shape of the jelly ia altered, although it rettima U) 
its original shape as soon as the pressure is removed. 

On the other hand, if we press a lead bullet or an ivory bUliaiii 
ball with the finger, we do not notice any change of shape either 
while the pressure is applied or after. In ordinary language we 
say that the lead and ivory are harder than the clay and putty; 
in scientific language we say that they are mare rigid. 

63. A perfectly rigid body would be one which showed do 
change of shape under any force, no matter how great this force 
might be. A bullet and a billiard hall are not perfectly rigid- A 
billiard ball is pressed out of shape during the interval of colUsioii 
with a second billiard ball, but regains its shape immediately, 
while a lead bullet is pressed permanently out of shape by striking 
a target. A perfectly rigid body does not exist in nature, although 
such bodies as a bilKard ball or a bullet may be regarded as per- 
fectly rigid, so long as the forces which act upon them are not 
too great. 

We can give a mathematical definition of a perfectly rigid body 
as follows : 

A body is perfectly rigid when the distance between any pair 
of particles in it remains unaltered, no matter what forces act o» 
the body. 

90 
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84. A rigid body can move about in space without changing 
the direction of any line in it — sueli a motion is called a motion 
of translation. It can also turn about any point P without the 
position of P altering — such a motion is called a motion of rota- 
tion about P. It can again have a motion compounded of a motion 
of translation and one of rotation, and this we shall show to be 
the most general motion which it can possibly have. 

65. First we must notice that a rigid body is fixed when any 
three points in it are fixed, provided that these three points do not 
lie in a straight Une. For let J, B, C be the three points. If we 
fix A and B, any motion which can take place must, since the 
body is by hypothesis perfectly rigid, be one in which the dis- 
tances of any other point P from A and B remain unaltered. 
Thus P must describe a circle with AB as axis, and the motion 
of the body must be oue of rotation about the line AB. Thus 
U^ A, B, C are not in a straight line, C must describe a circle 
about AB. But if C also is fixed, this cannot happen; in other 
words, no motion can take place, so that the body ia fixed in 
position. 

Thus the position of a rigid body is determined when the posi- 
tions of three non-collinear points in it are determined. 

66. We can now prove the theorem i 

^MF%« most general motion of a rigid hody ia compounded of a 

^BUoJi of translation and one of rotation. 

HSd fig. 46 let the figure on the left represent the body in its 
original position, and let the heavy curve on the right represent 
the body after it baa been moved in any way. Let P be the 
position of any particle of the body in its original position, and 
let Q be the position of the same particle after the motion has 
taken place. 

Imagine that the body is first moved from its original position 
in such a way that the point P moves to Q, while all lines in the 
body remain jiarallel to their ordinal positions. This motion is 
oue of pure translation. After this motion has taken place, ' 
can turn the body about the point Q in such a way as to turn it 
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into its final positiou. For let us take any two other particles S, S 
in the body (not in the same straight line with Q), and let H', S' be 
their final positions. Since the body is supposed to be perfectly 




rigid, it foUowa that all distances between particlea of the body 
remain unaltered. Hence the distances QB, RS, SQ are respectively 
equal to QS', E'S", S'Q. Thus the triangles QES, QR'g, b^ 
equal in all respects, can be superposed, and the motion of super-j 
position of these triangles is the motion required and is a motioai 
of pure rotation about Q, since Q does not move. 

Since the position of a rigid body is fixed when any three pointBi 
in it are fixed, it follows that the ilgid body can only have one; 
position in which the three points Q, R, S have given positions. '. 
after the motion we have described, the three points Q, Jt, S 
placed in their final positions. Hence the whole body must be in 
its final position, and this proves the theorem. 

67. Axis of rotation. 
In a motion of rotation, 
let P be the point which 
remains fixed. Take any 
plane A through P, and 
let £ be the position of 
the plane A after the 
rotation has occurred. ^' 

These two planes both pass through P, : 
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intersect in some line PQ passing through P. This line is called 
the axis of rotation. Tlie rotation can be imagined as a turning 
about an imaginary pivot running along the axis of rotation. 



^H Conditions of Equilibrium tor a Eigid Body 

68. "We have seen that a rigid body is fixed when three non- 
coilinear points in it are fixed. It follows that, whatever forces 
act on a I'igid body, we can always hold it at rest by applying 
three suitably chosen forces at three points which are not in a 
straight line. 

We can, however, select these forces in a special way. 

Let us select any three points A, B, C, subject only to the con- 
dition that they are not in a straight hne. By a suitably chosen 
force acting on the particle at A we shall always he able to keep 
the point A at rest. 

Wlien A is fixed B may or may not tend to move. If B tends 
to move, the direction of motion of B must be perpendicular to 
BA, since A cannot move. Hence after A ia fixed it must be 
possible to fix B by applying b.t B & force perpendicular to BA. 

"When A and .5 are both fixed the only motion possible for the 
third point C is one perpendicular to both AC and BC, ie. perpen- 
dicular to the plane ABC. Thus C can be held at rest by a force 
perpendicular to the plane ABC, and the whole body is now held 
at rest. Thus it has been proved that a rigid body can he held at 
Test, in opposition to the action of any system of forces, by the 
application of the following forces at three arbitrarily chosen 
point.s A, B, C not in a straight line : 

(a) a. force at A, direction unknown ; 

(i) a force at B, direction perpendicular to the line AB ; 

(c) a force at C, direction perpendicular to the plane ABC. 

KThe condition that the original system of forces should hold 
e body in equilibrium is of course that no additional forces are 
quired to fix the body, and hence that the three forces introduced 
at the points A, B, C should each vanish. 
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Teansmisbibility of Foece 

69. Consider a rigid bodj acted on by two forces W^, W„ afel 
two points A, B, these forces being equal in magnitude but a^tiiij 
in the opposite directions AB, BA. 

Either the rigid body will be in equilibrium under the action t^l 
these two forces, or else it can be held at rest by three forces P^X 
i^, ij, at the points A, JB, and any third point C not in the linaJ 
AB, these forces being in the directions already mentioned, namely I 
ij, being perpendicular to ABC, and !"„ perpendicular to AB. 




Let these forces, if necessary, be put in so that the body is ill 
equilibrium under the action of the forces Wj, Wg, i^, Pg, ij. 
The body being in equilibrium, the sum of the moments of these, 
forces about any line, or of their components in any direction, muafe 
vanish, by § 50. 

let us consider what is tlie sum of the momenta about the line 
AB. The forces 11^, H^, P^, Pg all meet this line, so that the 
moment of each of these forces vanishes. Thus the sum of the 
moments about the line AB consists of the moment of the single 
force JJ., and for the sum of these moments to vanish, the moE 
of JJ, must vanish. Now JJ, is perpendicular to the line AB, and 
does not intersect it, so that the moment of 7^ can vanish only if 
the force J^ is itself equal to zero. This means that no force is 
required to keep the body from turning about AB us axis of 
rotation. 




¥ 
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The body is now held at rest by the two forces P,, i^, and is 
therefore in equilibrium under the forces F,, i^, (1^, Wg. Tak- 
ing moments about a line through A perpendicular to AB, we find 
that the moments of i^, K^, If^ vanish, so that in order that the 
sum of the moments of the tour forces taken about this line may 
vanish, we must have the moment of ij, equal to zero, and there- 
fore Pb itself equal to zero. Thus the only force required to keep 
the body at rest is the force P, at A. 

A condition for equilibrium is now that the sum of the com- 
ponents of ^, n^t ^^'^ -^A shall vanish in any direction. The 
components of Tf^ and W^ are, however, equal and opposite, so 
that the component of P, must vanish in every direction. That 
is to say, we must have P, = 0. 

It has now been proved that the rigid body is in equilibrium 
under the action of the two forces Wj, W^. 

70. This establishes at once a principle known as the transmissi- 
WUy of force. 

The effect of a force acting on a rigid body depends on its mag- 
nitude and on the line along which it acts, hut not on the particular 
particle in this line to which it is applied. 

For, let the same force be applied at any ' * ^ 

two, points Q, R of its line of action. An 
equal and opposite force at R can neutralize either of the two 
forces, which are therefore equivalent. 

Composition of Forces acting in a Plane 

71. Suppose that we have two forces P, Q acting at two points 
A,B ot& rigid body, it being supposed that the two lines of action 
of these forces lie in one plane. Then the two Hues of action, 
produced if necessary beyond the points A, B, will meet in some 
point C. 

By the principle of the transmisaibility of force it is imma- 
terial whether the force P acts at 4 or at C; let us suppose it to 
act at C. In the same way let ub suppose the force Q to act at 
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inatead of at B. Theu we have the body acted oil by two forces 
? whicli act on the same particle C. These may be compounded; 

according to the rules explained in Chapter III, into a single force 
£ acting at C. Thus 
compound forces of whick 
the lines of action intersect, 
even though they do not ac£ 
on the same particle. 

Having compounded two 
forces into a single force, we 
may compound this resultant 
with any third force which 
lies in the same plane as thei 
two original forces, and in 
this way obtain a resultant 
of three forces, and so on. 

ThuB any number of forces which all lie in one plane may be 
compounded into a single force. This force is called the resultaiU of 
the original forces. 

72. An exception arises when we attempt 
to compound two parallel forces, for their 
lines of action do not meet. This difficulty, 
however, is easily surmounted. Let P, Q 
be the two forces to be compounded, and 
let AB be any line cutting their lines of 
action in A, B. Let us add to the system 
P, Q two forces : 

(a) a force R acting along BA ; 

(6) a force B acting along AB. 

These two forces being equal and opposite 
can be introduced without producing any 
effect. On compounding the first with P 
we obtain a resultant P' acting at A, and on compounding thft' 
second with Q we obtain a resultant Q' acting at B. Thus tbf^ 
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original forces P, Q have been replaced by the new forces P', Q'. 
The lines of action of these forces, however, will not in general be 
parallel, so that they may be compounded into a single resultant 
force acting through their point of intersection. 

73. Let us suppose that the forces originally to be compounded 
were Ji^, R^,---, and that these have been compounded into a 
single resultant R. Let us take axes x, y in tlie plane in which 
these forces act, and let the components of R^ along these axes be 
X^, y,, those of R^ being JT,, Y^, and so on. Finally let the com- 
ponents of ^ be J, Y. 

The system of forces which consists of the original forces iS„ 
Rj, ■ ■ ; together with the resultant R reversed, constitutes a system 
in equilibrium. Resolving parallel to the axes, we obtain 

IA\ + A\ + X, + X=0. 
r, + r, + r, + y = o. 

while the angle S which the line of action of R makes with the 
axis of X can be found from the equation 

^o obtain the position of the line of action of R we use the fact 

ftt the sum of the moments of 

Bj, K„ Rg, ■ ■ ; and — R 
taken about any point in the plane must vanish. This gives us 
the moment of R about any point, and hence, since we know the 
magnitude and direction of R, we can find the position of its line 
of action. 



Thus the components of R are given by the equations 
X = a; + X, + A', + . - -, 

y= y,+ i;+ i; + .--. 

I The magnitude ot R can be found from the equation 
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ILLirSTRATtVE SXAHPLB 

Forets P, Q, K a«( on a rigii body, all the fonet being in one plane, and their 
line* qf aetion forming a right-angled iaoscelea triangle o/aidet a, a, V««. Find 
their reauUant. 

Let ABC be the triangle, the forces P, Q, R acting along BC, CA, AB 
respectively. Take C for origin and OB, CA tor axea of x, y. Let the Fe«ilt&nt 
have components X, ¥. Than, resolving ulong Cx, we obtain 



•^ 



X = -F + 
and rimlhirly resolving along Cy, 



V2 



Y = Q- 



ThUH the resultant Ls of magnituile R given by 

The angle S which it makes with Cx is given by t^ 

tanff = -=-- -^. 

■^ B-V2P 

To find the !ine of acti 
iqual to the sum of the 
rom C on to the line of a 




express that the moment of R about C must b) 
of P, Q, and R. If |i is the perpendicolu 
of the resultant R, this gives 



and this determines the line of action of R. 



EXAUFLES 

(All foicBB are sappoaod to be acting on rigid bodies) 

1. ABCD is a square, and along the sides AB, BC, CD there act foi 
1, 2, 3 pounds respectively. Determine the magnitude and line of action 
lesultant. 

2. .dBCD is a square and forces P, Q, R, S act along the sides A B,BC, CD, 
LA respectively. What is the condition that their resultant shall paaa thrmn^ 
the center of the square ? 

3. In question 2, what is the condition 

(a) that the resultant shall pass through A ? 

(b) that it Shall pass through\S? 

(c) that the four forces shall be in equilibrium? 
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4. Forcefl P, Q, B act along the aides of a triangle ABC, and their 
reaiUtant passes through the centeis of the inscribed and GircumBcribed 
circlEis. Prove that 

P _ Q ^ B 

cosB - cos C COB C - pofl^ coa^ - cobB' 

5. If four forces acting along the sides of a qnadrilateral are in equi- 
librium, prove thiit the quadrilateral must be plane. 

6. ABCD is a plane quadrilateral and forces repreaenlcd by AB, CB, CD, 
AD act along these sides, respectively, of the ijuadri lateral. Show that if there 
is equilibrium, the quadrilateral must be a pamlletogram. 

7. If a quadrilateral can be inscribed in a circle, prove that forces acting 
along the four sides and proportional to the opposite sides will keep it in equi- 
librium. Show also that the converse is true, namely that for equilibrium, the 
forces must be proportional to the opposite sides. 

6. A quadrilateral is inscribed in a circle, and four forces act along the 
sides, and are inveraely proportional to the lengths of these sides. Show that 
the resultant has for line of action the line through the intersections of pairs 
of opposite Bides. 

9. Forces act along the four sides of a quadrilateral, equal respectively to 
a, b, c, and d times the lengths of those sides. Show that if there is equilibrium, 

and that the further conditions necessary to insure equilibrium are that the 
ratios a : b and b : c shall be the ratios in which the diagonals are divided at 
their points of intersection. 

10. In the last question show that the perpendicular distances to the flnrt 
side, from the two points of the quadrilateral which are not on Uiat side, are in 

***™'"' a(c-6):d(&_a). 



Parallel Forces 

74. Let UH use the method just explained, to determine the 
resultant of two parallel forces P, Q. 

Take any point O on the line of action of P aa origin, and take 
this line of action of P for axis Oi/, aa in fig. 53. Let the resultant 
be It, components X, Y. Then resolving we obtain 

Y = P+Q, 
so that the resultant force is of magnitude P + Q and acts parallel 
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Flo. 53 



to Oy. Let ua suppose that its distance from Oy is h, that of Q 
beii^ denoted by a. Then taking moments about O we have 
(P + Q)b = Qa. 



showing that the line ot acti( 
divides the distance between P 
Q in the ratio Q : P. 

Thus we have shown that Ott 

resultant of two parallel ft 

Q is a force of magnitude P+ Q^ 

parallel to liiese forces, of whiek 

the line of action divides the dif 

tance between the lines of action of 

P and Q, in the ratio Q : P. 

75. AltemativB treatment of parallel forces. We can prove directly from. 

g 68 tliat parallel forces P, Q will lie m equilibrium with a force 

-{P + Q) parallel to them and acting along a line which dividea the di» 

tanca between them in the ratio Q : P. 

Take two points A, B on the line of action of P, Q, and a third point 
C not on the line AB. Then the hodj, acted on by the forces P, Q, and 
— (P + Q), can be kept in equilibrium by the further application of 

(d) a force fl^at C, perpendicular to ABC ; 
(6) & force Rg at B, perpendicular to AB ; 

(e) a force fi^ &l A. 
Thus the system of forces 

P, Q. -(P + Q), Rc^ Rb^ Ra 
will be in equilibrium. 

Taking moments about the line AB, we find 
that R(7 = 0. Taking moments about A , we find 
that Rg=G, or else that it acta along BA, in 
which ease it can be absorbed into R^. Resolv- 
ing perpendicular to the plane of the forces P,Q, 
we find that Rj can have no component perpen- I^Q 

dicular to the plane. Thus the four remaining 
forces 

P, Q, -(P + Q), Ra, 
are all in one plane. Pio. 54 



-{P+Q\ , 



Next, resolvrng parallel and perpendicular to the line of action of P, we 

Hud that both conipoBenta of R^ vanish, and hence that £^ = 0. Thus the 
original forces were in equilibrium. 

76. Clearly these methods of compounding forces can be 
extended, eo that auy number of parallel forces can be compounded 
into a single resultant force. We see at once, on reversing the 
resultant and resolving, that the resultant is parallel to the lines 
of action of the original forces, while its magnitude is equal to 
their algebraic sum. 

This result is of importance in connection with the weights of 
bodies. It shows that the eFfect of gravity on any rigid body — 
i.e. the resultant of the weights of the individual particles of which 
the body is composed ■ — may be regarded as a single force acting 
vertically along a single lina 

In the next chapter it will be shown that, whatever position the 
rigid body ia in, this line always passes through a definite point, 
fixed relatively to the body, known as its center of gravity. 

77. Without assuming tliis, we can find the line of action in a 
number of simple cases. Suppose, for instance, we are dealing with 
a uniform rod. The weights of two equal particles equidistant from 
the center may be compounded into a single force acting through 
the middle point of the rod. Treating the weights of all the parti- 
cles in this manner, we find that the weight of a uniform rod may 
be supposed to act at its middle point. 

In the same way we can see that the weight of a circular disk, 
of a circular ring, or of a sphere may be supposed to act at its 
center ; the weight of a cube or a parallelepiped at the intersection 
^^s diagonals, and so on. 



^^P Couples 

78. If we try to compound two parallel forces which are equal 
in m^nitude but opposite in sign, we obtain as the resultant a 
force of zero amount of which the line of action is at infinity. 
Although such a force is of zero amount, its effect cannot be 
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: its moment does not vanish, being equal to the sum Q 
the moments oi the component forces. If, in fig. 55, AA', BB' ana 
the parallel lines of action of two opposite forces each equal to JBi^ 
aud if FAB is a line at r^ht angles to 
their direction, then the sum of their 
moments about a line through P, at 
right angles to the plane in which the 
forces act, 

"^ =RPB~R.FA 

= Rd, 

where d is the distance between the 

line of action of the forces. A pair of 

forces, equal in magnitude and opposite 

""' "" in direction, but not acting in the same 

line, is called a couple. Their moment about any point P in the 

plane containing their lines of action is independent of the position 

of the point P, and is spoken of as the moment of the couple. 

CoNDiTiciN OF Equilibrium 

79. Since the resultant of a system of forces in a plane may be 
either a single force or a couple, the condition for there beii^ noi 
resultant will be that the resultant single force shall be nil, and 
that there shall be no couple. The component of the resultant 
force in any direction vanishes if the sum of the components 
vanishes. Thus, in order that the resultant force may vanish, it is 
necessary that the resolved parts in two different directions shoi 
vanish. If this condition is satisfied, there can be no resull 
except a couple, and since the moment of a couple is the i 
matter about what point the moment is taken, it appears that tht 
can be no couple if the moment about any one point is zero. Thi 
as a necessary and sufficient condition of equilibrium for a systei 
of forces in a plane, we have found the following : 

A system of forces in a plane will be in equilibrium if the 
of the resolved parts in two directions each vanishes, and if the 
of the moments about any point also vanishss- 
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We can espresH the coadition for eijuilibriuiu iu a different form : 

A si/stein of forces m a plane will be in equilibrium if ihe sums 
a/ the moments about any three noTirCoUincar points are eacli, zero. 

For, if the moment about any one point ia zero, the resultant 
eanoot be a coupla It must, therefore, be a single force. If the 
momenta about each of two points A, B vanish, the line of action 
of this force must in general be AB, but if the moment about 
some third point C, not in the line AB, also vanishes, then the 
force itself must vanish. 

EXASPLE8 

. Parallel forces of 5, 12, and 7 pounds act at the two ends and middle 
jpoint, reapectivelj, of a line 2 feet in length. Find the magnitude and line of 
iKtlon of their resultant. 

2. Find iJie resultajit of the forces In the laat question when their magnitudes 
e respectively 5, — 12, and 7 pouuiis. 

3. Find the resultant of three forces, each of amount P, acting along the 
) of an equilateral triangle, taken in order. 
. Prove that a system of forces acting along and represented by the sides 

,of a plane polygon taken in order, is equivalent to a couple, whose moment is 
esented by twice the area of the polygon, 

. If the sums of the moments of any co-planar forces about three points 
irhich are not iti a straight line are equal, and not each zero, prove that the 
n is equivalent to a couple. 

6. A uniform rod is of length 3 feet and weight 24 pounds. Weights of IS 
il 18 pounds are clamped to its two ends. Find at what point the rod must be 

npported so as just to balance. 

7. A uniform beam weighing 20 pounds is suspended at its two ends, 
weight of 50 pounds suspended from a point distant 7 feet and 

B feet from the two ends. Find tlie pressures at the points of suspension of 
Ehebeam. 

. A uniform rod of weight 50 pounds and length 18 feet ia carried on the 
flioulders of two men who walk at distances of 2 feet and 3 feet respectively 
la ends. A weight of 60 pounds is suspended from the middle point 
if the beam. Find the total weight cartied by each man. 

. A dumb-bell weighing 32 pounds is formed of two equal spheres, each of 

LB 3 inches, connected by a bar of iron so that the centers of the spheres 

e 16 inches apart. One of the spheres is now removed, and the remainder of 

e dumb-bell is found to weigh 20 pounds. Find where this remaining part 

Dmst be supported in order tliat it may just bttlance. 
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CODPLES IN PaHAIXEL PlANES 
80. The result of § 79 shows that two couples acting in th 
same plane produce the same effect if their moments are equal 
For, on reversing one of them, all the conditions of equilibriu 
are satisfied. 

Thus we can determine the effect of a couple in any plane iq 
knowing its moment only. We shall now show that the actual 
plaue in which the couple acts is immaterial, the direction of thi^ 
plane alone heing of importance. In other words : 

Couples of equal moments acting in parallel planes produce tht 
awe effect. 

To prove this, we reverse one couple and show that the two 
eouplea are then in equilihrium. Let the first couple consist o 
two forces each equal to ii 
and let a common perpen 
^ dicular to their lines ( 
action meet the latter i 
points A, B. Let A'B' \a 
a line equal and paralle 
to AB in the plane of th< 
second couple, and let the 
second couple reversed I 
represented by two force 
R, R at A'B', We can regard this couple as representing the seconi 
couple reversed, for its moment is equal and opposite to that o 
the second couple, while it is acting in the same plane as the 
second couple. 

We have now to show that the four forces each equal to i 
acting atJ,fi,^',B' are in equilibrium. By construction, ji£B' J' ii 
a parallelogram, so that C, the point of intersection of its diagonal^ 
is also the middle point of each diagonal 

The two parallel forces R, R acting at A, B' may be compoundf 
into a single force 2 R acting at C, the middle point of AB', an 
similarly the two forces R, R at B, A' may be compounded intt 






COMPOSITION OF COUPLES 



106 



a forcQ 2R &t C, the middle point of A'B. These two forces 2 S, 
2 R are equal and act in opposite directions at the same point C. 
There is therefore equilibrium, proving that two couples are equiv- 
alent if they have equal moments and if the planes in which they 
act are parallel. 

81. The direction perpendicular to the plane in which a couple 
acts is called the axis of a couple. Thus : 

Two couples haviny the satne axis and the same moment are 
equivalent. 




Couples compounded according to the Parallelogram Law 

82. A couple, as we liave just seen, is determined by a quantity 
(its moment) and a direction (its axis). Thus it may be fully 
represented by a straight Une, the direction of this line being that 
of the axis, and the 
ler^h representing, 
on any scale we 
please, the magni- 
tude of the moment 
of the couple. 

We shall now 
ahow that couples 
can be compounded ^ 
according to the 
parallelogram law. 

Theorem. Tim couples, represented in magnitude and direction 
by two lines AB,AC, will have as resultant a couple represented in 
magnitude and direction hy AD, the diagonal of the parallelogram 
of which AS, AC are edges. 

Let AB, AC be lines representing by their direction and magni- 
tude the axes and moments of two couplfes. Let SAS' be a line 
perpendicular to the plane ABC, A being its middle point. Let 
us draw planes through S, S' parallel to the plane ABC, and let 
the couple AB be replaced by two forces jPiS, P'S' in these two 
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plftnes, the lines PS, P'S' being both perpendicular to AB. L 
same way let the couple AC be replaced by two forces QS, 
in these same two planes. 

The two couples have now been replaced by the four forces 
PS, QS, P'S', Q'S'. 

Let us complete the parallelograms PSQE, BACD, P'S'Q' 
Obviously these parallelograras are all similar to one another, 
corresponding lines in the first and second parallelograms are 
right angles to one another. Thus a couple represented by AD 
may be replaced by forces RS, M'S'. But these two forces are 
exactly equivalent to the four forces PS, QS, P'S', Q'S' to whicli, 
as we have seen, the couples AB, AC may be reduced, and this 
proves the theorem. 

FoHCES IN Space 

83. When the forces acting on a body are not all in one plane, 
their resultant will not in general be a single force. 

Theorem. Any system of forces acting on a rigid body can he rf- 

placed by a force acting at an arbitrarily chosen point, and a couplf- 

Let G be the chosen point, and let R be any force of which the 

line of action does not pass tlirough G. At G let us introduce two 

J, ^_^ equal and opposite forces, each equal to S 

^■-^^ and parallel to the line of action of R. Bj' 

combining one of these forces with tbe 

original force R, we get a couple, so that 

the original force R can be replaced by a 

force parallel and equal to the original 

force but acting at G, and a couple. 

Treating all the forces of the system in tliis way, we find thi 
the original system of forces may be replaced by 

(a) a number of forces acting at the cboseu point Q; 

(b) a number of couples. 
The forces acting at G can be combined into a single force at.fl 

and the couples into a single couple, proving the result. 
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84. Theorem. Any system of forces acting on a rigid body can 
be replaced by a force and a couple of which the aaris is parallel to 
ths line of action of the force. 

By the theorem just proved, the system may first be replaced 
by a forf:e acting at any point 0, and a couple. Let the force be 
of amount R, having OP aa its line of action, and let the couple 
be oE moment G, having OQ for its axis. If the angle FOQ is 
denoted by 8, vre may resolve the couple into two couples: 

(a) a couple of moment G cos $ 
having OF for axis; 

(t) a couple of moment G sin 5 
having its axis perpendicular to OP. 

The second of these couples may 
be replaced by any two forces pro- 
vided these are chosen so aa to be 
equivalent to the couple. Let us 
choose the first force to be a force 
— R acting along OP, i.e. the force 
which will exactly neutralize the 
force R which we already have acting along OP. The second 
force of the couple must then be a force R acting along a line 
parallel to OF but at a distance from it equal to G sin 0/R. 

The system has now been replaced by 

{a) forces + R, — R acting along OP ; 

(b) a force R parallel to OF; 

(e) a couple G ct>s ff of which the axis is parallel to OF. 

The two forces (n) neutralize and we are left with a force R and 
a couple G cos 6 of wliich the axis is parallel to the line of action 
of the force. This proves the theorem. 

The line of action of the force, which is now also the axis of 
the couple, is called the central axig of the system of forces, 
A system of forces is most simply specified by a knowledge of the 
magnitude of the force and couple, and of the position and direction 
of the central axis. Such a system is called a " wrench." 
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1. Two equal liniform pla-nki are hinged at one end, and sJand leith (teirj 
tndi on a imoath horitontal plane, being premiUed from slipping by a rope id 
it tird to mcA plank al the tame heigkl up. Fi/id the lemion in thit ropei 
the aelUm al the hinge- 
In the flgura let AB, AC represent the two planks, hinged at A, uA 
PQ be the rope. The forces acting on the plank AB will consist of 
(a) the action at the hinge A ; 
(6) the tension of the rope acting along PQ; 

(c) the reaction at the foot B; 

(d) the weight. 
Of these four forces, (a) and (b) ai« tlie forcesiri 

it is required to find. Force (e) also la at pre 

unknown. Force (d), as explained in § TT, cai 

regarded as a single force W, the total weight of 

plni)k, and aince we are told that the plank is imifi 

this must be supposed to act through its middle pi 

a way of finding force (c), the reaction at B. Since ne 

.ct at B is smooth, the direction of the reaction nm 

amount be B. From symmetry, there mua 

t the foot C of the second plank. Now com 

ta of the two planka and 




n this system consist of 
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There is a sir 
told that the go 
vertically upwards. Let 
an exactly similar reactic 
the equilibrium of the whole system which 
rope. The only external forces which act 

(a) the weight ; 

(b) the two reactions at 5 and C. 
It we resolve vertically, we obtain, since this 

system is in equilibrium, 

2W-2R = 0, 
BO that R = IT; each reaction is just equal to the 
weight of one plank, as we might have anticipated. 

Of the four forces acting on the plank AB, 
the last two are now known, while the first two 
remain unknown If we take moments about A, 
we shall get an equation between forces (6), (c), 
and (d), and this will enable us to find the un- 
known force {b), the tension. 

If we denote the tension by T, and the angle 
BAC by 2B, the equation obtained on taking „ 

moments about ^ is 

BaBsinfl-tr-i.dBaine- r-^Pco3fl = 0, 
BO that, remembering that B = If , we have 




I Also on resolving horizon (ally aii<l vertically, it is evident that the action 
: coDBist of a liorlzontal force of amount T and of direction opposite 
A of T. 

r X. A riiig {e.g. a dinner napkin ring) ataadt on a toUe, and a graduaUy 
iiing preiBure it applied by a finger to one point on the ring. Having gitien 
co^fftcienta of fridion at the two contacts, examine how equilibrium wiU firat 
p Jiroken. 

Let A be the point of contact of the ring and table, and let B be the point 
t contact of the ring and finger. Iiet t, e' be the angles of friction at A and B 
I'eapectivuljr. Let the line BA make an angle a with the verticaL 




Fig. 63 
The forces applied to the ring from outside are 

(a) the reaction at A ; 

(b) Che reaction at B ; 

(c) the weight of the ring. 
Begftrding the latter as a single force W acting along the vertical diameter 

CA ol the ring, we see that Bolongaa the ring remains ^t rest it is in equilibrium 
under the action of three forces. 

Hence, by the theorem of § 52, the lines of action of the three forces muBt 
meet in a point. 

The line of action of the weight ia already known to he the vertical CA, 
and the line of action of the reaction at A must pass through A. Hence either 

(or) the point in which the three lines of action meet must he j1 ; or 

(jS) the reaction at A must act along CA, so that the point in which the 
three lines of action meet will tie some point in CA, other than A. 

The second alternative may'be dismissed at once. For if the reaction at A 
acts along CA, this and the weight may be combined into a single force, and 
there must now be equilibrium under this force and the reaction at B. This 
requires tliat each force should vanish, i.e. there must be no pressure at B, 
and the reaction at A must be juet equal to the weight of the ring. This 



110 



STATICS OF RIGID BODIKS 









obviously glvea a state of equilibrium — the ring is Btanding at rest on the table, 
acted oneolelf b7 iu weight — but this state of oquUibrium is cot the one with 
■e concerned in the present problem, 
ua now consider the meaning of alternative («). If the three lines of 
neet in A, the reaction at B must act along BA, and tliia must be true 
ter how great the pressure at B. Hence the reaction at B will always 
n Angle a with the normal. 
If <t is less tban t', the angle of friction at B, this will be a possible line of 
action for the reaction, and no slipping can lake place at B, no matter how 
gt«at the pressure applied at B may be. 

On the other hand, if a is greater than e', equilibrium is impossible, no matter 
bow small the pressure apptled at B may be. Thus, when there is equilibrium, 
the pressure at B must vanish, and we are led to the 
state of equilibrium as was reached from cose (p). As soon 
as the pressure at B becomes appreciable, equilibrium is 
obriously brohen by slipping taJtiiig place at B, sint 
equilibrium to be maintained at B, the reaction would 
have to act at an angle greater than the actual angle o( 
friction. 

Thus the solution reeoivea itself into two different C8 

Case I. If a > c', as soon as pressure is applied a 

motion takes place. The ring slips at B, and consequent^ 

Cash II. If a: < (', we have seen that no matter hi 
great a pressure is applied at B, there can never 
fjg^ g3 slipping at E. It remains to examine whether there c 

be slipping at A, 
To settle this question, we have to determine whether the reaction at A a 
ever be made to act at an angle with the vertical which Is as great as the anglfl 
of friction at A, namely e. Now the ring is acted on by three forces, thr^^ 
reactions at A and B, say fi^ and B^, and its weight W. The linea of aotioi 
ol these forces meet in the point A , and from Lami's theorem we can coimM 
the magnitudes of the forces with the angles between them. 1 

The lines of action of the three forces are represented in flg. 6S. The anj^ 
between W and Bg is, as we have seen, always equal to a. Let the ang) 
between Rj, and the vertical be supposed to be 9. Then, by Lami's theorem, 
R^ _ E„ _ W 




Bu, but on equating the last two f ractiona w 
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Thta equation enables us lo trace the changes in the value of the angle S as 
Ba is gradually increased. We find that when R^ = the value o£ fl ia 6 = 0, 
and that as E_a increases 6 increases continually, hut never exceeds the value 
e= a, which is reached when Rb = m- 

If i<a, the value o( $ will pass through the value t when Ba reaches a 
certain value, namely 

I slipping at A will take place at this point. 

If < > a, the value of 3 will never reaeh the va 
never occur. Thus equilibrium is never broken, and the harder we presa at £ 
tie more firmly the ring is held between the finger and the table. 

We can now Bummarizs the results which have been obtained, as followsr 

If a>t', the ring rolls along the table as soon as we begin to press at B. 

If a < e", there are two cases : 

(a) a>t, the ring will slip at j1 as » 

(b) a < (, the ring cannot be made U 
To make the ring shoot out from under the finger by slipping at A (in which 

caae it returns to the hand, as in the well-known trick), it is necessary to press 
at a point on the ring at which a is greater than t, while being less than e". 
:e that if « is greater than t\ it is impossible to project the ring in this 

[ way ; this can only be dons If the contact with the finger is rougher than the 

L .contact with the table. 



o that slipping a 



IS sufficient pressure is applied ; 
;e under any amouu 



GEITERAL EXAMPLES 

. A pair of steps is formed by two uniform ladders each of length 12 

^ and weight 20 pounds, jointed at the top, and having their pointo at 

listances 5 feet from the ground connected by a rope of length 7 feet. The 

tepa stand on a smooth horizontal plane, and a man of weight 160 pounds 

' SKends to a height of 9 feet on one side. Find the tension in the rope. 

2. A heavy uniform rod is supported by two strings of lengths a, b. 
The upper ends of the strings are tied to the same point, the lower ends 
being tied to the two ends of the rod. Show that the tensions of the etrings 
are proportional to a and b respectively. 

3. Two small fixed pegs are in a line inclined at an angle 6 to the 
horizon. A rough thin rod passes under the lower and rests on the higher, 
this latter being lower than the center of gravity of the rod. The distances 
of the center of gravity from the two pegs are a and b respectively, and the 
coefficient of friction is n. Show that if the rod ia on the point of motioii, | 



b + a 
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i. Two hesTy aniform rods have their ends connected by two lights 
stringB, and the whole syBtem ia suspended by the middle [X>int of one roi. 
Prove that in equilibrium either the rods or the strings are parallel. 

5. Two rods ^S, CD lying onaaniooth table are connected by atretehed' 
Btringa A C, BD. If the system ia kept in equilibrium, by forces acting at 
the middle points of the rods, prove that if the atrings are not parallel 

(a) the rods must be parallel ; 

(b) the tensions must be proportional to the strings. 

6. A BCD is a parallelogram and E is the intersection of the diagonals 
AC, BD. Show that parallel forces 7, 5, 16, 4 atM, B, C, D respectively 
are equivalent to other parallel forces, 8 at the middle point of CD, 10 at 
the middle point of BC, and 14 at E. 

7. A solid cnbe ia placed on a rough inclined plane of angle a with two 
edges of its base along linea of greatest slope. The angle of friction 
Prove that if n > 40° it will at once topple over, while if t < a < 45° it will 
slide down the plane. If a ia lesa tlian either « or 45°, find the friction 
brought into action. 

8. A uniform rod of length 2 / and weight W rests over a smooth peg 
at distance h(<l) from a smooth vertical wall at an angle S with the hori- 
zontal, its lower end preasing against the wall, and its upjier being held by a. 
vertical string. Find the tension of the string and show that it vanishes if 
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9. Two equal uniform spheres, each of weight W and radius a, rest 
a smooth hemiapherical howl of radius b. Find the pressure between thfi 
two spheres and also the pressure of each on the bowl. 

10. A uniform rod rests with its two ends on smooth inclined plEHion,, 
inclined to the horizontal at angles a and p. Find the inclination of th« 
rod to the horizontal. 

11. In the last question a weight equal to that of the rod is clamped to it' 
At what point must it be clamped in order that the rod may rest horizontaHyi 

12. A uniform circular ring of weight W has a bead of weight w fill 

on it and hangs on a rough peg. Show that if sin*>=7; > then the rii 

can rest without slipping, whatever point of it rests on the peg, ■ being 
the angle of friction. 

13. A pentagon ABODE, formed of equal imiform heavy rods connected 
by smooth joints at their ends, ia supported symmetrically in a Teitioal 
plane with A uppermost, and AB, AE in contact with two smooth 
in the same horizontal line. Prove that if the pentagon ia regular, tha 
pegs must divide AB and AE each in the ratio 

l + sinii.,r:3sin,',7r. 
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14. A imiform be&m of length I leana against the horizontal rim of a 
hemispherical bowl of radius a, with its lower end resting upon the oniooth 
concave surface. Find its inclination to the vertical. 

15. A howl in the shape of a paraboloid of revolution is placed with its 
azia vertieaJ. A uniform rod rests on a peg at the focus and has ila lower 
end resting on the inner surface. Both contacts are perfectly smooth. 
Find the inclination of the rod to the vertical. 

16. A imiform beam of weight W rests against a vertical wall and a 
horizont&l plane with which it makes the angle a. Both contacts are 
perfectly smooth. The lower end of the beam is attached by a string to 
the foot of the wall. Find the tension of the string. 

17. One end of a straight uniform heavy rod rests on a rough horizonlsl 
plane, the other end being connected with a fixed point by a string. If 
8, ^, 'I' be the inclinations of the string, the rod, and the total reaction of 
the horizontal plane respectively to the vertical, show that 

cot fl ± 2 cot <p — cot V" = 0. 

18. Two uniform rods AB, BC of the same material hut of different 
lengths are jointed freely at B and fised to a vertical wall at .4 and C. Show 
that the direction of the reaction at B bisects the angle ABC. 

19. A uniform regular-hexagonal board ABCDEF of given weight W 
is supported in a horizontal position on three pegs, placed at the comers 
A, B and the middle point of DE. Find the pressures on the pegs. 

20. Two spheres of radii a, b and weights W, W' respectively are 
Biiapended freely by strings of lengths /, t' respectively from the same hook 
in the ceiling. If T > ; + 2 o, show that the angle which the first string 
makes with the vertical is 

■ _| Wa 

^^ (H' + W) (a + ' 

21. A uniform rod hangs by two strings of lengths /, I' fastened to its 
ends and to two hooks in the same horizontal line at the distance a. If 
the strings cross one another and make the respective angles a, a', with 
the horizontal, show that when the rod is in equilibrium 

22. A uniform plank of length 26 rests with one end on a rough hori- 
zontal plane, touches a smooth fised cylinder of radius a lying on the plane, 
and makes an angle 2 a with the plane, tlie angle of friction being e. 
Show that equilibrium is possible if 

11 sin e > S tan a cos 2 rt sin {2 « -1- «). 

23. Two equal and similar isosceles wedges, each of weight W and 
Tertical angle 2 a, are placed side by side with their bases on a 
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horizontal table so as to be just in contact along an edge. A sm 
sphere of weight w and radius r is supported between them, being in 
tact with a face of each. Prove that for equilibrium it is neceesarj tl 
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where u denotes the coefficient of friction and 2 a is the length of either 

21. A seesaw consists of a plank of weight u laid across a fixed rongk 
log whose shape is that of a horizontal circular cylinder. The inclination 
to the horizontal at which it balances is increased to a when loads W, W 
are placed at the lower and higher ends respectively; and the inolinatioii 
is reduced to p when these loads are interchanged. Show that the inolini- 
tion of the plane when unloaded is 

w'(W + W'+w-) (W'a - WP) 
wiW + W'-iB'-jiW-W) ' 
vf being the weight which, placed at the higher end, would balance the 
plank horizontally. 

25. A chain is formed of 2 n exactly similar links, the contacts between; 
consecutive links being [>erfectly smooth. The two end links can aUde on 
a horizontol wire, the contact here being rough, coefficient of friction 
Show that in the limiting position of equilibrium, the inclination of eitha^ 
of the upper links to the vertical is 

26. Two equal circular disks of radius r, with smooth edges, are placed J 
on their flat sides in the corner iietween two smooth vertical planes inclined' 
at an angle 2 a, and touch each other in the line bisecting the angle> 
Prove that the smallest disk which can be pressed between them, withool 
causing them to separate is one of radius r(sec a — IJ. 

27. How is the result of the last question modified if all the contactl 
are rough, the angle of friction at each being e? 

28. Two uniform ladders are jointed at one end and stand with the 
other ends on a rough horizontal plane. A man whose weight is equal h» 
that of one of the ladders ascends one of them. Prove that the other will 
slip fir^t. 

If it begins to slip when he has ascended a distance x, prove that thq 

coeflicient of friction is tan it, a being the length of each laddel 

and a the angle each makes with the vertical. 

2B. A weightless ladder rests against a smooth cube of weight T^ 
standing on smooth ground, with the foot of the ladder tied to the 
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point of one of the lowest edges of the cube ; a man of weight w ascends 
tlie ladder. Prove that, if the ladder projects above the top of the cube, 
the cube will tilt before he reaches the top of the cube unless 

where a is the inclination of the ladder to the horizontal. 

30. Four equal spheres rest in contact at the bottom of a smooth 
spherical bowl, their centers being in a horizontal plane. Show that if 
another equal sphere be placed upon them the lower spheres will separata 
if the radius of the bowl be greater than (2 Via + 1) times the radius of 

31. Three equal spheres rest in contact on a smooth horizontal plane, 
so that their centers form an equilateral triangle, and are bound together 
by a fine string passing around them on the level with their centers. K 
another equal sphere be placed symmetrical I j on them, show that the 
tension of the string is increased by — -^ w, where w ia the weight of the 
upper sphere. " ^ 

32. A right circular cone of vertical angle 2 <i: rests with its base on a 
rough horixontat plane. A string is attached to the vertex, and is pulled 
in a horizontal direction with a gradually increasing force. Find in what 
way equilibrium will first be broken. 

33. A heavy particle ia placed on a rough inclined plane whose inclina- 
tion is exactly equal to the angle of friction. A tliread ia attached to the 
particle and is passed through a hole in the plane which is lower than the 
particle, but is not in the line of greatest slope through it. Show that if 
the thread be gradually drawn through the hole, the particle will describe 
a straight line and a semicircle in succession. 

34. A uniform cubical block ot weight W rests with one edge horizontal 
on a rough inciiued plane, and against the block rests a rough sphere of 
weight W of radius less than an edge of the cube. The inclination of the 
jilane is gradually increased. Examine the different ways in which equi- 
hbriuui may be broken, and determine which will actually occur in a 
given case. 

35. A rough uniform rod is placed on a horizontal plane and is acted 
on, at one of the points of trisectiou of its length, by a horizontal force in 
a direction perpendicular to its length. Find about what point the rod 
will begin to turn. 

36. A heavy bar AB is suspended by two equal strings of length t, 
which are originally parallel. Find the couple which must be applied to 
the bar to keep it at rest after it has been twisted through an angle e i) 
the horizontal plane. 
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37. The line of hinges of a door is inclined at an angle a to the vertical. 
Show that the couple required to keep it in a position inclined at an angle 
/3 to that of equilibrium is proportional to sin a sin/3. 

38. Show that any system of forces acting on a rigid body can be 
reduced to two equal forces equally inclined to the central axis. 

39. Prove that the central axis of two forces P and Q intersects the 
shortest distance c between their lines of action and divides it in the ratio 

Q (Q + P cos ^) : P (P + Q cos S), 

being the angle between their directions. Also prove that the moment 

of the principal couple is 

cPQ sin 



Vp2 + Q2 + 2PQcostf 

40. Prove that the axis of the resultant of two given wrenches (J?j, H^) 
and (7^2' ^2)' ^^^ ^^^^ ^^ which are inclined to each other at an angle 0, 
intersects the shortest distance, 2 c, between their axes at a point the dis- 
tance of which from the middle point is 

(R^ - Ri)c + (HiR^ - i/gigQsin 
R^^ ■\-Ri + 2 R^R^ cos 
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As we have seen, the actiou of gravity on a Bystem of J 
B may be reitreseiited by a system of parallel forces, these 

consisting of a force acting on each particle equal to the 
t of the particla, its direction being vertically downwards. 
,e rules explained in the last chapter, these forces may be 
rnnded into a single force. The magnitude of this force a-^ 
un of all the component 
, and is therefore the total 
t of the body, while the 
ion of the force, being par- 
io the component forces, 
ilf vertically downwards, 
aflblem disouaaed in the 
Lt chapter is that of de- 
iing the position of the 
f action of tliis force. 

Let the particles be of 
!i m^, jftg, ■■■. Let rectangular axes be taken, the axis of z^ 

vertical, and let the coordinates of the first particle be . 

Zj, the coordinates of the second be x^, y^, z^, and so on. 
( weight of the first particle is m^g, and its line of action 
ihe plane Oxy in a point of which the coordinates are 
0. Hence the moment of the force about the axis Oy is 
, Let the line of action of the resultant cut the plane Oxy 

point X, y, 0. Then the moment of the resultant about the 
ly is (^tiiAgx, where 2^'«i is the sum of the masses of all 
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Since the momeat of the resultant is equal tu the sum of the 
moments of the separate force.s, we must have 

ao that X = ^^^ 

Similarly ^ = ^ -■ — 

These equations determine the coordinates x, y of the point in 
which the line of action of the resultant meets the plane Oxy. 

We have, however, seen that the coordinates of the centroid d 
masses rni, at x^, y„ s„ m, at x„ y^, x^, etc., are 

so that the point in which a vertical through the centroid 
meet the plane Oxy must ho 

i.e. the point must be the point ar, y, in which the line of actico 
of the resultant force meets the plane Oxy. Thus 

The line of action of the resultant force of gravity is the Wf 
tical line through the centroid of the particles. 

For this reason the centroid of a number of points, weightd 
according to the masses of the particles which occupy these points 
is called the center of gravity of the particles. The effect 
gravity acting on a rigid body is, as we have now seen, repta 
aented by a single force acting vertically downwards through thii 
center of gravity of the body, the amount of the force being eqi 
to the total weight of the body. The action of gravity is, accoi 
ingly, the same as if the whole mass of the body were concentrat 
in a single particle placed at the center of gravity. 
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87. It ifl clear that if we suspend a rigid body or system of 
bodies by a string, the center of gravity must be vertically below 
till! string. For all the forces acting on the system reduce to two, 
— the tension of the string and the weight acting at the center 
of gravity, — and in equilibrium these two must act along the 
same line. 

In the same way it will be seen that if a body is placed on a 
point in such a way as to balance in equilibrium on this point, 
then the center of gravity must be vertically above the point. 

88. A few simple instances of the position of the center of 

Fivity have been mentioned in § 77. These were aa follows: 
(a) the center of gravity of a uniform rod is at its middle point; 
(6) the center of gravity of a miiform circular disk, circular 
nng, or sphere is at the center; 

(c) the center of gravity of a cube or parallelepiped is at the 
center (i.e. the intersection of the diagonals). 

89. It is easy to find the center of gravity of a system of bodies 
when the center of gravity of each of the component parts is known. 
For, regarding the weight of each of the bodies as a single force 
acting through its center of gravity, we have a number of parallel 
forces in action, and on compounding these according to the rules 
already explained, the line of action of the resultant determines 
the line along which the total weight will act. Thus the center 
of gravity of the whole system of bodies will be the centroid of 
the centers of gravity of the separate bodies, weighted 
according to the masses of these bodies. 

90. For instance, let us suppose we require to find the 
center of gravity of a pendulum which consists of a wire 
of length I and weight io, to which is affixed a circular bob 
of weight W, the center of the circle being at a distance a 
from the end of the wire. Let AB be the wire, C the center 
of the bob, and I> the middle point of the wire. The center 
of gravity of the wire will be at 2) and that of the bob at C, '"■ ™ 
so that the center of gravity of the whole will be at the centroid 
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of the pointB I> and C, theae being weighted in the ratio w : i 
Denoting this center of gravity by G, we have, from the formula 1 

on treating the line ADCB as the axis of x and taking A aa origin, 
WAC+wAD 

W+V3 



EXAMPLES 

1. WeigtktB of 3 pounds are placed at each of three corners of a wjiiare, ai 
a weight of 6 pounds at the fourth comer. Find their center of gravity. 

2. From one comer of a. cardboard square of edge 6 inches, a square of ei^ 
3 inches ia cut. Find the center of gravity of the remainder. 

3. A thin rod of weight ounces and length B incites is naittid on to a circ 
of cardboard of weight ounces and radius (i inches so that its two ends ana ( 
the circumference of the circle. Find the center of gravity of the whole. 

4. A bicycle wheel of diameter 2S laches weighs 3 pounds. Each spoke ie i 
length 11 inches, and starts from the hub at a distance of \ inch from the oe 
tral axis of the wheel. If one spoke is taken out, find the center of graTfty i 
the wheel. 

5. A hammer has for handle a wooden cylinder, length 8 inches, 
J Inch, weight 8 ounces, and for head an iron cylinder, from which a hollow 
cut into which the handle exactly HtB, the handle coming through so aa to I 
exactly flush with the iron. The heiid is of length 3 inches, radius IJ inch, aS 
weight 8 pounds. Find the approximate position of the center of gravity. 

6. A box, without lid, la made of 1-inch wood so as to have internal 
slons 12 K 12 >: 12 inches. Find the position of its center of gravity. 

7. A uniform thin rod 28 inches in length is bent so that the two parts, i 
lengths 12 and 10 inches, are at right angles to one another. Find the center i 
gravity. 

8. A uniform wire is bent into the form of a triangle. Show that the cent 
of gravity of the wire coincides with the center of the circle inscribed in tl 
triangle formed by joining the middle points of the sides. 

9. A T-square is made of cedar of uniform density, the crosspieoe being ) 
dimensions 6 x 2 x J inches, and the arm being of dimensions 8 xlj x J Inchf 
The aroaspiece is cut avray so that the under surface of the instrument 
plane. Find the portion of the center of gravity of the whole. 




10. Three beads of weights Wa, W^, Wc are placed on a circular wire, and 
when the beads are at the points A, B, C on the circle, the center of gravity 
of the whole is found to coincide witli O, the center of the circle. Show that 
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91. It ia often of importance to be able to find the position 
of the center of gravity of a lamina, i.e, of a thin, plane shell of 
imiform thickness and density, such, for instance, as is obtained 
by cutting a figure out of a sheet of cardboard. 

92. Center of gravity of a triangle. Let ABC represent a 
triangular lamina of which it is required to find the position of 
the center of gravity. Let us imagine the triaogle divided by 
lines parallel to the base BC into a very 
great number of infinitely narrow strips. 
Let pq be any single strip. Since, by 
hypothesis, we may regard this strip as 
of vanishingly small width and thick- 
ness, we may treat it as a thin uniform 
rod. The center of gravity of a thin B 
tmiform rod is at its middle point, so *'"'■ ^ 

that the weight of the strip pq may be supposed to act at r, the 
middle point of pq. 

The weights of the other strips may be treated in the same 
way, so that the weight of the whole triangle may he replaced by 
the weights of a system of particles situated at the middle points 
of these strips. 

Now if _D ia the middle point of the base BC, the middle points 
of all the strips lie in the line AD. Thus the weight of the tri- 
ai^le is replaced hy the weights of a number of particles, all of 
which are situated in the line AD. It follows that the center of 
gravity of the whole triangle must lie in the line AI>. 

We might equally well have supposed the triangle divided into 
Httrips parallel to the side AC. We should then have found that 
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the center of gravity must lie in the line BE, where E is the 
middle point of AC. 

These two reaulta fully fix the position of the centsr of gravity ; 
it must be at the intersection of the lines AD, BE. 

Join DE. Then the triangles DCE, BCA are two similar 
triangles, the former being just half the size of the latter. Thus 
DE must be parallel to AB, and of half the length of AB. 

It now follows that DGE, AGB are similar triangles, of which 
the former is half the size of the latter. 
Hence G7J is half of JG. 

Thus G divides AD in the ratio 2 : 1. 
If we join C to F, the middle point of 
AB, we can in the same way show that 
CF must divide AD in the ratio 2 : 1, 
Thus CF must also pass through G. 

The three lines AD, BE, CF, which 
join the vertices of the triangle to the 
middle points of the opposite sides, are called the medians of the 
triangle. We have shown that the three medians meet in the same 
point G, and that this point is the center of gravity of the triangle. 
We have also shown that the center of gravity divides any median 
in the ratio 2 : 1, i,e. that it is one third of the way up the median, 
starting from the base. 

93. Center of gravity of any polygon. The center of gravity 
of any rectilinear polygon can i)e found by dividing it up into 
triangles and replacing each triangle by a particle at its center of 
gravity. 

EXAMPLES 

1. Stow that the center of groYity of a triangle coincidea with that of three 
equal particles placed at Its angular points. 

8. Prove that if the center of gravity of a triangle coincidea with its ortho- 
oanWr the triangle is equilateral. 

3. A cardboard square is bent along a diagonal until the two parts are at 
right angles. Find the position of ita center of gravity. 

4, A quarter of a. triangular lamina is cut oH by a line parallel to Ita base. 
Where 1b the center of gravity of the remainder? 
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5. A right^SiDgled Isosceles triangli 
in eguilatQral triangle so as to have tlie same base 
he center of graTity of thu V-shaped piece left o 

6. The center of gravity of a quadrilateral lies 
OuA thie diagonal bisecis the other diagonal. 



t from a lamina in the shape of 
» as the original triangle. Find 



Centers of Gravity obtained by Intecjration 

94. Center of gravity of a rod of varying density. Let AB be 

a rod of which the weight per unit length varies from point to 
point, and let p denote the weight per unit length at any point. 

Let P, Q he two adjacent points, the distances of P, Q from the 
point A being x and x + dx respectively. Then the length PQ is 
dx, and ita mass is pdx, where p is the pp 

mass per unit length at this point. ' ' 

When dx is made vanishingly small, ^'°- ^ 

the distance of the center of gravity of FQ from A may be taken 
to \>e X. Hence if x denotes the distance of the center of gravity 
of the whole rod from A, 

where m is the maas of any element such as J°Q, and the summar 
tion ia taken over all the particles of which the rod is formed. 
Putting m = pdx, this becomes 

^ipxdx) _ 

or, in the notation of the integral calcidus, 

^^rtiere the integration extends in each case over the whole rod. 
* The variable p will be a function of x, and the integrations cannot 
be performed until the exact form of this function is known. 






pdx 



(28) 
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95. To take a deliniU.' instance, let us suppose that the densi^ 
increases uniformly from one end to the other. Let the density at 
J be 0, and that at £ be i. If the rod is of length a, the denailj 
at a diatance x from A will be ^( -)• Thus we must put 



<$} 



in formula (28), and bo obtain 

I k(—\xdx 

yrimase the integration is from a; = to 3; = a. Dividing numeratot 
and denominator by - ■ we obtain 

\ 3?dx 

I xdx 



showing that the center of gravity is two thirds of the way along 
the rod- 

96. We can use this result to obtain the center of gravity of a 
triangle. As in § 92, we divide the triangle into parallel atripB, 
and replace each atrip by a particle at its middle point. The mass 
of each particle must be that of the atrip which it replaces, and 
this is jointly proportional to the width and the length of the 
strip. If X is the distance of any particle from A measured along 
the median AD, the width of a strip is proportional to dx, the 
length intercepted on the median, while the length of the strip ia 
proportional to x, the distance from a. Thus p dx must be simply 



i^^ 
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^Bl^tortional to xdx, and as we have just found, this at once leads 
^B the result - _ a 

where a is the length of the median. Thia is exactly the result 
previously obtained. 

97. Center of gravity of a circular arc. The same method can 
be used to find the center of gravity of a wire bent into the form 
of a circular arc FQ. Let O be the center of the circle, and A the 
middle point of the arc, and let the whole arc subtend an angle 
2 a at the center. Consider a small element cd of the half FA of 
the wire. Let the angle dOA be 8, 
and cOA he + dd, so that the 
element Bubt«nda the angle dd at 
the center. If « is the radius of 
the circle, the length of this ele- 
ment is a d6, so that if vi is the 
mass of the wire per unit length, 
the mass of the element will be 
wa d$. This and the similar ele- 
ment c'd' in the half AQ ol the 
wire form a pair of equal particles 
equidistant from the central line 
OA. They may be replaced by a 

single particle of mass 2 «ia d8 at their center of gravity. This 
center of gravity is in OA, at the point at which the line joining 
the two elements meets OA, and hence at a distance a cosfi from 0. 
Denoting thia by x, and the mass 2 wa dff by m, we have, for the 
distance x of the center of gravity of the whole wire from 0, 




f' 



I^' 
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where the integration is from ^0 to = a, Simplifying, we find 



a I c 
- •/•-o 



COQ0dd 



[ d0 

#-0 



a BUI a 
a 



(29) 



giving the position of the center of gravity. 

When a is very small, sin a and a become equal, so that for 
very small values of a, formula (29) reduces to a; = a, as it ought. 
This simply expresses that as the curvature of the arc decreases, 
the center of gravity approximates more and more closely to the 
middle point of the arc. Finally, when a = 0, the arc becomes a 
straight rod, and the center of gravity is, of course, found to be 
exactly at the middle point. 



TT 



For an arc bent into a semicircle, we take a = -•> and obtain 



X = 



a sm — 
2 

TT 

2 



2a 
= — = .6366 a, 

IT 



98. The center of gravity of a cir- 
cular arc PQ can be found in an in- 
teresting manner, without the use of 
the integral calculus. 

From symmetry it is clear that the 
center of gravity of the arc AP must 
lie in the radius which bisects the 
angle A OP, Let p be this center of 
gravity, and let q be the center of 
gravity of the arc AQ. Then the 
center of gravity or the whole arc PQ 
must be N, the middle point of pq, 

Now since the angle pON. = J a, 
we have 

ON = Op cos J a . 




Fig. 70 
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This relation shows that 

(the distance of c. g. of arc 2 a from center) 

= cos — X (the distance of c. g. of arc a from center). 
Similarly 

(the distance of c. g. of arc a from center) 

= cos J X (the distance of c. g. of arc — from center), 

and so on. Continuing in this way, and substituting, we obtain 

(the distance of c. g. of arc 2 a from center) 

oc oc oc a 

= cos — • cos — • cos — • • . cos 



2 4 8 2"-^i 

X (the distance of c. g. of arc ^ from center). 



K we make n very great, the value of ^ becomes zero. Thus the dis- 

a 
tance of the e.g. of an arc ^ from the center becomes equal to a, the radius 

of the circle. Making n infinite, we have 

(the distance of c. g. of arc 2 a from center) 

= a cos ^ cos ^ cos ^ ... to infinity. 

2 4 8 ^ 

•^T OL sin oc 
Now cos — = , 

2 sm ^ 
2 

2sin^ 
a 2 . 

cos — = ^■^— 1 etc. , 

* 4sm^ 
4 

XI- a. oc oc oc oc sin or 

so that cos rr • cos — • cos — • • • cos ^ = 



2 4 8 2- 2-sin^ 

2* 

Making n infinite, the value of sin — becomes identical with — , so 

2** 2* 

that 2* sin — - becomes identical with a, and we have 

a a a . • -e 'j. sin a 
cos — cos — cos to infinity = > 

2 4 8 ^ a 

80 that the distance of the e.g. of the arc 2 a from the center is found to 

be a , as before. 

a 
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99. Center of gravity of a segment of a circle. Suppose cert 

that we require to find the center of gravity of a aegment PAQN 

of a circle, cut o£f by a chord FNQ, 

which subtends an angle 2 a at 

the center of the circle. Let ua 

divide the whole segment into tliin 

strips parallel to the chord, Bad 

let cc'dd' in fig, 71 be a typical 

strip bounded by chords cc', dd'. 

I^t the angle cOA be &, and let 

dOA he + de. Then the width 

of the strip is cdem$ or a sin 

while its length is 2 c» or 2 a son S. 

Thus the area is 2 a^ sin'' 0d6. Its 

I may be supposed to be all 

concentrated at n, of which the 

distance from is a 

Thus if X is the distance from O of the center of gravity of the 

whole aegment, we shall have 
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circle is at a distance - 



I from tlie center. 



100. Center of gravity of a sector of a circle. Tlie center of 
gravity of a sector of a circle can l>e found by regarding the sector 
as made up of a triangle and a segment. The center of gravity of 
the triangle and of the seg- 
ment both being known, it 
is easy to find the center of 
gravity of the whole figure. 

A simpler way is the 
following : We can divide 
the sector by a series of 
radii into a great number o4 
of very narrow triangles. 
The weight of each triangle 
may be replaced by the 
weight of a particle placed 
at its center of gravity. 
Now, in the limit, when the 
triangles become of infini- 
tesimal width, the center of *^'*'' ^^ 
gravity of each is on its median at a distance from the center of 
the circle equal to ^ a, where a is the radius of the circle. Thus 
all the particles he on a circle of radius § a. 

The weight of any particle must be equal to the weight of the 
triangle OFQ which it replaces. It must, therefore, be propor- 
tional to the base FQ of the triangle, and this again la proportional 
-,P to pq, the piece of the circle of 
radius | a which is inclosed by 
■ the triangle. Thus the weight of 
™' the particle which has to be 

placed in the small element pq of this circle is proportional to the 
length pq. On passing to the limit, and making the number of 
triangles infinite, we find that the string of particles may be 
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replaced by a wire of uniform density. The center of gravity ot 
this wire lias already l>eea determined. If 2 a is the angle of the 
wire, the center of gravity lies on the radius to the middle point 

of the wire at a distance -a from the center. 

Thus the center of gravity of the original sector of a circle of 
radius a and angle 2 a is found to lie on the central radius of the 



sector at a distance ^ 



- from the center. 




101. Center of gravity of a spherical cap. The piece cut off 

from a spherical shell by a plane is called a spherical cap. 

The center of gravity of a spherical cap 
cut from a uniform shell can easily be 
found by the methods already explained. 
Let FQ be the spherical cap, being 
the center of the sphere from which it 
is cut Let OS be the radius perpen- 
dicular to the plane FQ hj which the 
cap is boimded, and let a denote the 
^"'- ^* radius of the sphere. 

Any plane parallel to PQ wiE cut the sphere in a circle of 

which the center will lie on OB. Hence by taking a great num- 
ber of planes parallel to PQ, we can 

divide the spherical cap into a number 

of narrow circular rings, each having its 

center on the line DM Let us consider a 

single circular ring cut off by the planes 

JaA', BIB'. Let the angles AOE, BOB q. 

be equal to $ and 8 + dd respectively, so 

that the ring itself subtends an angle d0 

at the center. The width AB of the ring is 

a dd. Its circumference may, in the limit, 

be supposed equal to the circumference 

of the circle AaA'. Since Aa = a sin 8, ^i"- ^s 

this circumference is 2 wa sin 8. Thus the ring under consideration 
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may be regarded as a narrow strip of length 2 tt a ai 
width a 48. Its area is accordingly 2 tto' ain 9 d6. 

AiVheu dS is made very small, the are BA may be regarded as a 



the length of 6a, the projection of BA on OE, is adSaosi— — B\ 
■| o sin S dd. The area of the ring BA is now seen to he ^ ' 

■ = 2 TTtt^ sin ^ dd 

' = 2 Tra ■ 6a. 

Thus the mass of the ring is the same as the mass of the ele- 
ment ba of a rod OE, if this rod is of uniform density such that 
its maaa per unit length is that of an area 2 -rra of the shell. The 
center of gravity of the ring we have been considering clearly lies 
on the axis OM, so that in finding the center of gravity of the 
spherical cap this ring may obviously be replaced by the element 
ha of this rod. 

In the same way each amaU ring may be replaced by the cor- 
iment of the rod. Thus the whole cap may be 
i by the length tE of the rod {fig. 74) which is inter- 
cepted between the boundary-plane PQ and the sphere. Since 
the rod is uniform, the center of gravity of the portion rE of 
the rod is at its middle point. This point is therefore the center 
of gravity of the spherical cap. 

102. Center of gravity of a belt cut from a 
spherical shell by two parallel planes. In the 
same way we can find the center of gravity of 
the belt cut off from a uniform spherical eheU 
by two parallel planes. In fig. 76 let PQ. P'Q' 
be the two planes. Then we can divide the 
belt into narrow rings by planes parallel to 
PQ, Each ring, as before, may be replaced by 
the corresponding element of a uniform rod 
along the axis OE, so that the whole belt may 
be replaced by the portion rr' of thia rod, the 
portion intercepted between the two planes PQ, 
F' Q'. The center of gravity is now seen to be the middle point of rr'. 
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Center of Gravity of a Solid 

103. Center of gravity of a pyramid on a plane base. Let a 

pyramid be formed having any plane figure OPQR as base and 

any point A as vertex. We can find the center of gravity of a 

liom<^eneous pyramid by dividing it into thin layers parallel to 

its base, by a series of parallel planes. 

Let opqr be any such layer, this layer being regarded as an 

infinitely thin lamina. Let G be the center of gravity of a uni- 
form lamina coinciding witti 
the base OPQR, and let the 
line AG meet the lamina opqf 
in g. Then, from the geometry 
of similar figures, it is clear 
that g occupies a position in 
the lamina opqr which corre- 
sponds exactly with that occn- 
"^Q pied by the point G in the 
lamina OP QR. Thus </ will be 
the center of gravity of the 
lamina opqr. The mass of this- 
lamina may, accordingly, be 
^le particle at g. 
In the same way each of the laminas into which we are sup- 
posing the pyramid to be divided may be 

replaced by a single particle at the point 

at which the lamina intersects the line AO. 

Thus the whole pyramid may be supposed 

replaced by a series of particles Ijdng aloi^ 

AO. These form a rod of varying density, 

and the center of gravity of the pyramid 

will coincide with that of this rod. 

The center of gravity of the rod may be " 

found by the method already explained in 

§ 94 Consider the lamina which lies between two adjacent 




by the mass of a £ 
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Jlel pl&nes meeting AG in g, (/' respectively. Let Ag = x and 

! + dx, so that the lamina intercepts a length dx on A G. 
9 be the angle between A G and the perpendicular from A 
1 to the base of the lamina. Then the tliickneas of the lamina 
= gg' cos 6 = dx coa 8. 

If iS is the area of the base of the pyramid, the area of the 
lamina under discussion is 

AG" ' 

for the areas of the different laminas are proportioDal to the squares 
1 their Unear dimensions. Thus the volume of the lamina we are 
WDsidering j 

= — —Sdx coa ff. 

If this is to be replaced by a particle occupying the length dx 
t the rod A6, the density of the rod must be 
J g cos g 
AG^ ' 



p = a^^ 



Thus the rod AG must be of a density which varies as the 
square of the distance (x) from the end (A). 

The distance of the center of gravity of this rod from A is now, 
L by the formula of § 94, 






dx 



\A0' 



134 



CENTER OF GRAVITY 



Thus the center of gravity of the pyramid is in the line AG, 
three quarters of the way down from A. 

104. Center of gravity of the sector of a sphere. We can now 
find the center of gravity of the sector of a sphere, — the volume 
cut out of a solid sphere by a right circular cone having its ver- 
tex at the center of the sphere. To do this we divide the base 
PQ of the sector into a number of small elements of area, and 
then divide the volume of the sector into a number of pyrar 
mids of small cross section by taking these elements of area as ' 
bases and joining them to the common vertex 0. These pyra- 
mids are all of the same 




height, 60 that their masses 
are proportional to their 
bases. The center of grav- 
ity of each pyramid is three 
quarters of the distance 
£; down from to its base, 
and is, therefore, at a dis- 
tance from equal to three 
quarters of the radius of 
the sphere. Thus, if we con- 
struct a second sphere hav- 
ing as its center and of 
radius equal to three quar- 
ters of the radius of the original sphere, the center of gravity 
of each small pyramid will lie on tliis new sphere. Each pyra- 
mid may be replaced by a particle at its center of gravity, ao 
that the whole spherical sector may be replaced by a series of 
particles lying on this sphere and forming the spherical cap jwj 
(% 79). 

The mass of each pyramid is proportional to the base, and this- 
^ain is proportional to the part of the spherical shell peq which 
is intercepted by the pyramid. Thus the spherical shell peg which 
is to replace the original volume must be supposed to be of uni* 
form density. 
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The sector of a sphere OPQ haa now been replaced by the 
uniform spherical shell pq, and the center of gravity of this shell 
is known to be G, the middle point of re in fig. 79. Thia point G 
is, accordingly, the center of gravity required. 

If the semivertical angle of the cone by which the sector is 
bounded is a, and if a is the radius of the sphere, we have 

Oe = \a. Or = I a cos a, 
80 that OG = f a {1 + cos a). 

In particular, if a = — > the sector becomes a hemisphere, and 



Center of Gkavitv of Areas and Volumes obtained by 
DiKECT Integration 



Thus the center of gravity of a hemisphere is three eighths of 
the way along the radius which is perpendicular to its base. 

H 105. Center of gravity of a lamina. To find the center of 
■■ gravity of a lamina of any shape by integration, we take any con- 
venient set of axes Ox, Oy in the plane of the lamina, and imagine 
the lamina divided into small elements 
by two series of lines, one parallel to the 
axis Ox, and the other parallel to the 
axis Oy. 

Consider the small rectangular element 
for which the values of x for the two 
edges parallel to Oy are x and x + dx, 
and the values of y for the two other 
edges are y and y + dy. The area of '^*'' ^ 

this element is dxdy, so that if p la the mass of the lamina per unit 
area at this point, the mass of the element will be p dxdy. More- 
over, when dx, dy are made vanishingly small in the limit, the 
H^stass may be treated as a particle. Thus the whole mass of the 
a may be regarded as the masses of a number of particles. 




136 CENTER OF GRAVITY 

In § 86 we obtained for the center of gravity of a number of 
particles the formulae 

In the present instance these become 

j jp^ dxdy I ipy dxdy 

^ = ^ y = ^ . (30) 

j jp dxdy j jp dxdy 

the sign of summation being replaced by an integration which is 
to extend over the whole area of the lamina. 

If the lamina is uniform, the value of p is constant^ so that 



I Ipxdocdy = pi jxdxdy, 



and so on, and on dividing throughout by p, the formulae reduce to 

j Ixdaxiy llydocdy 

X = > y = • 

/ jdaxiy I Idxdy 

106. Center of gravity of a solid. To find the center of gravity 
of a solid we divide it into small solid elements by three systems 
of planes parallel to the three coordinate planes. The volume of 
any small element is then docdydz, and its mass is p dxdydz. The 
formulae of § 86 now give the coordinates of the center of gravity 
in the form 

I I jp^ dxdydz 1 1 JP^ dxdydz 

^^rh ' ^^rh '^^ <^^^ 

I I jp dxdydz j j j p dxdydz 



/^ 
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If the solid is honic^neotis, p is constantj aiid the formulte 



become 



"fffi' 



I j jydxdydz 
I i I dxdydz 



H 107. Use of polar coordinates. Any other system of coordinates 
" can, of courae, be used for finding a center of gravity by integra- 
tion. The only coordinatea besides Caitesians which are of much 
use for this purpose are polar coordinates. 

We can find the center of gravity of a lamina in polar coordinates 
by supposing the Cartesian coordinates x, y connected with the 
polar coordinates r, 6 by the usual transformation 



''onnalffi (30) then b 

CCp {r cos 6) (r drdff) fCpr' cos $ drdd 

f COsfii = -:;-; = -. 

jjp{rdrdO) Cjprdrde 

CCp {r sin 6) (r drdS) CCpr^ sin 6 drdd 



CCp{rdrdB) ffprd 



D which r, § are the polar cooi-din:ites of the center of gravity. 
On dividing corresponding aides of these equations, we can obtain 
an equation giving the 6 coordinate alone, namely 



CCpr' sin 8 d 
j jp^ cos d 
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Similarly we can find the center of gravity of a solid in three- 
(liiuenHioual jiolars by supposing the polar coordinatea r, Q, ^ con- 
nected with .r, y, z hy the usual traus formation 

X = r ain 6 coa 0, y = v sin sin ^, z ^ r coa 0. 

Using this transformation, the first ot formula (31) hecomea 

fffp {r sin d cos 4>) {r' sin 6 drdSd^) 

7 ain ^ cos = 

j j jp{r' sine drded<f>) 

t i j pT' sin* cos drd0d<f> 

fffp^ sm drd0d<f> 

while similarly we have, from the remaining two formulEGj 

fffpr' sin' 0Bm4> drdOdi^ 

f sine sin ^ = 7-/-r ' — ' 

1 1 jpr' sin drd0d^ 

\ \ ]pi'^ sin cos drdddif) 

rcoBB = — — ■■ 

I j jpr" sinS drdSd(fi 

108. An exactly similar method will lead to formulae giving 
the position of the center of gravity in any system of coordinates. 

The methods which have already been employed, or a combina- 
tion of them, will suffice to determine any center of gravity. Aa 
illustrations of the use and combination of these methods, we 
shall find the center of gravity of the same solid figure in thi 
different ways. 




TLLU8THATIVE EXAMPL! 



ILLUSTRATIVE EZAHPLB 



A right eiradar eone OFQ is scooped out qf a Klid homogmeova sphere, the 
vertex of the com being on the surface of the sphere, and its axis being a diameter 
of the spftere. It is required tofiiid the cenler of gravity of the remainder. 

Method I. Polar coordinate*. First let us use polar coordinates, taking the 
vertex of tlie cone as origin, aiid the axis of the cone as initial line. U a ia 
the semivertical angle of the cone, Uie equation of the cone » 6 = a. If a 
is the radiiw of the sphere, the eijuation of tlio uphere is r = 2acosfl. The 
center of gravity must from symmetry lie on (hi tii-. iJ - (i ■-i that e = 0, and 
equation (31) becomes 



.///'-' 



isBdrded-p 



Iff' 



lA^emedrdOd^i 



Tbo solid la supposed to be homo- 
geneous, so that |9 is a constant, and 
may, therefore, be taken outside the 
sign of integration in both numerator 
and denominator. The limits of inte- 
gration for ip are from ^ = 0to* = 2ir, 
BO that this integration may bo per- 
—fonned in each case. Doing this, and dividing 



fj" 



We may next integrate with respect to r, i 
and obtain 

fi{2acoB»y 



Cco^emnedd 

f The limits of integration for S ate obviously from S 
~ (the tangent plane to the sphere). We have 







rcosseaineds 



Si?fl = - J[cos«fl]*= icoa" 
3d6 = — J [008*6]'= J 008* 
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Substituting these values, i 



j 



METHori II. Carteitian eoikdinates. We may next employ Cartesian coSrdi- 
nntes, tuking O OiS origii) aud the axis of tlie cone as axis of x. The equation 
the cone is tiow 

y^ + z' = 3!'ta.ifla, 
nhile timt of the sphere is 

From § 106, we have 




Id eacli integral we may int*< 
gnile first with respect to y and s 
together. We have to evaluBito 
the same integnii in botii cases, namely jCdydz, the limits being giveu by 

j(» + j^ = a:= tan" a 
and y' + !i' — 2ax- 3?. 

The problem is the same as that of findin g the area of a circular ring of 
inner and outer radii x tan a and V2 oc — i' respectively. (This ring ia, of 
coutse, the intercept of tlie solid on the plane parallel to the yz plane.) The 
area of ttie ring is 

^(15 tan=rt) = ff(2ai - ifsac'a), 



r(3a; 
and on suhsUtating t 



is value for Cidydz, the fonnula beoomea 



The limits of integration are now from x —0, the origin, to i = 2 n cos^ a, 
the value of x on the plane PQ. Evaluating the inlcgrais, and eubstituting 
these limits, we obtain 



a cos" a)'- IT sec" a Kao cos" a)' 



e result as before. 



ILLUSTRATIVE EXAMPLE 



Hethod m. Geomeiritai Method. 1 
by regarding the given volume as the Bama 
and difFereDcea of Eimpler volumes uf which 
the center of gravity is already known. 

The volume is obtained by taking the 
complete aphera OPsQ and subtracting from 
it the cone OPrQ and the spherical aegment 
PrQs. The center of gravity of the sphere 
ami cone are known, — that of the segment 
PtQs ifl most easily found by regarding it as 
the difference between the sector CPaQ and 
the cone CPtQ. Thus we regard the original 
figure as made up of 

(sphere OPsQ) - (cone OPrQ) - (sector CP*Q) + (cone CPrQ). 

The volumea of thiMie, and the diatancea of their centers of gravity from O 
measured along OC, ace as follows : 




Distance of C,Q. fi 



laOPrQ -K2aco8'fl)(7ra'ainS2«) 

torCPsQ - JTO»(] - cos2<i) 
>e CPrQ i (a cos2n) (ira' ain' 2a) 



J(2acos'a) 
a+ ! 0(1 + cos! 
o+ i a cos 2a 



k In this table the negative sign denotes that a figure is to be removed, so that 
|| volume must be reckoned aa of negative sign. 

f Denoting the distance of any center of gravity from O by x, and using 
' ) formiLla 



e obtain as the dLstance of llie center of gravity of the whole figure 
t'ra*-\i2acoifia)^7ra^sm'2a)-^Tra}(l-cos2a)fl + i(l+coB2a)} 



: )»«'- 



J(2acos>rt)(jra»8in»2a)-;j«i»(l-eos2ii-) + j(acoa2a-}()ra'sin«2a) 
■H(a(!Qs2,r)(»vz'an'2«-)a(t + tcoa2g) 



\ira*-\(2acoS^<t)(_>ra^s,Wia:)-\ir. 
ich, after reduction, gives 
e result aa before, 
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GXHERAL EXAKPLES 



1. A pl&ne quadrilateral AUCD is bisected by the diagonal AC, and 
this diagonal is divided in the ratio a:h hy tlie diagonal BD. Prove 
that the center of gravity of th« quadrilateral lies in AC and divides i 
into two parta in the ratio 2a + b:2b + a. 

2. A uniform wire is bent into the form of a circular arc and the twi 
bounding radii, aud the center of gravity of the whole is found I'D b 
at the center. Show that the angle subtended by the arc at the center ii 
tan-'{-l)- 

8. The three feet of a circular table are vertically below the rim 
form an equilateral triangle. Prove that a weight leas than that of tbe 
complete table cannot upset it. 

4. A triangular table ia supported by three legs at the middle points 
of its sides, and a weight W is placed on it in any position. It is found 
that the table will just be upset if a weight P is placed at one ai^pilftr 
comer. The corresponding weights needed to upset it at the other con 
are Q, R. Prove that P + Q + Jt is independent of the position of the 
weight W. 

5. Weights are nailed to the three comers of a triangular lamina, e 
proportional to the length of the opposite side of the triangle, and of c 
bined weight equal to the original weight of the lamina. Show that the 
center of gravity of the triangle ia at the center of the nine-point circle. 

6. A uniform triangular lamina of weight W and sides n, b, c is sus 
pended from a fixed point by strings of lengths ;,, 4i 'i attached to it 
angular points. Show that the tensions of the strings are 

Wkli, Wkl,. Wklg, 
■where k = [3 (i? + /| + l^) - a' - 6» - c*]-*. 

7. Explain how a clock hand on a smooth pivot can be made to show 
the time by means of watchwork, carrying a weight round, concealed i. 
the clock hand. 

8. A spindle-ahaped solid of uniform material is bounded by two right 
circular conea of altitudes and 3 inches tvith a common circular base of 
radius 1 inch. It is suspended by a string attached to a point on the 
of the circular base. Find the inclination of the axis of the spindle to the 
vertical when it is hanging freely. 

9. A pack of cards is laid on a table, and each projects beyond the one 
below it in the direction of the length of the pack t« such a distance that 
each card is on the point of tumbling, independently of those below it. 
Prove that the distances between the extremities of successive cards will 
form a harmonic progression. 
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10. ProTe that the center of gravity of any portion PQ of a uniform 
heavy atring hanging freely ia vertically above the intersection of the 
tangents at P, Q. 

11. A hemispherical ahell has inner and outer radii a, b. Show that 
the distance of its center of gravity from its geometrical center ia 
3 (-. + i)(a' + i") 
8 a* + ab + Ifl 

13. An anchor ring ia cut in two equal parts by a plane through 
its center which passes through its asis. Find the center of gravity of 
either half. 

13. Prove that the pull exerted by a man in a tug of war is - of his 

weight, where a is the horizontal projection of a line joining his heela to 
his center of gravity, and b is the height of the rope above the ground. 

14. Prove that a horse weighing W pounds can esert a hoi'izoiital pull 
of Wa/h pounds at a height h above the ground hy advancing his center 
of gravity a distance a in front of its position when he is standing upright 
on bis legs. 

15. A rod of varying density and material is supported by a man's two 
forefingers, across which it rests in a horizontal position. The man moves 
his fingers toward one anothcT, keeping tfaem in the same horizontal plane, 
and allowing the rod to slip over one or both of his fingers. Show that 
when his fingers touch, the center of gravity of the rod will be between 
the points of contact of his fingers with the rod. 

16. A semicircular disk rests in a vertical plane with its curved edge on 
a rough horizontal and an equally rough vertical plane, the coefficient of 
friction being jl. Show that the least angle that the bounding diameter 
can make with the vertical is 

" ^ 1 + m" 4 ■ 

17. A hemisphere of radius a and weight W is placed with its curved 
surface on a sniooth table, and a string of length l(l<a) is attached to a 
point on its rim and to a point on the table. Prove that the tension of the 



I 18. A triangular lamina of weight W is supported hy three vertical 
strings attached to its angular points so that the plane of the triangle is 
horizontal ; a particle of weight W ia placed at the orthocenter of the 
triangle. Prove that the tensions of the strings are given by 

r, _ Tj r, _W 

1+ 3cotScotC ~ 1 + a cot C cot^ ~ 1 + 3 cot.d cotB ~ 2 
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IB. Find the center of gravity of a lamina bounded b; a parabola 

a line perpBndiculBir to Ita axis. 

20. Find the center of gravity of the volume cut from a solid parabo- 
loid by a plane perpendicular to its axis. 

21. Find the center of gravity of the area inclosed by two radii of 

22. Find the center of gravity of the volume cut off from a. solid ellipsoid 
by a plane through the center. 

23. Find the center of gravity of half of an ellipsoidal shell, this being 
bounded by two similar concentric and coaxial ellipsoids, and a plane 
through the center. 

24. A right circular cone whose base is of radius r is divided into two 
equal parts by a plane through the axis. Prove that the distance of tha 
center of gravity of either half from the axis is ~ ■ 

25. Find the center of gravity of a lamina bounded by the semicubical 
parabola r* = ay=, the axis of x, and the ordinate i = o. 

26. Find the center of gravity of a single loop of the curve 



27. Find the center of gravity of a 
. A cylindrical hole of radius a 



n octant of a sphere. 

is drilled through a hemisphere of 
radius b so that the radius perpendicular to the base of the hemisphere is 
also the central line of the hole. Find the center of gravity of the figure. 

29. Find the center of gravity of the area inclosed between the two 
«'"'•■ •■ + 5' = a-;i'+i/' = 8»i. 

30. Find the center of gravity of a lens made of homogeneous glass, 
having spherical surfaces of radii r, s, and of which the thickness is ( at 
the center and zero at the edge. 




I 108. Measurement of work. There are various kinds of work, 
rut in mechanics we are concerned only with the work done in 
moving bodies which are acted on hy forces. Such work is 
described as mechanical work. We say that mechanical work ia 
done whenever a body is moved in opposition to the forces acting 
on it, as, for instance, in raising a weight, in dragging a heavy 
body over a rough surface, or in atretcliing an elastic string. In 
the first case work is performed against the force of gravity, in 
the second case against the frictional force exerted on the moving 
body by the rough surface, and in the third case against the 
tension of the string. 

Obviously in estimating the amount of work done, two factors 
have to be taken into account, namely the amount of the force 
acting on the body and the distance through which the body ia 
moved in opposition to this force. The amount of work wiU clearly 
be directly proportional to the force, — in raising a weight of 200 
pounds through a given distance we do twice as much work as 
in raising a weight of 100 pounds through the same distance. It 
will also be proportional to the distance moved, — in raising a 
weight through two feet we do twice as much work as in raising 
the same weight through one foot. Thus the amount of work done 
varies as the product of the force and the distance. 

The amount of work done in raisuig a weight of one pound 
through a height of one foot is called one foot pound. 

From what has been said, it is clear that tlie work done in 

raising a weight of w pounds through a height of h feet is 

t foot pounds. Also, the work done in moving a body a distance 

E « feet in opposition to a force of F pounds weight is Fs foot 
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pounds. Thus we may say that the work dotu in moving a hodf 

through, any distance against a uniform force is the produet of tkt 
distance and the force. 

Suppose, [or instance, that it is found that the force required to drag K 
railway train along a level track is equal to the weight of 10,000 ponocUi 
then the work done in hauling this train a distance of 100 miles 
= 100 X 5280 X 10,000 foot pounds. 

110. Rate of performing work. Work frequently has to be done 
within a given time, au that it is often necessary to measure the 
rate at which work is being done. The rate of doing work in 
which 33,000 toot pounds are done per minute is called oiie horse 
pOVKT (1 H. P.). 

This unit was introduced hy Watt, and was supposed 
rate of working of an ordinary horse. It is found, however, that very few 
horses are capable of working continuously at one horse power for any 
length of time. 

As au example of the calculation of horse power, let us find the horse 
power required of an engine to haul a train at 30 miles an hour, the frio- 
tiorial resistance being equal to the weight of 10,000 pounds. A velocity 
of 30 miles an honr = 4i feet per second, so that the work done per second 
= 44 X 10,000 foot pounds. Since one horse power = 550 foot pounds pat 
second, we see that the horse power required 



_44 X 10.000 _ 



horse powi 



This gives the horse power required to haul the train at a steady spei 
of 30 miles per hour. We shall find that if the speed is not constant t1 
horse power will be different, part of the work being used up in produoii 
the acceleration of the motion. For the present, however, we confine oi 
attention to motion with uniform velocity. 

Absolute Unit of Work 

111. We have already seen that besides the practical unit of 
force, which is the weight of a unit mass, there is also a second 
unit of force, known as the absolute unit, which is defined as being 
a force capable of producing unit acceleration in unit mass. At 
the practical unit produces acceleration g in unit mass, where g i 
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the acceleration due to gravity, it follows that the practicil unit 
ia g times the absolute uuit. 

In practical British units, the unit force is the pound we^ht. 
In absolute units, the corresponding unit is known as the poundal; 
it is the force which will produce unit acceleration in a mass of 
one poimd. 

The practical unit of work, as we have said, is the work done in 
raising a mass of one pound through one foot, Le. in moving 
through one foot the point of application of one pound weight. 
There is also an absolute unit of work, namely the work done in 
moving thinugh one foot the point of application of one poundal. 
Tliis unit is called the foot poundal. Since one pound weight is 
equal to g potmdals, we obviously have the relation 

^H^ 1 foot pound = g foot poundals. 

^H 1. At what speed can n horse of 1 lioi'ne power draw a cart weighing 1 ton, 
^^%lQtio]i being eupposed to cause a horizonlAl force equal to one fortietli of the 
weight of the cart? 

2. A body resisted hj s force of P poundals is moved against this resistaace 
with a velocity e. What horse power is required P 

3. At what rate can a steam roller of 7 horae power and weight 1 ton roll a 
path, the resistance due to friction being equal to liie weiglit of Uie roller 1 

4. A snail weighing } ounce climbs a wall 6 feet in height in 4 hours. At 
what horse power is he working? 

5. A load of bricks weighing 6 tons hus to be raised to the top of a house 
60 feet in height by 10 laborers, each of whom works at an average rate of 
jij horse power. How long ought the job to take ? 

6. The piston of an engine has an area of a square feet and a stroke of 
I feet, and the engine makes n revolutions per minute. If the pressure per unit 
area acting on the piston Is p pounds weight per square foot, prove that the 
horse power at which tlie engine is working is 

33,000' 

1^7. A locomotive has a circular piston of diameter 17 inches, and stroke 28 
It makes 2fiO revolutions per minut«, the pressure being 225 pounds 
[bt per square inch. Slnd its horse power. 
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8, If 200 hone power ia required lo drive a ateEooer 160 feet long at B 
of knou, prove that 26,800 liorsa power will be raqulred to drive a similar 
steamer, 000 feet long, similarly immersed, at IS knots, amuuing that the 
reslstauce ia proportional to the wetled surface Bod the square of the velociQ 
through the water. Prove also that the cost of coal per ton of cargo will 



theai 



n the t< 



9. Fifty horse povier is tmiismitled from one shaft lo another by 
a belt moving over two wheels on the shafts with a linear velocit; of 250 ft 
per minute. Find the difference of tendons on the two sides of the belt. 

ID. A locomotive consumes l\ pounds of coal per horae-power-hour. 
much coal ia required lo haul a train of total weight 1000 tons over 60 miles 
level road on whieh the resistance to friction is 12 pounds weight per i 

11. A liner of 22,000 horse power makes a run of S300 miles in 
Find the resistance to the ship's motion. 



Work hone against a Variable Force 

112. If a body is moved in opposition to a force which is not: 
of constant intensity but varies from point to point on the path 
of the moving body, we can no longer use the formula Fs for the 
amount of work performed. 

To calculate the amount of work done, we divide up the whole 
range over which motion takes place into an infinite number o 
infiniteaimally small ranges, each of these ranges being so small 
that the force opposbg the motion may be regarded as of constant 
magnitude during the motion through any one of them. 

If ds is any small range at a distance s from the starting point, 
and if J" is the intensity of the force opposing the motion whilfl 
the body moves through the small range ds, then the work done ii 
moving through this range is Fds. The total work done, the s 
of the amounts of work done in all the ranges, is, accordingly. 



/■ 



Fds. 



Work done m stretcbing an Elastic String 

113. As an example of the use of this formula, let us find thi 
work done in stretching an elastic strmg. Let the natural lengtl 
of the string be I, and let X denote its modulus of elasticity. 
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I When the length of the string is x, its tension T, by the 
mula of § 39, is given by 



I In stretching the string through a further distance dx, — Le, from 
»th X to lei^h X + dx, — the work done 



= Tdx 

--(X- 



l)dx. 



] By integration, we find that the work done in stretching a string 
rom length a to length b 



-n 



— l)dx 



f The distance stretched i 



a, while 



~2l)is the 



msiou when half of the stretching has been completed, ie. when 
x = l{a + h). 

»Thu8 we have found that 
The work done in stretching an elastic string from any length a, 
mter than the natural length of the string, to a length h, is equal 
the tension at length ^{a + b) multiplied iy (b — a). 
Obviously, if the tension is measured in pounds weight and the 
extension (6 — a) in feet, the product will give the amount of work 
measured in foot pounds. If the tension is measured in poundala, 
id (6 — a) in feet, the product will give the amount of work in 
poundals. 



Work rephesented by ah Area 

114. Let PQ represent the path described by a moving body, 
and let us draw ordinates at each point in PQ to represent, on 
any scale we please, the force opposing the motion of the body at 

that point. Let s, r be two adji 
cent points, and let ss', ri' be 
the ordinates at these points. 

Then the area of the small 
strip ssV/ may, in the limit, be. 
supposed equal to sr multiplied 
by ss'. On the scale on which 
we are representing forces, this 
f'"- ^ product will represent the dis- 

tance sr multiplied by the force opposing the motion of the body 
from s to n In other words, the small area ss'rr' will represent 
the work done in moving the body from s to r. 

By addition of such small areas, we find that the complete area 
PP'QQ' represents the work done in moving from F to Q. 

115. This method gives B. simple way of investigating the work don 
stretching a,n elastic string, already calculated in § 11^. Let OP be 
natural length. For the sake of definitenesB suppose that the end O ii 
held fast, and that as the string is stretched the point P moves along tke 
line OP. Let it be required to find the work done in stretching the atrinf 
from a length 0-4 to a length OB. 

Let Q be any point of the line 
OPAB, and let QQ' be drawn to 
represent tlie tension when the 
length of the string ia OQ. 

Fordifferent positions of Q, the 

ordinate QQ' will be of difierent ^ 

heights. Since, by Hooke's law, 

the tension is proportional to the extension, the height of the ordinatft 

QQ' (representing the tension) will always be in the same ratio to PQ (thft 

extension). Thus ft* is always on a certain straight line through P. liAA', 

BB" are the ordinates which represent the tensions at A , B, this line will, 

of course, pass through the points A', S. The work done 

the string through the range AB is now, in accordance with § 114, Mpi 

sented by the area AA'BB, the area whicli is shaded in fig. 85. 
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The area ot this figure is clearly equal to AB multiplied by the ordinate 
at the middle point of AB. This ordinate representH the tension of the 
string when its length is equal to HOA+ OB), eo that we again obtain the 
result of § 113, namely 



(work done) = (range of stretching, AB) 

X (tension at halfway stage of stretching). 



I 

^M 116. The indicator diagram. The graphical representation of 
^Rtrork explained in § 114 is raaJe use of in practical engineering. 
Suppose that 00' la the distance traveled by a piston inside a 
cylinder. Wlien the piston is in any position P, let the pressure 
acting on the piston be measured, 
and let a line PF' he drawn at 
right angles to 00' to represent it 
on any assigned scale. As the 
piston moves along the range 00" 
and then hack along the range 
O'O, the point P' will describe a 
closed curve AP'BP"A, which is 
called the indicator diagram of the 
motion of the piston. 

The work done by the steam on 
the piston in its forward motion is, 

as we have seen, represented by the area AP'BO'POA inclosed be- 
tween the curve AP'B and the axis 00'. This work is expended in 
moving the piston forward in opposition to the thrust in the piston 
rod. Similarly the work done by the steam on the piston in its back- 
ward motion is represented by the curve BO'POAP"B inclosed be- 
tween BP"A and the axis 00', this area being taken negatively, since 
the piston is now moving in opposition to the pressure at work on it. 
Thus the whole work done on the piston is represented by the 
difference of these two area-s, and this is easily seen to be the area 
AP'BP"A of the indicator diagram itself. Hence, to find the rata 
at wliich an engine is performing work, it is only necessary to 
measure the area of its indicator diagram and the number of 
revolutions per unit time. 
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WOEK DONK A0AIN3T FORCE OBUQUE TO DIRECTION OF MOTICW! 

117. So far we have only cooaidered cases in which the force 
acts in a direction exactly opposite to that in which the partidfl 
moves. We may, however, have to calculate the work when the 
motion makes any angle with the direction of the force. 

• When a hody ia moved at right angles to the force acting on it, 
the work done will clearly be nil ; e.g. in movmg a weight about 
on a horizontal surface uo work is done against gravity. 

We can now find the amount of work done when a body is moved 

in a direction making any angle vrith the force acting on it. Let a. 

body be moved from J" to y, a small distance ds of ita path, while 

acted on by a force R, of which the line of 

^•^ action makes an angle <^ with QP. Eesolva 

r ' < p R into two components, R coa ^ along QP 

and fl sini^ perpendicular to QP. The work 

done against the force R is the same as the 



work which would be done if these two forces fl cos </>, J£ sin i^ 
acting on the body simultaneously. The work done against the 
former force would be B cos <^ ds ; that against the latter would' 
he nil Thus the whole amount of work done \s Rds cos<f>. 

118. Let R have components X, Y, Z, and let the element of 
path PQ have direction cosines /, m, n. The direction cosines of the 
line of action of R are 

X Y Z 



COS(Tr — 0) = t-- 



e this makes an angle w — (f> with PQ, we muat have 
Y , Z 

Hence Rds cos tft = — ds{lX-\- mT+ nZ) 

= - {Xdx + Ydy + Zdz), 

where rfic, dy, dz are the projections of ds on the axes. This gives 
an analytical expression for the work done in a small displace- 
ment. By integration, we can find the work done in any motion. 



r 
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119. Work of raising e system of bodies against gravity. If a 

particle of mass m is moved a distance ds along a path making an 
angle tji with the vertical (upwanls), the work done is ni/f cofi^ds. 
Since the distance through which the particle is raised is rfs cos <f>, 
we may say that the work done is equal to the weight of the 
body (mg) multiplied by the distance through which the particle 
is raised. 

By taking the particle along any path, and adding together the 
amounts of work done on the successive elements of the path, we 
find that the total work done against gravity is equal to the weight 
of the particle multiplied by the total vertical distance through 
which the body has been raised. 

180. Let us suppose that we move a number of particles of 
masses wi,, m„ ■■-. Let their heights above the ground before the 
motion be A,, A,, ■ ■ -, and let their heights at the end of the motion 
be h[, AJ, ■■■. The work done agamst gravity on the first particle 
is 'm^ff{h[ — h^)■ by addition of such quantities, the total work 
done against gravity 

= ™, J (*;-/.,) + ».,,(*; -*j + .. . 

»=?(5;»,''1-2'»A). (35) 

Now let M be the total mass of the particles, and let If, H' 
denote the heights of the center of gravity of all the particles 
above the ground before and after the motion respectively. Then, 
( by the formula of § 86, we have 

so that y™,^i = -^-S, 

and, similarly, ^j*""'^! ~ MH'. 

Thus the total work, as given by expression (35), becomes 
g{MH' - MH) = Mg {H' ~ IT). 
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Thus the total work done against gravity is equal to the 

weight of the partioles multiplied by the vertical height throi 
which the center of gravity of the particles liaa Iteeu raised. 

Work performed ahainst a Couple 

121, Theorem. If a rigid body acted on ly a system, of foi 
be given any mnall rotation through an angle e about any aaris, H 
loork done is Gf, where G is the moment about this axis of (i 
forces opposing the motion. 

Let the axia of rotation he suppoaed to be a line perpendicul 
to the plane of the paper, meeting it in the point L. Let a typia 
force be a force F acting on the partid 
A of the body. 

As the result of the rotation, let . 
move to a position A', so that the ai^ 
ALA' is equal to €, the angle throug 
which the body has been turned. 

Then, during the rotation, the poin 
of application of the force ^ move 
from A to A', and, therefore, the work done 

= F ■ A A' ■ cos if), 
where ^ is the angle between F and AA', 

= AA' X component of F along AA' 

= e X LA X component of F along AA' 

= £ X moment of F about tlie axis of rotation. 

If the rigid body is acted on by a number of forces applied 
its different particles, vre find, on summation, that the total wo. 
done 

= € X sum of the moments of all tliese forces 

about the axis of rotation 
= Oe, where O is the moment about the ayif of 
rotatloD of all the forces. 
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A man who weighs 140 pountiE wiilks up a mountain path at a slope of 
^ degrui!t! tu the hurisuii at tlie rate of 1 mile per hour. Find, his r&Us of work- 
ing in raiaing his own weight in horse power, 

2. At what horse power is an engine working which hauls a train of 1000 
onB up an Incline of ] in 200 at 12 miles an hour, the resiatance due to friction 

'being j^ of the weight of the train ? 

3. An automobile weighing 1 ton can run up a hill of 1 in 60 at 8 miles an 
lOur. Taking the resistance due to friction as ^ ot the weight of the car, 
fnd at what rate it could run down the same hill, XiSsuming the horse power 

Bevelopcd by the engine to lemain the same. 

i. A cargo of atone weighing 18 tons is unloaded from a barge on to a quay 
10 feet ahove the barge by cranes worked by an engine. If the unloading takes 
three horns, find the avera^ horse power at which the engine has been working. 

5. Aesuming that a man In walking raises his center of gravity through a 
"vertical height of one inch at eveiy step, find at what horse power a man 
;fa working in walking at 4 miles an hour, his stride being 33 inches, and his 
weight 16B pounds. 

6. A cyclist and his machine weigh 200 pounds, and he rides up an incline 
Of 1 in 80 at 16 miles an hour. Mis bicycle is geared to 72 inches, and the 
length of his cranks is 7 Inches, Find the average vertical pressure of his foot 
On the pedal, assuming this pressure te exist onl; during tlie dovmioard motion 
laf the pedal. 

7. A single-screw ship has engines of 6000 horse power, and, when working 
tt full power, the engines make 76 revolutions per minute. Find iJie couple 
tmismitted by the shaft, 

8. When one body rolls on another, there is found to be a couple opposing 
IQte motion, equal to that produced by the normal reaction at the end of an 

rm of length I, where I is called the coefficient of r()ning friction. 
If a rtiilroad truck runs on wheel of radius a, show that the resistance to its 
taotioQ produced by rolling friction is l/a times its weight. 

The Principle of Virtual Wohk 

12S. By a small displacement is meant for the present a motion 
in which each particle of a system is displaced from its original 
position through a distance which is bo sraaJl that it may he treated 
'. an infinitesimal quantity of which the square may be neglected. 
the system is under the action of forces, work will he done in 
iriorming any small displacement. Since the displacement is 
ipposed to be a small quantity, the work performed will also be 
small quantity. 
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If any particle is in equilibrium, the resultant force i 
ou it vauialies, so that the work done in auy small displac 
of the particle vanishes to a higher order than the displacement 
If a rigid hody, or system of rigid bodies or particles, is in equilibfi 
rium, and auy small displacement is given to it, the work doog 
on eaoli particle is nil, so that the aggregate work done is nil 

123. Tlie forces acting on the particles of the system may, I 
in § 50, be divided into two classes : 

(a) forces applied to the bodies from outside ; 

{&) pairs of actions and reactions acting between the particli 
of the bodies, or between two bodies in contact. 

In calculating the work done in a small displacement, we mm 
take account of the work done against all the forces of both classaH 
but shall find that a great number of the terms arising from tb 
forces of the second class cut one another out. 

124. Let us first consider the pair of forces which constitofc 
the action and reaction between two particles P,Q of a rigid body, 
Let the amount of each force be B, its direction being QF or PQ[ 

Q' according as it acts on P or Q. L^ 

y^ 1\ the effect of a small displacement I 

to move P, Q to P', Q' respectively, and 

let P'p, Q'q be perpendiculars drawn- 

^" * from P', Q' to PQ. The work done- 

against the force B acting on Pia Bx Pp, while that done againf* 

the force R acting oaQis—Bx Qq. Thus the total work performed 

= B(Pp-Qq) 

= B(PQ~pq) 

= B{PQ — projection of F'Q' on PQ). 
Since the body is rigid, the length P'Q' is equal to the lengtii 
PQ, and since the displacement is, by hypothesis, small, the angl 
between P'Q' and PQ is smalL Thus the projection of P'Q' i 

= P'Q', except for small quantities of order higher than the fiiql 
= PQ, 
BO that the work performed vanishes. 
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185. Again, the work performed against the pair of forces which 
constitute action and reaction between two smooth surfaces can 
be seen to vanish. 

First consider the case in which one body is held at rest while 
the second is made to slide over its surface. In such a displace- 
ment the work performed, if any, is performed against the reaction 
which acts on the moving body. Since the 
force acta along the norma!, while its point of 
application necessarily moves in the tangent 
plane, — ie. at right angles to the normal, — 
we see that the work done is niL 

The most general motion possible for the two 
surfaces is compounded of a motion of the kind 
just described and a motion in which the two . 
surfaces move as a rigid body. The work done 
in the first part of the displacement has juat been seen to be zero, 
the work done in the second part of the displacement vanishes by 
§ 124 ; hence the total work vanishes, proving the result required. 




126. The results just proved a 
surfaces is rough. The work done 
tude of the frictdonal forces, a,nd a: 
the amount of these forces as to s 



not true it the contact between the 

such a case depends on the niagni- 

b is generally as difficult to determine 

the whole problem, the method of 



virtual work is not of any value in euch c 

127. We have now seen that a large number of forces may be 
left out of account altogether in calculating the work done in a 
small displacement, and the principle of virtual work, which states 
that when a system is in equilibrium the work done in any small 
displacement is zero, requires us only to calculate the work per- 
formed against external forces, and not that performed against the 
internal actions and reactions of rigid bodies. 

128. Systems of pulleys. An important application of the prin- 
ciple of virtual work is the following : Let us suppose that we have 
any arrangement of pulleys and inextensible ropes, the ropes hav- 
ing two free ends, — to one of which the we^ht to be raised is 

^Blttached, and to the other of which the power is applied. Let these 
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two free ends of rope be called the weight end and the power en 
respectively, and let us suppose that the arrangement is such thi 
in order to move the weight end through 1 inch, the power end 
must be moved througb n inches. Let a weight IF be attached to 
the weight end, and let us suppose that it is found that a force P" 
must be appUed to the power end to maintain eciuilibrium. 

We now have forces P and F in equilibrium. To find the rela- 
tion between them, let ua give the system a small displacement 
Let us move the weight W a distance ds, then, if the rope is not ta 
be stretched, we must suppose the power P moved through a dis 
tance nds. The work done by external force consists solely ot 
the work performed on the power end of the rope, namely Pnd^ 
and the work performed in moving the weiglit against gravity 
namely Wds. These are of opposite signs, — if we raise the weight 
Wds must be taken positively and Pnds negatively, and vice versa, 
If the system was initially in equilibrium, the total work performed 
by external forces in this small displacement must vanish, so that 

the equation of equilibrium is seen to be 

Wd8~Pnds = 0, 
//r\V4 80 that P = ^. 

giving the relation between power and we^ht 

This investigation assumes that friction 

etc., may be neglected, and also neglects thq 

weight of the moving ropes and pulleys. 

Aa an instance of a system of pulleys, let i 
coiiBider the arrangement shown in fig. 91. 
Pig gj There are two blocks of pulleys, A and I 

The former is fixed, while the latter ia free t 
move, and has the weight W suspended from it. The rope, starting 
from the power end, passes first round a. pulley of block A, then roan~ 
one of block B, then round one of block A , and so on any number c 
times, unto finally its end is fastened to block B. To find the r 
between P and W, we need only find the number n. Let ns suppose thai 
in addition to the free power end of the rope the number of vertical 
ropee ie s. Then, if we pull the power end until the weight end it 
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ropes by 1 inch, and so tenjitlie 
BO that, in this ease, P = — . 
le low«r block and three in th 



3 inch, we shall shorten each of these .i 
the power eud by s inches. Thus n = a 
For instance, with two pulleys in t 
upper block the value of n will be 5, bo that each pound of power wiU 
support 5 pounds of weight, — a man pulling with a vertical pull of 
100 pounds could support a weight of 500 pounds, aud as soon as his pull 
exceeds 100 pounds, he will raise the weight of 500 pounds. 



aLDSTRATIVE EXAMPLES 

1, As a first example of the priucipli! of virtual work, let us suppose that we 
avB an endless elastic string of natural length a, modtdua ^, placed c 
sphere of radius 6, and allowed to stretch under gravity. We might, of o 
find the amount of stretcliing iu the equilibrium 
position by resolving forces, but we can get it 
lore readily by the method of virtual work. Let 
s suppose that, when in equilibrium, the string 
ea on a small circle of angular radius e. Let a 
■mall di^lacement be given, this constating of 
each element of the string being displaced di 
the surface of the sphere, so that the string forms 
a new circle of angular radius 9 + de. Tlie length 
of the string when forming a circle of angle wa.s 
wt$; the increase in this when e is changed 
tofl + dfl is dfl — (2ir6ainfl) or 2iriicos9da. The 
' work done in stretching the string by this amount p,Q ^ 

ta r-2irtcosedfl. where r ia the tension. Work 

is also done against (or, in this particular case, with) the force of gravity. The 
height of the center of gravity of the string when forming a circle of angle 6 is 
B; on increasing ff to S + de, this increases by — bsinfldS, so that the work 
(done against gravity is — wfisinfltM. We have now calculated all the work 
■performed in the small displacement; by the principle of virtual work, the 
total amount of this work must be nil, so that 

— io6 sin 9 dfl -f r ■ 2 w6 cos e iM = 0. 
ThuB, r = — tan S, 

ftnd the length of the string corresponding to U 

■1^*1)- 




«ii equation giving S. 
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2. Gearing pfa bieycle. Aa a second example, let ub applj the principle of 
virtual work to the mechaniHin of a bicycle. Let the length of the crank bi~ ~ 
and let the bicycle be geared to b inches, so Chat each revolution of the p 
cauaee the machine to move as tor forward as it would in one revolution of ) 
wheel of b inches diameter. Let us find what pressure must be exerted on th 
pedal by a rider in order that the macliine may move forward against a 
opposing frictional force of to pounds weight. 

Let ua give the machine a small displacement, the cranks being supposed tc 
turn through an infinitesimal angle t, and the wheels and machine movio 
forward accordingly. Since tiw gearing is to 6 inches, the distance moved h 
the machine as a whole will be ^ fw inches, while the distance moved by the pedat) 
taking the machine itself as frame of reference, will be at. Let IT pounds wei^ 
be the force e£ed£d on the pedal when the macbinein just on the point of motion 
so that the machine is in equilibrium under this force acting on the pedal, i 
the backward pull of ur pounds due to friction. The equation of virtual work! 

W-(u-v)-ib< = 0, 
so that the required force is IP = — ui. 

Thus the force is directly proportional to the gearing of the machine, 
invereely proportional to the length of the cranks. 

3. Four Toda of equal weigkt w and length a are freely jointed so as to /o\ 
rhombus ABCD. The framework stands on a horizontal table ao IhalCA iaveiiicaii 



and the wMe U preveided froi 




collapsing by a weighUes* inexteiaible airing qfl 
le/igUi I vihich eonneeta the points B, D. It t^ 
regjiired to find the teTtsioa in this luring. 

To find the tension by the principle i 
virtual work, we must of course find a sma 
displacement such tiiat worlt is done in opp 
sition to the tension, or otherwise the t* 
would not enter into the equations at aQ 
Since the string is ineztensible, it is ua 
possible in actual fact to stretch it and t 
perform work against Its tension. We cK 
however imagine it to be stretehed in spite of its actual ineixteiiBiblllty, oi 
what comes to the same thing, we can imagine it replaced by an extensibl 
string of the same length and having the same tension. It is now easy 
arrange a displacement of the kind required. 

Let us imagine that the framework is displaced in such a way that A moi 
vertically downwards towards C, while C remains at rest. Let the displacemt 
be such that the angle DA C is increased from e M e+ de. The length I of t 
string which corresponds to the angle 6 is given by 

I = 2 a sin 0, 
from which, by differentiation, we obtain 

(ii = 2acoaS(W, , 
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',gtTlng Qte relation between the incrementa dl, d6 in t and 9. The work done 
agaiiiat the tenBiou of the string (T) in this displacement is Tdl. The height 
of the center of gravity ot the whole figure above C is initially JXC, or acoaS, 
o that, as in § 120, the work done against gravity ia 
4wiI(ocob5). •fi 
Thus the total work performed by external forces in the displacement ia 
4Ki(i(acose)+ TdZ, 
IT, on substituting the values of <U and d (a cos 9), 

- iwasineda+ T-2aco8edS.' 
For equilibrium this must vanish. We must therefore have 

r = 2 ui tan fl, ^ 
, giving the required tension. 

4. A rod of length I and weight to is suspended by its two end* from two potnt* 
at the vame height and distant I apart, by two strings eath of length a. Find the 
eotiple required to hold the rod in a position 
■itt wkiek it makea an angle 6 with its egui- 
If&rium position. 

In equilibriutn the strings are vertical, 
. the two ends A, B of the rod lying exactly 
nndameatli the two points of Bus[N([ision 
P, Q. 

As the rod is turned from its equilibrium 
position, we can imagine its middle poiut to 
rise gradually along the vertical line through 
Uie original position of this middle point. 
VVhen the rod has been turned through any 
angle 8, let the height through which this 
point has risen be z. F m " 

Then flie projection of Oie length FA' 
m A vertical line will bo n — x, while its projection on a horiiontal plane, 
being equal to the horizontal projection of AA', will clearly be isin-. 

Thus, expressing that the length of the displaced string PA' remains equal 
' to its original value a, we have 

os = (a - i)« + ;' ains 1 (a) 

To find the couple reqnlred to hold the rod a'., an angle B, let us suppose that 
he rod is held in equilibrium in this position by a couple G, and that a small 
Slsplacement occurs in which S is increased ta 8 + d9. The work done against 

e couple is equal, by S 121, to — Gd8, the negative sign being taken, i 
Qie couple aids, instead of opposing, tbe motion. The work done againat gravity i 
is equal to le dx. Thus the equation of equilibrium is 
-Gitt + wrfa = 0. 
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To obtain the relation between is and ttx wo difEerenllate equation 
obtaining 

- 2(a - it)(ia: + i' Bin ? cos ? ito = 0. 



giviog the couple required. 

EXAMPLES 

1. A square AliCD ia formed by joining four equal rods by freely i 
hinges. TbB points A^ C are joined by an elafltic string of natural lengti eqaa 
to a diagonal of the Etgaare, and of modulus X. Wliat forces must be applia 
lo the points B, D to stretuh the string to 11- tiniee its length ? 

2. Three spheres each of radius a and weight w are tied to a point P b 
strings of natural lengtli I and modulus X, and hang freely, touching each other. 
Find the depth of their centera below P. 

3. The mechanism by which a Japanese umbreHa is opened is such that et 
rib turns through an angle of 6° for every inch that the sliding piece is moi 
up the stick. If there are 18 ribs, each of weight \ ounce, and having tb 
centers of gravity 10 inches from their pivots, find with what force the alidiQ 
piece must be pushed up the stick to open the umbrella, when the stick is h 
vertically, and the ribs are inclined at an angle of 30° to it 

i. The bauds of a clock are balanced with counterpoises, so na to be 
equilibrium in any position. When the time indicated by the clock is 5.10, 
bird of weight w suspends itself from a point on the minute hand which ia rf 
feet from the pivot. How large a vertical thrust must be applied to 
liand, also at a point six feet from the pivot, to restore equilibrium ? 

5. A clock is wound by raising a weight of 20 pounds through a distance 
8 feet, this enabling the clock to run for SO hours. The pendulum and esca| 
ment are removed, so that the hands will "race" unless held fast. Howlall 
a couple must be applied to the minute hand to prevent this occurring? 

6. The coupling between two English railway carriages coiiaists of a rod wl 
a right-handed and a left-handed screw cut at Its opposite ends and t 
in nuts attached to the carriages. If the pitch of each screw is one inch, al 
the rod ia turned by a force of 6d pounds acting at best advantage at t 
end of a lever 15 inches long, find the force by which the carriagee a 
drawn together. 
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129. It will have been noticed that we are concerned with two 
different kinds of work. The first is typified by the work done in 
raising a weight in opposition to gravity, the second by the work 
done against friction in hauling a train along a level road. The 
essential difference between the two kinds is that work of the first 
kind can be recovered from the system of bodies by making these 
bodies themselves perform mechanical work, whereaa work of the 
second kind, when once expended, can never be regained. In rais- 
ing a weight we may be said to be storing up work rather than 
spending it, for the weight can at any time be made to yield back 
all the work devoted to raising it. If we raise a weight w through 
a distance h, the work done on the weight is wh ; on letting the 
weight descend to its original position, the work done for ns by 
the weight is wh, ao that the total work performed on the weight 

nil. 

On the other hand, in hauling a mass a distance s against 
a frictional force F, the work performed is Fs. To brir^ the 
mass back to its original position, we have to expend an addi- 
tional amount of work Fs, so that the total work performed is 
2 Fs. This brings out the essential difference between the two 
types of work and between the two systems of forces against 
which the work is performed. 

130. Definition. When the forces acting on a system of bodies 
are of suck a nature that the algebraic total work done in perform- 
ing any series of displacements which bring the system hack to its 
original configuration is nil, the system of forces is said to be a 
conservative system. 

The algebraic work being nil, the work done on the system in taking 
it to any configuration ia equul and opposite iu sign to the work done on 
the BjBtem in allowing it to resume ita former configuration, so that all 
the work spent can be regained. The work ia accordingly stored up, or 
conserved. 
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A small amoimt of reflection will show that a Bystem of force 
is conservative if the only forces which come into play are soin 
or all of the following : 

(a) gravity; 

(&) reactions in which the contact is perfectly smooth ; 

(c) tensiona of atriugs, extensible or inextensible. 

On the other hand, if any one or more forces of the follow 
types come into play (so that work is performed againat them 
the aystem of forces is non-conservative : 

(a) reactions in which the contact is rough ; 

(J) resistance of the air. 

131. Theokem. The work done on a system of bodies acted o 
by conservative forces, in moving from one configuration P to 

second configwration Q, is independent of the series q 
configurations through which the system moves % 
passing from P to Q. 

To prove thia, let ua denote the work done in pan 

ing from F to Q through one seiies of configuratita 

by JFj , that done in passing through any aecond aerit 

by If,, and that done in returning from § to P by an] 

third series of configurations by W^. If we pass froa 

Fio. 96 p to § by the first series and back from Q to P \ 

the third, the total work done is nil, so that 

JT, + r, = 0. 

So, also, if we pass from P to Q by series 2 and back from Q 1 

P by series 3, 

W^ + IP, = 0. 

Thus ir, = IF,, which proves the theorem. 

132. Definition. Taking any configuration P as standard, & 
work doTie in moving a system, of bodies from the conflguratit 
P to the configuration Q is spoken of as the potential energy of 
configuration Q. 
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'Fhe potential energy, accordingly, measures the work which 
has been stored up in placing the system in configuration Q. 

Theorem. The work done in moviTig a system, from a config- 
uration {1) to a second configuration (2) against conservative forces 
is W^ — Ji\, where IF,, W^ are respectively the potential energies in 
configurations {1) and (^. 

For if F is the standard configuration, the work from P to (1) 
is K", ; the work from P to (1) plus that from (1) to (2) ia tf,, so 
that the work from (1) to (2) is W, — W^. 

133. Theorem. If a system of bodies is in a eonfiguratmt of 
potential energy W, and if x, y, z are tlie coSrdinates of any 
particle, the resultant force acting on the particle has components 

dx dy dz 

To prove this, let us imagine that we give the system a small 
displacement, which consists in moving the single particle at x, y, z 
a distance dx parallel to the axis of x. If X, Y, Z are the compo- 
nents of the force actii^ on it, the work we do jn the displace- 
ment is, as in § 118, equal to ~Xdx. This work is also equal to 

dw 

the increase in the potential energj', namely — dx, so that we have 
ox 

»~ Xdx = — dx. 
dx 
Ihns X=~-~, and similarly we may prove that 

134. Theorem. If a system of hodies is in a configuration of 
potential energy W, and if is an angle giving the orientation of 
a rigid body of the system about any line, the moment about this line 
of the forces acting on the rigid body (reckon^ed positive if tending 
to rotate it in the direction of B increasing) ia 
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For, let Tia give the system a small displacement, which cmisij 
in turning the body iu question through a further angle d6 about' 1 
the selected line, so that 9 becomes changed into B + d9. Thft J 
increase in potential energy is —^ d9, while the work perf ormeil 
is. by the theorem of § 121, equal to — (5 rf5, where G is the mom* 
about the axis of all the forces acting on the rigid body. 

Thus ~d9 = ~Gde. 

off 

8W 

so that G= — TTT' 

ett 

the result required. 

135. Theorem. In a position of equHibrium of a system 
bodies, the potential energy W is either a maximmn < 

The potential energy is a function of all the coordinates of a 
the particles of which the system of bodies is composed, say 

^1. Vy ^i; ^1- y». 2»; etc. 

If the position is one of equilibrium, each particle ia in equilib- 
rium, ao that the components of the forces acting on each partidt 
vanish separately by § 33. By § 133 the condition for this is 



= 0, ^ 
= 0, etc. 



= 0. ^- 



&, 



But these are exactly the conditions that W shall be a maximui 
or a minimum. 

136. The converse of this theorem is also true. 

Theorem. // ike potential energy of a system of bodies is eitha 
a maximum or a mimmwrn in any conftguration, then the c 
figuration is one of equilibrium. 

For, with the notation of the previous section, if fF ia a maxi 
mum or a minimum, it follows that 

iw_„ i,w_„ ar _„ 
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""- SW dW ., ^ i .L I 

Since ; — - — ', ' are the components or the force 

dx^ 8y, 02, ^ 

acting un particle (1), these equations indicate that particle (1) 
is in equihljriuni. Similarly, it follows that the other particles 
axe in equilibrium, giving the result. 

137. An important special case of these theorems arises when 
the only forces which do any work in a displacement are the 
weights of the bodies of which the system is composed. If M is 
the mass of the whole system, and if k is the height of its center 
of gravity above any standard horizontal plane, the potential 
enei^ is, by § 120, Mgk, and this is a maximum or a minimum 
when A is a maximum or a minimum. Thus we have the theorem : 

In a system, of bodies in which the only forces which perform 
•work in a displacemetU are iiwse of gravity, the eonfiguratioTts of 
equilibriuTn are those in which the height of the center of grcmty 
% or a minimum. 



r EXAMPLES 

1. Two aniform rods, each of length I, are freely jointed at their eitremitiea 
and placed over a emooth cylinder of radiim a of which the axis is horizontiil. 
Find the angle which the rods make with the huriicotital when in equilibrium. 

2. An elliptic dish is weighted eo that its center of gravity Is halfway 
between its center and one extremity of its major axis. Show that if itfi 
eccentricity is greater than — ^ there will be tour positions of equilibrium in 

which the disk stands vertical on a horizontal plane, but oUierwise only two. 

3. A horizontal rod of weight W has its center pierced by a filed vertical 
screw on which it turns, one revolution raising or lowering it by J inch. If 
there is no friction, find the couple required ia hold it at rest. 

4. A plug of weight W Is made in the shape of a pyramid of square croas 
section. It is placed with its axis vertical in a eqiiare hole of side c, tbe depth 
of its vertex in this position being d below the plane of contact. Find the couple 
required to hold it turned through an angle e and still having its axis vertical. 

5. A smooth parabolic wire is placed with ila axis vertical. Two beads are 
strung on it, and are connected by a string which passes through a smooth ring 
at the focus. Show that there are an infinite number of positions of equilibrium. 

6. A smooth bowl in the shape of an ellipsoid of eemi-azes a, b, c has one asls 
vertical. Find the couple required to hold a rod of length I in a horizontal posi- 
tion in tbe bowl, making an angle S with a position of equilibrium. 
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Kinetic Enekgy 

138. Suppose that a moving particle is acted on by a force 
of which the direction is opposite to that of the motion of tha 
particle. The effect of the force, according to the second law of. 
motion, is to produce a retardation in the velocity of the particl& 
The velocity of the particle decreases so long as the force acta, b 
that if the force continues to act for a sufficient time, the particl* 
must ultimately be reduced to rest. 

ConBider, for example, a hammer striking a nail. The reaction between 
the hammer and nail is a farce in the direction opposite to that of thit 
motion of the hammer, and this ultimately brings the liaminer to 
Again, when a particle is projected vertically upwards, its veight after 
time reduces it to rest, after which of coitrae it falls back to the ground. 

By the time that the moving body has been reduced to leeS 
the point of application of the force, which has moved with the 
moving body, has moved through a certain distance. Thus a cer^ 
tain amount of work has been done by the moving body. A^ 
thus led to the conception of the motion of a body possessing a 
capacity for doing work. 

For instance, in the previous examples, the motion of the hammer 
driven the nail into poaition, and the motion of the particle projected inl 
the air has raised it to a certain height above the earth's Burface.' 

139. I«t us suppose that a particle moving with velocity v i 
opposed by a force F (in absolute units) acting in the directioi 
opposite to that of the motion of the particle. Let the partida 
describe a distance ds in opposition to this force in time dt, and 
let its velocity change from v to v — dv in this time. The partici 
then htiB a retardation -j- in the direction of its motion, or, what f 

the same thing, an acceleration — in the direction in which j 

at 
is acting, so that by the second law of motion 
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The work done by the particle in moving the distance 
opposition to the force P la 
Pds 
d» 



dt 



t 



dt 



; ia the aame as the velocity v of the particle, 
Pds = mvdv. 

by the particle 



Integrating, we find that the whole work di 
fore being reduced to rest is 



/ 



Pds = 



^mi^. 



(36) 



Since P has to be measured in absolute units (cf. § 22), it 
follows (§ 111) that the work ^mij' will also be measured in 
absolute units. 

Thus whatever the magnitude of the force opposii^ the motion 
of a particle, the work performed by the particle before being 
reduced to rest is the aame, namely ^ mjr' absolute units of work. 

The quantity ^ mi^ (measured in absolute units) is called the kinetic 
energy of a moving particle. It is e^al to the amount of work which 
can be performed by the particle before being reduced to rest. 

Suppose, for instanee, that the reaiBtance offered by a nail to being 
driven into a board ia equal to the weight of 5000 pounds, i.e. that it would 
require a weight of 5000 pounds to press it into the board. Suppose that 
it is driven into the board by being struck with a hammer, of which the 
head weighs 10 pounds, and hits the nail with a velocity of 50 feet per 
second. Let s be the distance the nail Ir driven in at each stroke measured 
in teet, then the work done by the hammer at each stroke is that of moving 
a force of 5000 pounds weight — or 5000 x g poundals — through a distance 
of »feet. It is therefore equal to 5000 jK foot poundals. The kinetic energy 
of the hammer in striking the nail is 

imi!' = i.l0-5ff'= 12,500 
in absolute foot-pound-aecond units. Thus from the relation (36) we have 
the eo nation 

^ 5000 ga = 12,500, 

in vhich, since the units are foot-pound-second units, we may take g = 32, 
aad BO obtain , , , . , . . , 

^ — vW ^^^ = if mches. 



1?0 WORK 

140. Teeorem. Dvring the motion of a particle under any s 
tern 0/ forces, the increase in kinetic eneTgy is equal to the tot<A 
■work done on the particle by external agencies. 

Let us consider motion of a particle from oue position /• to (| 
second position Q, and let the velocities of the particle at thm 
two points be i>, n^ respectively. 

Let us examine the motion over any element ds of the j 
and let the velocities at the beginning and end of this element t 
V and V + de. Let P he the force, or component of force along d 
yhich acts on the particle while it describes the element ds of itB 
path. If rf( is the time taken to describe this element of p 



motion is P, we have, by the second law of motion, 



Hence, as in 5 139, Pds = 



Litegrating over the whole path from P to Q, 
I Pds = m j vdv 



(37>1 



= increase in kinetic energy. 



The left-hand side o£ this equation represents the work done 
the particle, proving the result required. 

141. The work performed on the particle by external forces man 
be regarded also as equal to minus the work performed by the part 
de on external agencies. For if J* is the force acting on the partid 
along ds, it follows from the equaUty of action and reaction tin 
the force acting on the external agencies from the particle is — J^M 
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Thus 



8o that the total work performed by the particle is — Pds. 
the theorem can !» stated in the following alternative form : 

Duriiig the motion of a particle under any system of forces, the 
decrease in kinetic energy is equal to the total work done by the 
particle against external agencies. 

142. If the system of forces acting on the particle is a conaerv- 

P ds, the total work performed by 
the particle on external agencies, is equal, by § 132, to Wq — W^. 
Tliua equation (37) becomes 

or again ^ + Jm?'* =RJ + ^m?;;, (38) 

so that the sum of the potential and kinetic energies is the same 
at Q as at P, proving the theorem. 

The sum of the potential and kinetic energies is called the total 
energy of the particle. 

m CONSEKVATION OF ESEKGY 

143. The kinetic energy of a system of bodies is obviously equal 
to the sum of the kinetic energies of the separate particles. The 
potential enei^ of the system, as has been seen, is the sum of 
the potential energies of its particles. 

Thus the total energy of a system is equal to the sum of the 
total energies of the separate pai'ticles. Since the total enei^ of 
each particle remains constant, it follows that the. total energy of 
the system remains constant. 

The fact that the total energy remains constant is spoken of as 
the Conservation of Energy. An equation expressing that the total 
energy at one instant is equal to that at any other instant is 
gj^ken of as an equation of eiiergy. 
^144. Aa Bn illustration, let ua consider the firing of a stone from a 






Work is performed i 
ktapult, and the work ii 
3 soon as the catapult i 



i the firflt place in stretching the elastic of the 
stored as potential energy of the stretched elastic. 
I released, the stone is acted on by the tension qf 
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the elutic ; the Btone moves under the a^celera^g influence of this tewion, 
and the tension of the elastic slackens. While this ie in progress the stone 
is acquiring kinetic energy, while the stretched elastic is losing potential 
energy- By the theorem just proved, the kinetic energy gained by the 
Btone must be just equ&l to the potential energy lost by the elastic. 

When the stone escapes from the catapult, most of the potential energy 
of the elastic will have disappeared, having been transformed into the 
kinetic energy of the stone. After this a further transformation of energy 
may take place while the stone is in motion. U the stone moves upwards, 
its potential energy will increase, so that there must be a corresponding 
decrease in ita kinetic energy — its speed must slacken. On the other 
hand, if the stone moves downwards, the pot^^ntial energy will decrease, 
BO that its kinetic energy will increase — -it will gain in velocity. 

145. A very important deduction from the principle of the con- 
servation of energy is the following : 

Theorem. If a particle slide along any smooth curve, ieing acted 
on by 710 forces except gravity and the reaction vrith the curve, and 
i/ii,v be the velocities at two points F, Q of its path, then 

v' = u'+2gh, (39) 

where h ig the vertical distance of Q below P, — ie. is the vertical 
projection of the path PQ described by the particle. 

Let hj,, hg denot« the heights of jp and Q above any horizontal 

plane — for instance, the earth's surface. 

Then when the particle is at P its kinetio 

energy is ^ mu', and its potential energy 

is myhp. Thus its total enei^y is 

^ mw* + vtghj,. 

Similarly at Q its total energy is 

^ will* + mghg. 

'"' Since the system of forces acting is a 

conservative system, the total energy remains unaltered. Thus 

J mw" -f mghp — J mi^ + tngh^, 
30 that v'' — u'' = 2g{hf~ h^) = 2 gh, 

proving the theorem. 
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. The theorem of § 145 is clearly true when the particle is 
ascending, in which case k is negative — or if the particle aacenda 
during part of its path and descends during the remainder. More- 
over, the particle may move under any conservative system of 
forces, provided only that the whole potential energy arises from 
the weight of the particle, and the theorem remains true. 

It is true, for instance, of a particle tied to an inextensibla 
etrii^, or of a particle moving freely in j 



J HUppose that a, bicjcliat, 
mes to the top of a. hill of 
ifl And his velocity at the 
■ reBJatance, etc., may be 



To illuBtrate the use of the theorem, let v, 
riding 'with a velocity of 15 miles an hour, c< 
height 60 feet, down which he coasta. Let 
bottom, on the Bupposition that friction, ai 
neglected. 

Taking the top and bottom of the hill to be the points P, Q respectiyely 
. of the theorem just proved, we have, from the data of the problem, 

IA = 60 feet, 
u = 15 miles per hour = 22 feet per Becond. 
Thna, using toot-second units, we haye 
tb 
Tl 



btbat 



= 22" + 2-82-60 = 4324. 
= 66 feet per second, approximately, 
= 45 miles per hour. 



lus tJie velocity of the bicycle, if unchecked by friction, or air resist- 
would be one of about 45 miles pec hour. 



EXAUPLES 

1. An automobile ruTining 40 niles an hour comes to tlie foot of a, steep hill, 
and at the same itistant the engine is shut ofi. To what height up the hlU will 
the automobile go before coming to rest (neglect friction, etc.)? 

2. A laborer has to send bricks U> a bricklayer at a height of 10 feet. He 
throws them up bo that they reach tlie bricklayer with a velocity of 10 feet per 
second. What proportion of his work could he save if he threw them so as only 
just to reach the bricklayer ? 

3. A gim carriage of mass 3 Ions recoils on a horizontal plane with a velocity 
of 10 feet per Becond. Find the steady preesure that must be applied to It to 
reduce it to rest in a distance of 3 feet. 

4. A ship of 2000 tons moving at 30 feet a minute is brought to rest by a 
:r in a distance of 2 feet. Find in tons what pull the hawser has to sustain. 
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5. A bicycle and rider weigh 200 pounds, and, when riding along^Hewl 
road at 26 miles an hoar, the rider suddenly applies a brake which preiHea 
on the Ure with a force equal to the weight of 60 pouuds. If the coefficient of 
friction between the brake and the tire is J, find how far the machine will go 
before coming lo rest. 

6. In the last question, how far will the machine go if, instead of the road' 
bebig level, it ia down an incline of 1 in 20? 

7. A bullet fire<l with a velocity of 1000 feet per second penetrates a bloc 
of wood to a depth of twelve inches. Prove that if it were flred through a boar 
of the same wood, two inches thick, ita velocity on emergence would be aboB 
013 feet per second. (ABsume the realHtance of the wood to the bullet to b 
constanL) 

8. Two equal weights P and P are supported by a string passing over tw 
small smooth pulleys A and B in the same horizontal line, and a wei^ 
W = — P is attached to the middle point of tlie string between A and 1 

Vg 

Prove that ff will continue to descend until JP^lBformH an equilateral triangia 
and examine what will happen afler this. 

9. A string of natural length I and modulus X is suspended between t 
points A, B in the same horizontal line and at a distance h apart, and lias i 
weight W attached to its middle point, The weight W is held at rest midwa] 
between the points A, B, and is suddenly set free. Find how far it will f: 
before being brought to rest by the strings. 

10. A heavy particle hangs by a string of natural length I, which it stretches 
to a length V, the other end of the string being fixed. The particle is pulle« 
down toalengthZr below the point of support, and is then set free. Howhi^ 
wiU it rise ? 

11. Determine the horse power which could be obtained from the ktnetlO 
energy of a river at a place where the width is 100 feel, the mean depth 20 feet 
and the mean velocity IJ miles per hour. (A cubic foot of water weighs fl 
pounds.) 

12. The river of the iast question ends in a waterfall of which the botton 
Is 50 feet below the river bed. Find the horse power which could be obtainai 
from the water, 

13. A locomotive bums 1 J pounds of coal per horse-power-hour. How m 
coal must be burned, beyond tliat consumed in overcoming gravity, friction, < 
in giving to a train of SCO tons a velocity of 56 miles an hour ? 

Stable and Unstable Equilibeium 

147, Let US consider a system at rest in a position of equilibriui 
and capable of moving from this position by only one path, ovt 
which it may, of course, move in either direction. As an illustra 
tion of a system of this kind we may take a locomotive standinj 
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E on a pair of rails, a door turning about a hinge, or a bead sliding 
1 wire. The system is supposed to be acted on by any number 
I of conservative forces, but to be in a position of equilibrium under 
' these forces. 

Let F denote the position of equilibrium, and let (^ be the 

. potential energy when the system is in configuration /*. Let x 

I denote any coordinate which measures how far the conliguration 

I of the system has moved from P — for uistance, returning to our 

former illustrations, x might denote the distance the locijmotive had 

moved along tlie track, the augle through which the door had 

turned about its hinges, or the distance the bead had moved along 

the wire. The value of x will of course be considered [X)sitive if the 

I system moves in one direction, and negative if it moves in the other. 

As the system moves away from its equihbrium configuration 

I P, the value of x will change. The value of if, the potential 

[ energy, will also change, and as it depends only on the value of a; if 

1 the forces are conservative, we may say that If is a function of x. 

By a well-known theorem, we can expand W in powers of ai in 

'"'""^ <£)Mn-- <^°' 

in which the subscript F denotes (as it has already been supposed 
to denote in the case of Wp) that the quantity is to be evaluated 
' in the configuration F. Since the configuration P is supposed to 
j' be one of equilibrium, we have by the theorem of § 135, 



m 



-0, 



FfiO that equation (40) becomes 
W 



-'-in^)/-- 



(41) 



For configurations near to P, 



small, so that the term 



— ^l in equation (41), although itself small, is yet very 
[ large compared with the terms in x', 3?, etc., which follow it. 



Thus, for configurations near to P, we may neglect these] 

terma altogether, and write the equation in the form 



M^); 



(42 



The value of {-^-^) rnay be either positive or negative. 

If it is positive, then JT— HJ is positive whatever the value 
X, 80 that the potential energy W in eveiy configuration near 
P is greater than that in configuration P. In other words, W is 
i at P. 



So also if I 



da? I, 



itive, W—lf^ia negative for all i 



values of x, and we find that W is a Maximum, at P. 

148. Suppose now that the system is placed at rest i 
figuration near to P. This configuration is not one of equilibriiu 
BO that the system cannot remain at rest. To determine the direQ 
tion in which it begins to move, we need only notice that as th 
system moves it acquires kinetic energy, and as thia must, 
§ 143, be acquired at the expense of its potential energy, we set 
that the system will begin to move in such a direction that if 
potential energy will be diminished. 

A glance at equation (42) will show whether this direction i 



towards or away from P. We see that i 



3 positive. 



value of 3? must decrease, so that the motion will be towards 



whatever the value of x. 



Similarly, if (-^;j) is negative, H 
that the motion will be always awj 



value of a? must increase, 
from P. 

We have now seen that if the system is 
juration adjacent to P, the question of whether the motit 
which ensues is towards or away from P does not depend on tl 
configuration in which the system is placed, but depends on tl 



lof ( 



U^A 
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We have seen that if P is a configuration of equilibrium, and 
if the system is slightly displaced from .P to a neighboring con- 
figuration, then 

(a) if (-j-j) is positive, the system, when set free, will return 
a its original position of equilibrium ; 
' W ^ ("Txl ^ amative, the system when set free will move 

rther away from its original position of equilibrium. 

Equilibrium of the first kind is called stable equilibrium ; equi- 

rium of the second kind is called unstable equilibrium. 

We can aummarize the results as follows : 



^^"mi 


Poteidial Energy W 




+ 


maximum 


stable 
unOable 



149. Theorem. Positions of stable and unstable eguilibrium 
r alternately. 

I We can assume that we are dealing only with finite forces, so 
that the function W will always be finite : it can never pass 
through the values fr=±co. It must be continuous, for, by 
hypothesis, the work done in placing the system in any configura- 
tion must have a definite value, so that the potential energy can 
have only one value for a given configuration. Also the differential 
coefficients of the potential energy must be finite, for these measure 
the forces (§ 133) which can have only finite values in any given 
configuration. 

Thus if the graph of the function W is drawn, we see that it 
must consist of portions in which W is alternately increasing and 
decreasing. On passing from a portion in which W increases to 
pe in which it decreases, we pass through a point at which W is 
mum, while in passing from a region in which W decrease^ 
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to one in which it increasea, we pass through a mjoimum. Thus 
maximum and minimum values of fV must occur alternately, oij 
what ia the same thing, configurations of stable and unstabb 
equilibrium must occur alternately. 

150. Examples of these two kinds of equilibrium can be fount 
in the illustrations already employed. 

1 . Locomotive moTuie on a pair of rails. Let h be the height of the ci 
of gravity iu any position, let / denote diatances measured horizontal^ 
along the track, and let M be the mass of the locomotive. The potent 
energy is thea Mgh, The ci 
ditlon for equilibrium in t 
configuration x — is 



- 0, expressing that 1 



Fig, 1 



le of b niuatba either a n 
Theti 

on page 177 shows that il A ia I 

- miDinium, — i.e. if the center a 

gravity ia at its lowest point, — 

the equilibrium will be stable 



Thus, it the locomotive is moved slightly from thia position, it will 
back to it again. If A is a maiimum, — i.e. if the center of gravity is 
ifat highest point, — the equilibrium will be unstable. The locomotive 
now at the summit of a hill, and it displaced to either side of the summi 
will continue Tolling down the hill. 

Note. If the moving parts o( the engine are not " telaDced " properly, the cento* 
of gniyltf may tiot alwaj-a be at the flame height above the raits, so that the maxim 
and minima of h do not DBcessailly occur at points where the height oF the track ia 
maximum or a minimum. For instance, a position o[ equilibrium might occur whei 
the track waa not level, or again a position at stable equilibrium might occur at 
point at which the track was at its highest point, the height of tbe center of gravity 
above the rails lieing of course a minimum at this point. Thus if the engine were d: 
placed to a point slightly lower ou the track, and set free, it wonld return of ftsalf 
the highest point. The principle here is the same as that of mecbanica! toys wl 
on being placed at rest at the toot of an inclined plane, start to roll np the plane : 
IS sat free. 




We notice that positions of stable and unstable equilibri 
mately, as already proved in § 148. 



n must occtd! 



2. Door turning on binges. Here again the potential energy is Mgh, whi 
b the height of the center of gravity of the door above any 



3. Bead sUdins on 

that the bead P slides 
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level. As the door turns on its hinges, its center of gravity describes a 
circle about the line ot hinges. If this line is perfectly vertical, the circle 
described by the center of gravity 
lies entirely in a horizontal plane, so 
that every positioD is one of equilib- 
rium, and the question of stability or 
instability does not arise. If, how- 
ever, the line of hinges is not per- 
fectly vertical, the circle will lie in 
an inclined plane. The points at 
which the height above the standard 
horizontal jJane is a maKimum or 
minimum are two in number : 

P, the highest point of the circle, 
at which equilibrium is unstable ; 

Q, the lowest point of the circle, at which equilibrii 
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wire. To obtain a definite problem, 1 
on an elliptic wire placed so that its major a 
is vertical, and let it be acted on by its weight, and 
also by the tension of a stretched elastic string of 
which the other end ia tied to the center of the 
ellipse. Let a, h be the senii-axes ot the ellipse, and 
let I, X be the natural length and modulus of the 
string, i being leas than h, so that the string is 
always stretched. Let w be the weight of the bead. 
The first step is to calculate the potential energy 
in any configuration. Let the configuration be 
S[>ecifled by the eccentric angle * of the point on 
the ellipse occupied by the bead. The height of 
the bead above the center of the ellipse is then 
a cos*, so that that part of the potential energy 
which arises from gravitational forces is wa cos *. 
The length of the string r is given by 

r'-aicoB^^ + i^sin"*, (o) 

itretcliing the string from length /to length r is (g 118) 



•ir 



This may be taken to be the part ot the potential energy which arises 
from the stretching of the string. Thus the total potential energy will be 



The poHitions of equilibrii 



iiibstitutiiig for r from ei|uation (i 
wu sill* + ^('i"-t-)siu* COS (( 



Rationalizing, we find tlmt roots are given by sin* ^ 0, and also by 

r«w + ^(o* - '''>co8*>l V «"S= * + '<* si"" *) - ^' («" - ^^)' ''OS** = 0, 
which reduces to 



an equation of the fourtli degree 
The roots of sin * = are * 
positions of equilibrium at 



<o that there are always twod 
A', the ends of the major axis. Equatioi 
(e), being of the fourth degree, may hsTB I 
0, 2, or 4 real roots in cob *. The equa- 
tion as it stands has been obtained by 
sijuaring both aides of the equation to 
be satisfied, ami in doing this we haTft' 
doubled the number of roots of the t 
equation. Thus the true equation i 
only be satisfied by 0, 1, or 2 real r 
*=0 ^^T *=3ir ill COB *. la other words, between A a 

Fio. 100 ■'I't o" either side of the wire, there c 

be at most lum positions of equilibrinitij 
It would be a tedious piece of worlt to find the actual values of the roota 
for cos *, and then determine the signs o£ the values of ■ correspond 
ing to these roots. The question is, however, very much simplified t 
using the general theory of stable and unstable configurations. 

put X = in expression (6), we obtain as the potential energy il 



the CI 



a which X is vaniahingly small in comparison with u 



of which the graph is shown in fig. 100. Here there are only two position 
of equilibrium, namely * = and * = ff, the former being unstable (D^ 
and the latter stable (iS). 



STABILITY AND INSTABILITY 



B put lu = in expression (b), we olitain as the poteutial 
aae in wiiiuh ^ is infinitely great in comparison witli w. 



raph of W ii 
nquitibriuni, 



is ahowD in fig. 101 . There are four posi- 



= 0, 



are respectively unstable, stable, unstable, and stable. 

I general case in which X stands in a finite ratio to w is intermediate 

m the two estrenia caseB whiuh haye been considered. The graph 

in the general case can he obtained by compounding the two graplis 

y drawn. To obtain the ordinate corresponding to any value of *, 

iltiply the corresponding orUiuates 

I graphs already obtained by the 

)riate constants, and add. The two 

tea give the two terms of exprea- 

^) separately ; their sum gives the 

alue of W aa required. 

m this geometrical construction it 

ir that * = remains a configiii 

f unstable equilibrium. The co 

:ion ^ = T is also a configuration 

irinin, but may be either 

nations there may be o 

1 j or there may b 

lie configura 




.*-0 
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r unstable. BelTween these two 

e other configuration of equilibrium, as in 

one, as in fig. 100. Since, by g 149, stable and 

ir alternately, it is clear that if the configuratio; 



s stable, there can be no other configuration of equilibrium between 
ad ^ = 0, while if = jt is unstable, there must be one configuration 
ilibrium betweea <p= ir and *■ = 0, and this must be stable. 
■■ stability or instability of the configuration ip = tt accordingly deter- 

the nature of the solution for a given value cif A. This stability or 
ility is in turn determined by the sign of — - at * = n-. To cleter- 
ihis, let us write ir — ^ = e near to * = tf, and neglect tenns smaller 
■- We have, to this approximation, 

sV + i^sin*^ 



^,[■(' 



•■)-']"• 
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It follows that eqiiilibri 



To sum up, there are two ci 



I. 






The only positions of equilibrium i 



and ♦ = »", which are reapeetively unstable and stable. 

Ti.„™ .-g positions of equilibrium ^ = 



n. x>- 



There a 



^ = IT, both unstable, and also an intermediate posttion which ii 
This last position is determined by equation (c). 



Critical and Neutral Equilibrium 

151. If the value of — -j at a position of equilibrium is zero, 

the equilibrium is called critical. So far, we have not discovered 
what happens when a system is slightly displaced from a posi- 
tion of critical equilibrium. 

In general, the value of W in the neighborhood of any position 
of equilibrium can be expanded in the form (cf. equation (41)) 



W=W^n 



i'S 



)/* 



-(^^ 






t important term in the value 
IT— J^ is that in x°, so that we have approximately 

Here f^-- Wp changes sign on passing through x = 0, the co 
figuration of equilibrium, so that the graph of IT is as shown 



(431 



r 
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fig. 102, having a horizontal tangent and point of inflection at P. 

On one side the potential energy is less than at P, on the other 

Bide it is greater. 

I^t Q, Q' be two adjacent configurations on these two sides 
I of P. If the system is placed at Q, it must move so that its poten- 
[ tial enei'gy decreaaes, and therefore moves away from P. If it is 
ced at <^', for the same reason it must i 

at first towards F, but it will move beyond P 
[ and will then continue to move away from P, , 
I — for it cannot come to rest until its potential 
I Miergy is again equal to that at Q', and this " 

r- cannot happen in the neighborhood of P. Thus *^''' ^^ 

if the system starts from any configuration in the neighborhood 

of P, it will ultimately be moving away from P. In other words, 
1 tJie equilibrium is unstable. 

Thus if -—J = at P, the equilibrium is, in general, unstable. 

An exception has to be made when -^-^ = ; for then we have 



dx* 



w-i»J-A 



.^M^\ 



\<"fh 



This case may be treated as in § 148, and we find that the 
f equilibrium is stable or unstable according as / -—^ 1 is positive 
Lot negative. ^ ''' 

152. Higher degrees of singularity may be treated in the same 
ra.y, and we easily obtain the following general rules : 

f the first differential coefficient vikich does not vanish is of odd 
; the equilibrium is unstable. 

f the first differential coefficient which does not vanish is of even 
; the equilibrium is stable or unstable according as this differ- 
ial coefficient is positive or negative. 

It ia possible for all the differential coefficients to vanish, in 
fehich case the problem is best treated by other methods. 
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For instance, if the potential eoerg)' is of the form 

it will be found that all the differential coefficients vanish i 
configuration given by a: = 0. On drawing a graph of the functioi 
W it appears that the equilibrium is stable. 

it may be that all the differential coefficients of W vai 
because W is a constant throughout the whole of a range sui 
rounding the configuration under consideration. If this is i 
the system may be displaced, and there will be no force tendi 
to move it from its new configuration — every configuration 3 
one of equilibrium. Equilibrium of tliis kind is called iieutra 
equilidrium. 

A case of neutral equilibrium has already occurred in Ex. 2, p. 179, - 
door free to swing aViout a vertical line of hingtia. A Becond case is t 
of a sphere rolling on a horizontal plane. 

Systems "possessing Several Degrees of Freedom 

153. So far we have considered only systems which are limitec 
to moving through a single series of configurations — systemw 
with only a single d^ree of freedom. The determination of th» 
stability or instability of a sj'stem having more than one ( 
of freedom is a more complex problem. 
_ . If the potential energy is absolutely a minimum iu a positiiH 
of equilibrium, so that every possible motion involves an increase 
of potential energy, then the equOibrium is stable. This obviously 
can be proved by the same argument as has served when there iB 
only one degree of freedom. ^| 

If the potential energy is not an absolute minimum, — that jH 
to say, if displacements are possible in which the potential ener^H 
decreases while moving away from the position of equilibrium, -^B 
then the configuration is one of unstable eqmlibrium. This will bfl 
proved later. It cannot be proved by the methods used in this chap3 
ter, and so we defer the question until later (Chapter XII). I 



EXAMPLES 



GENERAL EZABIFI,E3 



1. Prove that the horse power c 
uice of if pounds at a speed of S n 



ftd engine which 
ile« an hour is 



■its ^375. 

2. A train weighing, with the locomotive, 500 tons ia kept moving at 
the uniform rate of 30 miles an hour on the level, the resistance of air, 
friotjon, etc. , being 40 pounds per ton. Fimd the horse power of the engine. 

By how much must this horse power be increased if the rate is to be 
maintatiied while water ia taken up from a trough between the rails to the 
amount of 2D pounds per foot parsed over, the height to which the water is 
raised above the trough being 10 feet, and the kinetic energy imparted to 
the water in the trough, as well as that of the motion of the water taken up, 
relatively to the tank, being neglected? 

3. The sides of a conical hill are of anch a shape that a given mass will 
fust rest on them without slipping. A man wishes to move this mass from 
a point at the base of the hill to a second point diametrically opposite to 
the first. Show that the work of dragging it over the hill is less than the 
work of drawing it round the base of the hill, in the ratio 2 : ir. 

4. Show that the work a man does in dragging a weight up a hill from 
% given point A to the summit B depends only on the positions of A and 
B, and is independent of the shape of the hill, provided he keeps always 
in the vertical plane through A and B. 

G. A catapult is made by tying the two ends of a piece of elastic, natural 
length a, modulus of elasticity \, to the two prongs of a forked piece of 
wood, distant I apart, I being greater than a. A stone of mass m is placed 
at the middle point of the catapult, and is drawn baek until the string is 
stretched to double its natural length. If it is then set free, find the 
velocity with which it will leave the catapult. 

6. If, in the last question, the stone is projected vertically upwards from 
the catapult, find the height to which it will rise before coming to reat. 

7. A necklace of mass m is made of beads threaded on a light string of 
modulus X. It is held in a horizontal plane, with the string unstretched, 
resting on the surface of a smooth right circular cone of semivertical angle 
a, of which the axis is vertical. If the necklace is let go, how far will it 
slip down the cone before coming to rest? 

8. A fly wheel is of radius 2 feet 6 inches, and the weight of the spokes, 
etc., may be neglected in comparison with that of the rim. It is rotating 
at the rat« of 250 revolutions per minute about a fixed axle, which is 
8 inches in diameter, the coefficient of friction between the wheel and asle 
^ing A- If it is left to itself, find how many revolutions it will make 
before atoppiug. 
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9. A spder hangs from the ceiling by a. thread of modulus of elasticil 
equal to its weight. Show that it cau climb tu the ceiling with an eipeni 
ituTB of work equal to only three quarters of what would be required ; 
the thread were inelastic. 

10. A fine thread having two masses e^ch equal to P auapended at il 
ends is hung over two smooth pegs in the same horizontal line, dii 
2 a apart. A mass Q is then attached to the middle point of the portion c 
the string between the pegs and allowed to descend under gravity. Sho' 
that its velocity after tailing a depth x will be 



V{- 



Q{x^ + a') + 2 Px^ 

11. Assuming that tlie attraction of the earth on a body outside the 
earth falls ofi inversely as the square of the distance of the body from 
earth's center, find with what velocity a shot would have to be fired ' 
ttcally upwards from the earth's surface ao as never to return to the ef 
ataU. 

12. A steam hammer of weight 90 tons is pressed down partly by its 
weight and partly by the pressure of steam in a vertical cylinder acting 

a piston whicli moves with the hammer. The area of the piston is 4 square 
feet, and the steam pressure is 225 pounds to the inch. If the hammer 
raised a height of 2 feet above its block, and set free, find the velocity with 
which it wili strike the block, 

13. The ends of a uniform, rod of length I are connected by a string of 
length a which is placed over a smooth peg. Show that the rod can on]^ 
hang in a horizontal or vertical position, and examine the stability 
instability of these positions. 

14. Two equal uniform rods are rigidly jointed in the shape of the let 
ter L, and [ilaced astride a smooth circular cylinder of radius a. Find 
the smallest length of the rods consistent with stability of equilibrium, the 
rods being constrained to remain in a vertical plane perpendicular to tha^ 
axis of the cylinder. 

15. A cube of stone of edge a rests symmetrically and with its 
horizontal on a rough circular log of diameter b. Show that the equilibn 
cium ia stable or unstable according as ft > or < a. 

16. A rocking atone rests on a fixed stone, the contact being rough, 
the common normal at the point of contact being vertical, H p, p' 
the radii of curvature of the surfaces of the two stones at the point o£' 
contact, and if h be the height of the center of gravity of the movable stone, 
show that the equilibrium of the rocking stone will be stable or unstable. 
according as ^ ^ j 



I 
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17. A ladder of length h and weight w stands in a. vertical position on 
I B rough floor, an elastic string beiirg tied to its topmost point and to a 
r point in tlie ceiling at a height b above the floor, its tension being T. Show 
P.tbat the equilibrium is stable or unstable according as 

18. If the tension in question 17 is equal to w(b — k)/2b, determine 
"whether the equilibrium is stable or unstable. 

19. If in question 14 the rods are of the critical length which separates 
stability from instability, sbovi that the equilibrium is neutral, so that the 
rods can, within certain limite, reut in any position in the plane perpen- 
dicular to the axis of the cylinder. 

20. Show that the rods in the last question are in stable equilibrium 
as regards displacements in which the plane of the rods rotates about a 
vertical axis, and find the couple required to hold the rods in a position in 
which the plane makes any given angle fl with the axis of the cylinder. 

21. Find the smallest length of the rods in the last question, in order 
that the equilibrium may be stable for all [tossible display; enienta. 

22. The radii of curvature at the blunt and pointed ends of a hard-boiled 
egg are a and 6 respectively, and the egg can just be made to balance on 
its blunt end when stood on a rough horizontal surface. Show that it can 
be made to balance on its pointed end if stood inside a hemispherical basin 
of radius less than bfc ~ a'l 

c-b-a' 
■where c is the longest asis of the egg. If the radius of the bafiin is just 
equal to the critical length, would the equilibrium be stable or unstable? 

23. A, B, C are three equidistant smooth pegs in the same horizontal 
line, and a heavy uniform string has its ends tied to A, C, and is looped 
over S. Show that there may or may not be a position of equilibrium in 
which the two catenaries AB, BC are unequal, and that if there is such a 
position it will be stable. 

Show also that the position of equilibrium in which the middle point of 
the string is at B is unstable or stable according as an unsymmetrical 
Jiositioil of equilibrium does or does not exist. 



CHAPTER VIII 
HOTIOH OF A PAKTICLE UNDER CONSTAUT FORCES 



154. The simplest case of motion of a single particle occurs 
when the particle is acted upon only by constant forces and moves 
in a straight line. 

If P is the component force in the direction of the motion o( 
the particle, there will, by the second law of motion, he aa 
acceleration / given by 

P = vif, 

where vi is the mass of the particle. Since the forces are, by 
hypothesis, constant, the acceleration / is also constant. 

Let the particle start with a velocity u, and move with a coti- 
stant acceleration /. In time t the increase in velocity is ft, 
that, after any time (, the whole velocity is it +/(. Denoting this 
velocity by v, we have 

v = „+/l. (44), 

ds 
By definition, v is equal to — > where s is the apace describee^ 

from the beginning of the motion. We accordii^ly have 

an equation giving the rate of increase of s at any instant Integrat- 
ing, we obtain 

s = ut + ye, (4^ 



no constant of integration bei 

described at time i = has to t 

By equation (44), u = v —ft. 



ig needed, because the distance 

■ 0, from the definition of s. 

that equation (45) can be written 

»'-*/<•• (46) 
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) gives the distance described in time t, when we know the 
velcMjity v with which the particle arrives at the end of its 
journey. 

Combining equations (45) and (46), we have 

8 = ^{ii + v)t, (47) 

showing that the space described is the arithmetic mean of ui and 
vt : the former is the space that would be described if the particle 
maintained its original velocity m through the whole time ( ; the 
latter is that which would be described if the particle had its final 
velocity throughout the whole time. 

Combining equation (47) with equation (44), which can be 
written in the form 

ft = {v — u), 

we obtain, on eliminating (, 

2/. = „'-,.■, (48)1 

an equation connecting the space described with the initial and 
final velocities. 

This last equation may also be deduced from the equation of 
energy. Since the work done on the particle is equal to the change 
in its kinetic energy, we have 

Ps = \ 7m^ — J- mu", 

and since P = ntf, equation (48) follows at once. 



Body falling under Geavitt 

155. The simplest application of these equations is to the 
motion of a body which is allowed to fall freely under the influ- 
ence of gravity, so that the acceleration is f). 

If the body start.s from rest, we put w = 0, aud measure s 
vertically downwards. We find from equation (45) that after 
time ( the body has fallen a distance i^gH', while its velocity 
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is/if. After folliug a distance h its velocity is, by equation (48), 

equal to VS gh. This is frequently spoken of as the "velocity 

time ^^^ ^^ ^ height h." 



We notice that the distance 
fallen varies as the square of the 
time during which the body has 
been falling. In fig. 103 the 
time is measured horizontally, 
while the distance fallen is 
measured vertically. The thick 
curve gives a graphical repre- 
sentation of the distance fallen. 
Denoting the horizontal dis- 
tance by X and the vertical by 
y.wehave « = (, y = ^^('.aothat 
Fia. 103 

156. This is the equation of a parabola, so that the curve is a 
parabola. The graph can be obtained experimentally by a method 
known as Moriii's method. A we^ht 
P is free to fall vertically in a slot 
formed in a rod AB, and is arranged 
so that, as it falls, a pencil attached to 
it makes a mark on a drum CD which 
is covered with paper. Tlie drum is 
made to rotate uniformly. On unroll- 
ing the paper from the drum we obtain 
the graph of fig. 103, — for the hori- 
zontal distance is proportional to the 
time, while the vertical is the 
fallen through. The fact that the 
obtained in this way is accurately a 
parabola gives experimental confirma- 
tion of the fact that motion under gravity 
Jorm acceleration. 
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157. If the body is projected vertically upwards with velocity 
m-it, we may measure the distauce s vertically upwards, and the 
eleration in this direction will be — '/. Thus we have 






irhere s is the distance upwards described after time t, and v is 
^e upward velocity. From the first equation we see that s = 

; only when ( = 0, but also when t = Thus the particle 

a to its original position after time 2 u/g. When s = the 
d equation shows that u" = ir'. Tiius when the particle returns, 
s velocity is the same as when it started. Clearly this must be 
(o, for the potential energy is the same, and therefore the kinetic 
nei^ also is the same. 

EXAUFLES 

.11 express train is doubied, the first half being given 5 minatea' start, 

I and attaining its maximum booked speed o£ 48 miles an hour after moving with 

t acceleration for a mile, prove thoit the tno halves will run about i 

miles apart, but the first half will have gone 8 miles before tlie start of the 

second tiiiif. 

2. A train passes another on a parallel track, the former having a velocity 
_- of 45 miles an hour and an acceleration of 1 foot per second per second, the 

ffttter a velocity of 30 miles an hour and an acceleration of 2 feet per second 
ir second. How soon will the second be abreast of the first again, and how 
IT will the trains have moved in the meantime ? 

3. A body is dropped from a balloon at a height of TO feet from the ground, 
its velocity on reaching the ground, if the balloon is (a) rising, fb) falling, 
a velocity of 30 feet a second. 

A stone is dropped inlo a well, and the sound of the splash reaches the 
p after 9 seconds. Find tlie depth of the well, the velocity of sound being 
feet per second. 

5. An elevator descends with an acceleration of 6 feet per second persecond 
ts velocity in 20 feet per second, after which its velocity remains uniform. 

After it has been in motion for 6 seconds, a stone is dropped on to it from the 
point at which the elevator started. How soon will it strike the elevator? 

6. A juggler keeps three balls going with one hand, so that at any instant 
be air and one in his band. If each ball rises to a height of 4 feet, 

low that the time during which a ball stays in his hand is j second. 
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7. A body was observed to take ( seconds in falling past a hatchway to tha 
bottom of ft hold h leel deep. Prove that it tell 



and struck with velocity 



I'Q.-l')'" 



- -gt feet per si 



8, A chain 12 feet long hangs from Its upper end. If this he released, find 
the time the chain will take iti passing a point QO feet below the initial poBitioD 
of the highest point. 

9. A body whose maas is 6 pounds, moving with a speed of ISO feet pet 
second, suddenly encounters a constant resistance equal to the weight of 
\ pound, which lasts imtil the speed is reduced to OQ feet per second. For 
what time and through what distance has the resistance acted ? 

10. Two wagons, coupled together, are pulled along a horizontaJ track by 
a steady force, and move over 100 feet In the first ten seconds from rest. Tha 
rear wagon is then uncoupled, and it is found that at the end of the next tea 
seconds the interval between the two wagons is 150 feet. Compare the mosses 
of the two wagons, all resistance being neglected. 

11. A balloon of weight W is rising with acceleration /. If a weight v> of 
sand be emptied out of the car, find the increase in the acceleration of the 
balloon, neglecting the resistance of the air and the buoyancy of the sand. 



Motion on an Inclined Plane 

158. Suppose we allow a particle to slide down an inclined 
plane, the contact between the two being supposed perfectly 

P smooth. If m ia the mass of the par- 

ticle, the forces acting on it are its 
weight mg, and the reaction B normal 
to the plane. The component down the 
plane is mg sin a, so that the particle 
moves with uniform acceleration g sin a. 
We can obtain the distance described 
in the time t from the ustial formulse. 

If the particle starts from rest, the distance described in time ( 

ia \gsaia- (°. 

159. Suppose that through a point we have a great number of 
smooth wires on which smooth beads are free to slide. Let these 
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3 make all possible angles with the vertical, one of them, 00', 
being vertical. Let us imagine that the beads are all collected at 
and are set free simultaneously. o 

After time (, let the bead which is 
falling vertically be at P, and let the 
bead which is falling along a wire 
inclined at an angle j8 to the vertical 
be at Q. This latter bead moves with | 
acceleration^ cos j8. Thus OF = iy(^ 
while OQ = \g cos jS ■ i'. Hence 
0©=0i'cos;9, and therefore OQP 
is a right angle. It follows that Q 
ia on the sphere constructed on OP 
as diameter, and obviously the same 
will be true of every other bead. ^ 

Thus at any instant all the beads *'"'■ ™ 

will be on a sphere of which ia the highest point, and of which 
the lowest point ia at a distance \(jt^ below 0. Hence as the 
motion proceeds the beads will appear to form a sphere which 
continuaUy swells out in size, the highest point appearing to 
remain fixed at 0, while the lowest point appears to fall freely 
Q under gravity. 

160. This imaginary experiment 
indicates a way of solving a prac- 
tical problem. Suppose we wiah 
to place a smooth plane or wire in 
such a position that a particle vrill 
pass down it from a fixed point 
to a given fixed 8urfaj:e in the least 
time possible. Let us suppose that 
we fix the apparatus of wires and 
beads at 0, that we set the beads 
free simultaneously, and watch the 
increase in size of the sphere which 
they form Aa soon as the sphere 
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reaches such a size that it touches the fixed surface at some poii 
P, one of the beads has arrived at this surface and, moreover, h 
arrived in shorter time than any of the others. Thus it has foiu 
the quickest path from to the surface. This path is OP, ai 
we can now fix the path without performing the experiment, fron 
the knowledge that a sphere drawn so as to have aa its highei 
point, and to pass through P, must touch the surface at P. 

In the same way, if we wish t 

lind the quickest time from a surfao 

to a fixed point below it, we hav 

to find a sphere which touches tin 

surface at some point P and has fo 

its lowest point Then PO will be (^ 

path required. For it is seen at ono( 

that the time down all the chords c 

this sphere which pass through i 

'^ the same, so that the time down Pi 

^^- ^^ is equal to the time down any othe 

chord QO, and therefore less than the time down the complet 

path Q'O from the surface to O, of wliich the chord QO is a p 



ILLUSTRATIVE EXAUFLE 



A Bhip stands some distance from its pier, 
and it is required to place a chute at some point 
of the ship's side, so that the lime of aUdiTig 
down the chute on to the pier may be as sAorf 
as possible. 

Clearly the lower end of the chute must just 
rest on the nearagt point O of the pier, and the 
problem reduces U) that of drawing a sphere to 
have O as its lowest point and to touch the ship's 
side. Assuming the ship's side to be vertical, 
the tangents to this circle at the ends of the 
chuto must be horizontal and vertical ; whence it 
is easily seen that the chute must be placed so 
that it makes an angle of 46° with the vertical. 
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1. A body is projected witli a velocity of 20 feet per second up an inclined 
{ilane of angle 45°. Find how high up the plane it will go, and how long it will 
take in going up. 

2. Two particles elide down the two faces of a double inclined plane, the 
angles being a and ^. Compare the times they take to reach the bottom, and 
the velocities they acquire. 

3. A body is projected down an inclined plane of length I and height A, from 
tJie Hummit, at the eaniQ instant as another is let fall vertically from the same 
point. Prove Chat if they strike the base at the same time, the velocity of 
projection of the first must be 

I \2h 

4. Give a construction for flnding the line of quickest descent from a fixed 
point to a circle in the same vertical plane. 

5. Particles are sliding down a number of wires which meet in a point, all 
having started from rest simultaneously at this point. Prove that at any instant 
their velocities are in the same ratio as the distances t^ey have described. 

6. A railway carriage is observed to run with a uniform velocity of 10 miles 
an hour down an incline of 1 in 260, and on reaching the foot of the iucliae 
runs on the level. Find how many yards it will run before coming to rest, sBsum- 
ing tlie resistance to be constant and the same in each stage of the motion. 

7. Prove Uiat if a motor car going at 100 kilometers an hour can be stopped 
in 200 meters, the brakes can hold the car on an incline of about 1 in 6 ; and 
determine the time required to stop the car. 

8. A carriage weighing 12 totis becomes uncoupled from a train which is 
running down an incline of 1 in 260 at a raW of 40 miles jier hour. The fric- 
tional resistance is 14 pounds weight per tim. Find how far the carriage will 
go before coming to rest, 

9. The pull of the locomotive exceeds the ordinary resistances to the motion 
of a train by -^ of ils whole weight ; and when the brakes are full on there is a 
total resistance of ^ of its whole weight. Find the least time in which the 
train could travel between two stopping stations on the level 3 miles apart 

10. In the last question, find the time if the track is down a gradient of 
^InlOO. 

H Atwood's Machine 

161. It is difficult to measure the acceleration produced by 
gravity from direct observations on a body falling freely, because 
either the distance fallen must be very great or else the time 
of falling very small. These difficulties are to some extent obviated 
in a machine designed by Atwood. 
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If a string having two equal weights attached to ita ends is placed 
over a smooth vertical pulltiy, so that the weights hang freely, it ii 
obvious that there will be equilibrium. If the weights are u 
equilibrium cannot exist. Id Atwood's machine the difference 
between the weights is made small, so that tlw 
motion is slow and is therefore easily measured. 
Ijet ■»!,, mi, be the masses of the weights, 
of which the former will be supposed to be thft 
greater. When set free, let us suppose thatj 
|/ the former descends with an acceleration /I 
^ Regarding the string as inextensible, the second 
mass must ascend with an acceleration /. 

The string will be treated as weightless, e 
that the mass of any element of it may be dia- 
regarded. The second law of motion accordingly shows that the 
resultant force acting on any element must vanish. Thus the forcefl 
acting on the string must be in equilibrium (even although th» 
string is not at rest), and it follows, as in § 64, that the tensicn 
must be the same at all points, say T. 

The forces acting on either mass consist of its weight acting 
downwards and the tension of the string acting upwards, Thuti 
the residtant downward forces on the two masses are respectivetf 
m^g — T and m.,y — T. The equations of motion tor the two u 
are accordingly m^g — T = mj, 

If we eliminate T, we obtain 

giving the acceleration. On eliminating /, we obtain as the value 
of the tension 

T= -■-'■f-' y. /5OV 

Cleariy, if m, is nearly equal to m,, the acceleration will be amajl. 
instaace, if the weights are 100 and 101 grammes, we find that 
f ~ aJiff = 0.16 feet per second per aeoond. 
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An acceloratiau of this sioallneaa could easily be measured ; for instance, 
1 heavier niaas would only descend eight feet in ten seconds. In prac- 
tice, the difficulty arises that if the difference of the weights is made too 
small, the forces acting on the pulley are ho evenly balanced that their 
iSerenQe is not sufficient to overcome the fricUou of the bearinga, etc. 

Motion refehhed to a Moving Frame op EErERENCB 

162. It has already been seen (§ 25) that the second law of 
■motion remains true when the motion is measured relative to a 
frame of reference which is not at rest but is moving with a uni- 
, form velocity. It is easy to find how the statement of this law 
must be modified when the frame of reference moves with a known 
acceleration. 

Let a he the acceleration of the frame of reference, let/ be the 
■ component of the acceleration of a moving particle in the direction 
of the acceleration a, and let P be the component in this direction 
of the force acting on the particle. By the second law of motion 

P = m/', (51) 

where /' is the component acceleration referred to a frame of refer- 
ifence at rest. The acceleration/' may, however, be regarded as com- 
jKiunded of the acceleration / of the particle relative to the moving 
frame of reference, together with the acceleration a of this frame 
Native to one at rest^ Sinc^ these accelerations are all in the 
fame direction, we have f = f-\- a,m that equation (51) becomes 
P=m(/+»). 
We can also write tliis in the form 

P~m,a = mf, (62) 

diowJng that tilt motion is the same as if the frame were at rest, 
vided ve imagine the force P diminished iy an amount ma. 
This r^ult can easily he interpreted physically. Of the force P, 
i part eq_iial to ma is used up in causing the particle to keep pace 
pith thajiioving frame of reference. It is only the remaining part, 
Vhich is available for producing accelerations relatives to 
iie morag frame. 
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163. Frame moving with vertical acceleratioa. If the frame 
of reference moves with an acceleration a vertically downwards, 
we see that before measuring accelerations relative to this frame, 
we must suppose the vertical component of force on each particle 
of mass m to be tUminished by via. Whatever forces are acting, 
there will be amongst thorn the we^hts of the particles mcf, etc 
We can conveniently suppose the diminution ma to be taken 
from these, so that the weight of a particle, instead of being 
taken to be mg, will be taken to be m(y ~ a). 

Thus the acceleration of the frame of reference may be allowed 
for by supposing the acceleration due to gravity to be diminished 
from g to g ~ a. 

For example, it an Atwood'a machine is placed in an elevator, then at 
the itistatit at whiuh the elevator has an upwarii acceleration a, the accel- 
eration of tlie masses relative to the machine will be (cf . equation (49)) 



while the tenaion of the string will be (cE, equation (50)) 

164. Effect of earth's rotation on the value of g. As we have 

seen (§ 25), a frame of reference which is lixed relatively to the 
earth's surface possesses an acceleratioa 
in consequence of the rotation of tlie 
earth about its axis. 

Let 00' be the earth's axis, and let 
P be any point on the eaith's 
in latitude X. Regarding the, earth aa s 
sphere of radius a, the point P will de- 
scribe a circle of radius a coaX having 
its center N on the earth's axi|S. If i; ia 
the velocity with which P detjcribes the 
cm3le, the acceleration of P J^, by § 12, 
- towards the center of the circle, — La along P.'N. 
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Let (D be the angular velocity of tlie earth, — i.e. let it turn through 

1 radians per unit time. Then the time of .P describing a com- 

lete circle is the same as the time required for the earth to perform 

I complete revolution, namely — - ■ This time is also 

Hence we have 

V = aw cos X. 

The acceleration of the frame of reference is now seen to be 

— = oi^a cos X 

a cosX 

Ellong PN. The motion of any particle referred to a frame moving 
1 P may accordingly be calculated as though with reference to 
i fixed frame, provided the component of force in the direction 
RjPJVis diminished by ma'a cosX. 

Thus the total force acting may be supposed to consist of the 
forces which actually do act, combined with a force ma'a coa X 
along NP. Compounding this last force with the earth's attrac- 
tion, we obtain a force which may be called the apparent force of 
gravity at P. Thus the motion of the frame of reference may be 
allowed for by using the apparent force of gravity in place of the 
e attraction of the earth. It ia this apparent gravity which is 
termined experimentally, and which is always meant ii 

B weight of a. particle at any point. 
., "'o find the apparent weight of a 
)ody at the point P, we have to com- 
)ound its true weight, say mG acting 
along P C, with a force mwV cos X along 
Let the latter force be resolved 
into its components lp,o. 112 

— mto'a cos" X, mw'a cos X sin X 
idong PC, PT respectively, PT being the tangent at P. 

Compounding with the force mG along PC, we find for the com- 
nnents £, Y of the apparent weight along PC, PT respectively, 
X=m{G - <!>"« eos'X), (53) 

1^= moi^acosXeinX. (54) 
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Squaring and addiug, and denoting the apparent weight, as usi 
by mg, we obtain 

mY = X*+ Y^ = m'{(?' — 2<u"m(J cos'X+ wVcos^X). (51 

Taking the diameter of the earth to be 7927 miles, and t^ 
value of G (the acceleration due to gravity at the North Pole 
to be 32.25, we easily find that 

29' 

The square of this is so small that to a first approximatioii 

may be neglected, and equation (55) may be written in the form 

g = G — ai*a cos^X. 

Thus the apparent weight in latitude \ ia less than the t 

weight by mca'a cos' \, or about jj-j cos' \ of the whole weight. 

The apparent weight does not act along the radius CP. If ^ 

suppose it to act at an angle with thia radius, we obtain, fnH 

equations (53) and (54), 

. a ^ f^f^ COS X sin X 
tanp = — = 1 r— 

X G — wacos^X 

~ 2"tu" "^^ ^ ^^ ^1 approximately, 
giving the deviation of the plumb line from the earth's radius 
any point. 

Frictional Reactions between Moving Bodies 
165. It ia found eiperimentally that the relation 
F = fJ.R 

(in which F, Ji are the tangential and normal components of the 
reaction between two bodies) remains very approximately true 
when the bodies are sliding past one another. The value of /i, 
the coefficient of friction, is not quite the same aa when the 
bodiea are at rest, the latter being always somewhat larger. 

Friction between two bodies which are sliding past one am 
ia called dynamical frietion, that between two bodies at rest 
■ called statical friction. 
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ILLDSTRATIVS EXAMPLES 

1. Two particles of masms iiii, mi are placed on two inclined planes of angla 
a, p, placed bach lo bai^k, and are connected by a airing lokick passes over a smooth 
pulley at the lop of the planes. If the co^cients of frkiioii, fietioeen the particles 
and the planes are m, iii,find l/ie resaiting motion. 



If motion occuis at all, ooe particle, say mj, 
the otlier, mj, will move up. Since the string 
of eacliwill be the same, say/ in the direction 

The forces acting on the 
first particle are 

(a) itfl weight mig ver- 
tically down ; 

(b) the tension of the 
string, say T, up the plane ; 

(c) the reaction with 
the plane. Let this he re- 
solved into components E, 
p,B sormal to and up the 
plane. 

Since the particle m; has no acceleration normal to tlie plam 
of the resultant force iii tliis direction must be zero. Reaoiving 



uat move down ils plane, while 
inextensible, the acceleration 
which motion is taking place. 




I 111 is direction 



e obtain 



R — ntiQ cc 



1 = 0. 



Seaolvlng down the plat 



I 

^Hhd if WG eliminate the unknown 

H Bi,fl(sina-ncoaa)-r. 

^B A similar equation can be obtained for the 

^MKnely 

^m^ -"IS (anp + ^ Qosp) -T = 

^^^ Solving equations (a) and (6) for/, we obtain 



■if. 



n of the second particle. 



_ m, (si! 



") - mi (sii 



giving I he acceleration. 

If this valoB of/ comes 
in the direction In which n 

It the system starts froi 
be impossible, and u 



Lt negative, we see that the acceleration cannot be 
^ion has been assumed to take plaee, 
rest, motion in the direction assumed is found to 
e whether motion in the opposite 



s possible. If tbis also Is found to be impossible, the s 



u will 
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If, however, the syBtem is known to have been started in motion in the direo 
UoD aBHUmed, then the acceleration given bj equation (c) will be in operation, 
increasing the velocity if poaitive, and decreasing it if negative. In the lutter 
case the BfHtem will in time be reduced to rest, and we must then examine 
whether or not it will start into motion in the reverse direction, 

Z. To one end of the liring of an Almood't viachine a weight of mass vii in 
attached. To the olfter end a smooth pulley of mass mj is atlaehed, over whirh 
paasai a string with maaset mj, m, hanging at its ends. Find the motton. 

Let the mass mi be supposed to have an acceleration/, measured downwaids. 
Tlieri mi luiiat have an acceleration / upwards. The masses mi, m^ will them- 
selves form an Atwood's machine, the whole of which 
moves upwards with an acceleration/. Thus the ten- 
sion hi the string of this machine, say Ti, is (cf. § 103) 




If we denote the tension in the string connecting 
and mt b; T^, we have as the equation of motion of 



mi 



while tlie equation of 



Eliminating Ti and T^ fi 
raloe of the accele ration/. 



i T, = mtf, 

mig - Tj = mi/, 
equations (a), (b), and (c), we obtain a 




3. At equal intervals on a horizontal circle n small smooth rings are fixtd, 
and an endless siring passes through them in order. If the loops of Hie string 
bdvieen each consecutive pair of ring* support n pulleys of masses F, Q, E, ■■• 
respectijidy, the portions of string not in eunCoct with the pidleys being verticiU^ 
show that the puUej/ P loili descend with acceleration 
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The tenHion of the atriog must be the same throughuut, say T. If the acc»l- 
18 of the pulleys are/j", /g, ■ - ■, all measured down, we have equationa 
ion of the type 



Pg- 



= Pfr, 



le equation for each pulley. The unknown 
lantity T enters these equations, as well as 
n unknown quantities /p, /q, ■ ■ ■ , Thus 
B are n + 1 unknown quantities, and ho 
I only n equations connecting them. An- 
other equation is therefore required, and this 
is obtained by noticing thnt the accelerations 
fpi /q, ■ ' ■ cannot be independent, for the 
length of tlie string must remain unaltered. 

I denote the depths of P, Q, ■ • ■ below the horizontal ring by sp, Sq, ■ ■ 

IF + IQ+--- 

oat be constant throughout the motion. It followa that 
/p+/q + --- =0. 




Substituting the values of fp, fq, ■ ■ ■ from 



equation (a), we obtain 



('-p)+(»-^) + 



substituting this value for 2 T 



Q 

1 equatior 



e obtain the required 



SXAMPLES 

1. Show that the tension of the string in an Atwood's machine is intermediate 
wtween the weights of the two masses. Show also that it is nearer to the 
mailer than to the larger of these weights. 

2. Two weights 1(1 and 14 ounces respectively are connected by a light inex- 
' tensible string which passes over a smooth pulley. T)ie weights hang with the 

strings vertical and the string is clamped so that no motion can take place. If 
the string is suddenly unclamped find the cliange in the pressure exerted on the 
pulley. 

3. A string passing across a smooth table at right angles to two opposite 
IS has attached to It at the ends two masses P, Q which hang vertically, 
e that, if a mass JIf be attached to the portion of the string which is on the 

Ible, the acceleration of the system when left to itself will be 



^-g g. 

p+q+m" 
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.4. Two masses m, m' are tied to the twoendBof a atringwhioh isalungOT 
a. peg, as in an Atwood'a macUine. The peg is not amooth, the angle of frictii 
between it and the string l>eing i. Find the motion. 

5. In question 3, let the coefficient of friction between the table and & 
weight M he li, that between the table and string being it'. Find the motla 

6. A rope hangs over a smooth pulley. Find the uniform occeleratii 
with which n man weighing 10 stone must pull himself up one end of H 
rope, for the rope to be kept at rest by a weight of 12 stone hanging fron 
the other end. 

7. A monkey ia tied to one end of the string of an Atwood's machine, I 
otJier end having attached to It a weight exactly equal to that of the munk< 
and at just the same depth below the pulley. The monkey suddenly starta 
climb up his string. Which will rise the faster, the monkey or the weight o 
Oie other string ? 

8. Weights of 10 pounds and 2 pounds, hanging by vertical strings, bal 
on a wheel and axle. If a mass of 1 pound be added lo the smaller weight, f 
the acceleration with which it will begin to descend, and the tension of et 
rope. (The inertia of the wheel and axle is to be neglected.) 

9. A mass of 5 pounds resting on a smooth plane inclined at 80 degrees b 
the horizon is connected by a fine thread, which passes over a pulley at tl 
summit of the plane, with a mass of S pounds hanging verticaliy. Compare tl 
pull In the thread when the mass on the plane is held fixed and when It la li 
go. If the thread is severed or burnt 8 seconds after this mass hnn been let gi 
find how far it will rise on the plane before falling back. 

10. A light thread passes over two fixed pulleys A and B, and carrii 
between them a movable pulley block C, under which it passes. A mass Jf i 
attached to each end of the thread, and a mass m to the movable block. Tli 
masses of the pulleys are negligible, and the pulleys are so arranged that a 
the aegmenla of the thread are vertical. Show tliat, when the system ia let p 
the tension in the thread ia mJVf/(M + ^ tn) pounds, and find the acceleratiol 
with which the mass m falls. 

11. An elastic band of ta&sa m, natural length a, and modulus X is plaoea 
round a rough horizontal wheel of circumference 6 (> a). How fast must the 
wheel be made to rotate for the band to leave the wheel P 

12. The elastic band of question 11 ia placed on a smooth sphere of olrcnm- 
ference b rotating with angular velocity u. Find the position of rest. 

13. If the earth rotates faster and faster until ultimately bodies fly ofl from 
Its equator, show that by the time this stage is reached the plumb line at any 
point will be parallel to the earth's axis. 

14. A body ia placed on a spring balance when in a ship which is ai 
along the equator with velocity n. Show that if the balance weighs acouratd 
when the ship is at rest, its read.ing when the ship is in i 



jrror of times the weight of the body (approxi 

ingDlar. velocity of the a&Tth, 



Ately), where u la fi 
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Flight of Projectiles 

166. Ey a projectile here is meant any body which is small 
enough to he regarded as a particle, and which is projected in such 
a way that it describes a path under the influence of gravity. 

A projectile will, in general, be influenced by the resistance of 
the air aa weU as by gravity, but we shall suppose the resistance 
of the air to be negligible, so that gravity will be the only force 
wliich need be taken into account 

To take tlie simplest case first, let us imagine that the projectile 
is projected horizontally from the point (fig. 116), with velocity m. 
The only force acting is gravity, which q 
has no hoiizontal component, so that 
the horizontal velocity remains equal to 
w throughout the motion. The initial 
vertical component of velocity is nil, 
but there is a downward acceleration g. 
Thus after time t, the horizontal dis- 
tance described is ut, while the vertical K* 
distance fallen is \gt*. Denoting the 
horizontal distance described by x, and the vertical distance fallen 




by y. ' 



J have 



ID = ut. 



-- hs^'- 



The equation of the path described is obtained by eliminating 
from these equations, and it is found to he 



This is a parabola, of wliich the latus rectum is ■ — -■ 



Clearly the problem of deteriiiining the curve is easentially the same as 
In § 166; There we have a hody {ailing freely, and tracing its path on a 
nper' (oAtcA muves past it with a uniform horizontal velocity. Here we have 
^ body falling freely, and can imagine it to trace its path on a paper paii 
^MeA ii moves with a, uniform horizontal velocity. The relative motion is 
the same in the two caees, so that the curves are neaeBsarily the wsatt. 
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167. At the velocity of the pai-ticle is u, which is the velodt 

due to a height - — This is equal to a quarter of the latus rectum, 

and is therefore equal to the depth of 0, the vertex of the parabola^ 
below the directrix -Of. Thus the total energy of the projectilft 
X If when at is equal to that of the sama 

projectile at rest at X, or, of course, at! 
any other point of the directrix, since 
thia is horizontal. 

Since the total energy remains t 

stant, we see that when the particle 14 

at any point P of its path, its kinetie 

enei^ is that due to a fall through PJC 

'"*" ■"' the distance from P to the directrix. 

Thia is expressed by saying that 

The velocity of a projectile at any point is that due to a fall 
from the directrix. 

168. Instead of supposing that the particle is projected horizoi 
tally at 0, the vertex of the parabola, we can suppose that it hat^ 
arrived at iu its iiight through the air, having been previously 
projected from some point A. The same reasoning which shows 
that the part of the path described 
after passing is parabolic, will 
show that the path described be- 
fore reaching is parabolic also. 
Thus the path of a particle pro- 
jected from any point in any 
manner is a parabola. 

Suppose that a particle is pro- 
jected from A with velocity v, in 
a direction which makes an angle 

a with the horizontal. Let he the vertex of its path, and let 1 
suppose that when the projectile passes through 0, its velocity 
u, this velocity being of course ' 
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There ia no horizontal force acting on the particle, bo that its 
horizontal velocity remains unaltered throughout its flight. Thus 

u = v COS a. 
The latus rectum of the parabola is accordingly 
|_ 2 It" 2v'coa'a 



The velocity v is that due to a fall from the directrix to A, so 
that if AX is the directrix in fig. 118, 



^^ The time of flight from jl to is the time required for gravity 
to destroy a vertical velocity usina; it is therefore In 

this time the horizontal distance AM is described with a uniform 

Irizontal velocity u, so that 
, ,, V sina if" sin a cos a 
T 
I 



AM = 



\ The vertical distance described, OM, ia by equation (47) equal 
I half of the time miiltiplied by the initial vertical velocity. 



Thus 



0M = 



Xv'^ 



The total range on a horizontal plane, AAl, is twice AM, so that 

, 2jr'8iuacoaa v^ainSa 

AA! = = 

ff If 



^P 169. If the value of ii ia fixed (as, for instance, it would be if 
WB were firing a shot with a given charge of powder), while the 
angle a can be varied, then the range AA' can never exceed — > for 

the factor sin 2 a can never exceed unity. Thus the greatest range 
attainable on a horizontal plane with a given velocity of projection 
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a B 45 d^rees. Thus, to seud a projectile as far as possible oa 
a horiiioiital plane we project it at an angle of 45 degrees. 

170. These results can also be obtained analytically. Let M 
take the point of projection for origin, and the plane in wWch 
the flight takes place as plane of xy, the axea ot 
X and y being respectively horizontal and vertical 
Tlie 3M!o6rdinate ot the point reached by the 
particle after time i is equal to the horizonUl 
distance described in time ( with uniform hori- 
zontal velocity v cos a. Thus 
Kio. 119 

x = vcoaa-t. (56) 

Similarly the y-cobrdinate of this point is the distance described 
in time i, starting with initial velocity v sin a, and with retarda- 
tion a. Thus . . , „ ,^^ 

If we eliminate ( between equations (56) and (57), we obtain 
the equation of the path. It is found to be 




This can be expressed in the form 



2 



i'« g I _ V* sin a cos aV 

2 11^ cos' a\ g j ' 



which is clearly the equation of a parabola, of which the vertex ifl 
at the point 

v^ sina cosa 1 w^ein'a ,_„ 

'- -, » = 2-^' (*''' 

and of which the latus rectum is of length 

2 u* cos* a 
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To obtain the range on a horizontal plane, we have to find the 
point in which the parabola intersects the line y = 0. Putting 
in equation (58), we obtain at once 

Iv'cos^ix v' sin 2a 

X = taua = 

9 9 

agreeing with the value obtained in § 168. 



. Inclined Plane 



as to strike ^ 
, I^t /9 be 



RdTige 

171. Suppose, next, that the projectile is fired 
an inclined plane through 0, the point of projection, 
the inclination of this plane to the 
horizon, and let r be the range of the <j 
projectile on this plane. Then the co- 
ordinate of the point at which the 
projectile meets the plane must be 

a: = r cos A y = r sin |S. 
This point is a point on the parab- 
ola,' so that its coordinates must sjit- 
iafy equation (58). Substituting these 
coordinates, we obtain 

■ n ^ r, qi^ cos* B 

rsmp = r tan a cos ,8 — ^-—, r-> 

2 1?" cos a 

ig as the value of the range r, 

r = ~ co3gsin(ir — ff) .gp. 

nee 2 cos a Bin (a — ^= sin (2(1 — ^)— sm,i9, (61) 

clear that it a alone is allowed to varj", the range r will be a 
maximum when sin (2 a — ^ is a maximum, i.e. when it is equal 
to unity. To obtain this value, we make 
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ThuB, to get the maximum range, we project in the direction which I 
bisects the angle between the inclined plane and the vertical 

When projection takes place in this direction, the maximum i 
range R is given by putting sin (2 a — y3) = 1 in the value for r 
given by equation (60). Thus we have 

I sin (a - 0) 



g coa'jS 

D* sin (2 a — j9) - 



8in;9 



»'» 



S 



Bin;? 



(62)' 



008* ;8 

173. This equation enables ua to find the greatest distance 
which can be reached in any direction by a projectile fired witb 
velocity v. Let us replace j9 by — — ^, so that 6 is the ( 

which the direction makes with the vertical. Then the relation. 
between R and 8 is d' 



(63) 



(;(! + cos^) 

Regarded as an equation in polar coordinates R, 0, this is clearly 
the equation of a curve such that we can hit any point inside it 
with a projectile fired with 
velocity v, but cannot reach 
any point outside it. The 
polar equation of a parabola 
of latus rectum I, referred 
to its focus ajid axis, is 
known to be 

ig = — ti— . 

Pia. 121 1 + cos ff 

Comparing this with equation (63), we see that thia equatitai 
represents a parabola, of which the point of projection is the 
focus, the axis is vertical, and the serai-latus rectum ia v'/g. 
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Envelope of Paths 

173. If we imagine all the parabolas drawn, which can be 
described by projectiles fired from the point with a given 
velocity v, we shall obtain a figure similar to fig. 122, The out- 
side curve obviously separates the points which can he reached 




from those which cannot be reached. Thus this is the parabola of 
■which the equation is given in equation (63). A study of fig. 122 
will now show that this curve is the envelope of the system of 
parabolas which correspond to the different directions of firing. 

174. The envelope of the system of parabolas can be found more 
directly by analytical methods. If we write m for tan a in equa- 
tion (58), we obtain the equation of a parabola of the system in 
tihe form 

9^ ! 



y = 7tix~ 



2v' 



(1 -t- m»). 



find the whole system is obtained by giving different values to m. 
The condition for this equation to have equal roots in m Ls that 






or, in reduced form, 






2?; 



(64) 



If a:, y satisfy this relation, two parabolas which only differ 
infinitesimally pass through x, ij, and therefore a:, y is a point on 
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the envelope. Thus equation (64) is the equation of the envelope 
and is easily seen to give the same parabolic envelope as has already 
been obtained. 

175. There is also a very simple geometrical way of deter- 
mining the envelope of the system of parabolas. "We notice first 
that as the projectiles are all fired from the same point A with 
the same velocity v, their paths must all have the same directrix 
NM (fig. 123). 

Let any two parabolas of the system intersect in F, and let 
5, 5* he the toei of these parabolas. Let AN, PM be the perpen- 
jj jy diculara from A and P tO; 

the directrix. 

Then AS = AS', i 
each is equal to AN, and 
PS = PS', for each 
equal to PM. Thus S, S' 
are the two points of in- 
tersection of two circles of 
which the centers are jJ, P. 
If the two parabolas are 
'" supposed to he adjacent, 

their foci S, S' are adjacent points, and therefore the two circles 
touch, and ASP is, in the limit, a straight line. We now have 

AP = AS -f- SP 
= AN-\-PM 

= the perpendicular from i* on to a fixed horizoiital 
line at a distance AN above MN. 

The point P, then, satisfies the condition that its distance from 
this fixed line is equal to its distance from the fixed point A. It 
therefore is always on a certain parabola of focus A. But also it is- 
alWayS a point on the envelope, this being the locus of the pointv 
of intersection of adjacent pairs of the parabolas of the aystemi 
Thus the envelope is the parabola just obtauied, of which the focuB 
18 A, and this is the same parabola as was obtained before. 
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ILLOSTRATIVE EXAMPLES 

1. A carriage runs along a level rood viWi velocity V, throvring qf particle* 
nf Tiaid from the rims of Us viheeU. Find IM greateai heigJil to vikich any of Uxm 

"<""•'■ 

Let a be tlie radiiia of Ihe wheel, then we 
have seen (p. 6] thai any puint, »\\c\i aa Q, 
moves with a velocity F- QL/o in the direc- 
tion QM at right angles to QL. This will be 
the velocity of mud projected from Q, 

If the angle QLF la 8, the height above the 
ground at which the mud starts is 

LN-LP-^-PK= o(l + co32e), 

while the veMical component of its velocity 

■,r'(Qt/a)Bfc[itf = 2rBlnecose = Faln2fl. Fio. 121 

The mud projected with this verlieal velocity will attain a further vertical 
height 

so that the total height attained ia 

a + acos2SH ain«2fl, 

2g 

This may be written as a quadratic function of cos 2 in the form 

(o -i- Z5\ _ Z^ ootf" 2 fl + o cos 2 fl 

=/„+K_v^-i?rco«2«-^]'. 

The tii jvTriTnnin value of this expresaion, as 6 Tariea, occuih when oob S f = 
4f it lapoBBible for cob 2 to have this value — I.e. If F*>aj7. In this case the 
maximum height attained la 

F' tJg ^ (ag + V^ 

2y 2F» 2BrF* 

measured from the ground. ^ ^^ , 

' If, however, F* < ap, we cannot make coa 2 fl — i^ Yaniah. We accord- 
ingly make it as amall as possible, so that we take eoa 2 = 1. Thua the mud 
jRhioh carries to the highest point is that which Btarts at the top point Jtf of the 
vheel, and obvioualy thia never gets Iiigher than its starting point. 
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2. Find ahat area of a vertical wall can be covered by afire-kote j> 
water with vducUi/ vata distanee h/rom die waU. 

Let 5 be the noKzle of the fire-hose, and k 
us regard it as capable of projecting pardclea " 
of wAt«r iu an; direction we piease witli a 
velocity v. Tlie poiDis ivhich can be reaohed 
win, b; § 172, be all the points which lie ii 
a paraboloid of revolution having its axis 




ticnl, S for focuB, and latua n 



-. Un 



1 wliich thifl e 
o^ley = h, wiilb 



take 8 as origin, and the vertical through i 
for axis of z, the equation of this parabol(di 



the vertical wall, of b 



;t.+ ft«=ir^-. 



\2g an" '}' 



Thia is a parabola, of latus n 
ertex at a height 



I having its asis vertical, and iSl 



above S. All the points inside this parabola will be within tange of the }et a 
water. The points on the wall which are outside this parabola will 1 
inaccesBibl^. 

EXAMPLES 

1. A revolver is flred horizontally from the top of a tower 100 feet high, Oie 
bullet leaving the muKzle with a velocity of 600 feet persecond. Where will thft 
bullet strike the ground ? 

2. A rifle bullet, fired liorizontatly at a height of 10 feet above the snrfaoee 
a lake, strikes the wat«r at a distance of 500 yards. Find its velocity in fM 
per second, the resistance of the air being supposed negligible. 

3. Prove tliat the claim for a rifle, that the bullet does not rise more tl 
one inch in a range of VK yards, implies that the velocity must be greater tl 
3078 feet per second. 

4. Find the greatest range on a horizontal plane of a cricket ball throiRt 
with a velocity of 100 feet per second. 
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B to the ground just clears a 
ibeda itself in the ground a 
I a, height above the ground 



9 feet i what ie ita 



5. A shot fired from a gun whose muzzle is c 
1 6 feet high standing 10 yards away, and 

Smarter of a mile o5. Show that the shot tisei 
orhich is certainly greator than 22 yards. 

6. A projectile Ims a maximum horizontal range ot 
^looity of projection ? 

If It be projected with this velocity from a point on the fioor of a long 
corridor 24 feet high, what will be its greatest range, if it is not to strike the 
ceiling ? 

7. Prove that the velocity required for a range of 20 miles will be at least 
^ 1840 feet per second, with a time of flight of 81,3 seconds. 

8. Determine the charge of powder required for the range of 20 miles in the 
it question, supposing the shot to weigh a ton, and the strength of the powder 

Catpable of realizing 100 fout-tous per pound of powder. 

9. Bbow that the range Bof a projectile firadfrom a height A above a level 
« with velocity e at an atigle a is given by 

2o*(A + Btana) = piJS8ec>a. 
10. Show QiM the area of a level plane swept by a gun at a height h above 
e plane increaaes proportionally with h, being equal to 



A + 2 



VkA, 



where A is the area commanded when t)ie gun is at the level of the plane. 

11. A projectile can be fired with a velocity of 1720 feet per second from a 
fort at a height of 300 feet above a horizontal plane. Find what area of the 
plane is covered by the gun, 

12. A particle is projected so as juat to graze the four upper comers of a 
regular hexagon of side a, placed vertical with one edge resting on a huriiscnital 
table Find the highest point in the flightof the particle, and show tJiat the range 
on the table ia a VT, 

13. A machine-gun is placed on an armored train which runs along a hori- 
lontal line of rails with velocity v. The muzzle velocity of shots fired from the 

un is F, Find the greatest range 

(a) in front of the train ; 

(b) behind the train. 

GENERAL EXAUPLES 

1. A train is going at 80 miles an hour, when it comes to a curve hav- 
a radius of J of a mile. There is a perfectly smooth horizontal shelf 
lie train, its edge being parallel to the rails aud on the side of the shelf 
way from the ceut«r of the curve. A small object stands on the shelf at 
ice of 8 inches from the edge. Show that the object will fall off 
e shelf after the car containing the object has described about 24 yards 
:urve, and find what its horizontal velocity will be when it leave* 
e shelf. 
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2. A balloon is moving upwards with a, speed which is increasing at U 
r&te of 4 feet per eecoiid in ea^h second. Find how much the weigbt of ^ 
body of 10 pounds, as tested by a spring balance on it, would differ from 
its weight under ordinaty circuniHtances. 

3. An Atwood's machine is placed, with the string clamped, o 
scale of a weighing machine. Show that as soon as the string is uncla 
the apparent weight of the machine is diminished by 



(,.- 



•O!, 



where m, m' are the auapended weights. 

4. A unifomi chain of length I and weight IF passes over; 
peg, hanging vertically on each side. It the chain be running freely, proTW 
that when the length on one side is x, the pressure on the peg is 

(J »'. 

6. A jet of water falls vertically from a hose to the ground, starting withj 
a velocity which is negligible. Show that the center of gra,yity at th( 
water which ia in the air at any instant is two thirds of the way up h 
the ground to the hose. 

6. A heavy uniform chain of weight w is tied to a string which is pnlledll 
up with tension T. Find the tension in the chain at any point, 

7. Prove that the shortest time from rest to rest, in which a chain,! 
which can bear a steady load of P tons, can lift or lower a weight of T 
tons through a vertical distance of h feet is 



V(^ 



j seconds. 



\, p- 

8. In a system of pulleys with one fixed and one movable block, in I 
which the cord is attached to the axis of the movable block, then p 
over the iixed one, then under the movable one, and then over the fise^a 
one, find the weight P which, wlien attached to the cord, will support 8 
given weight W hung from the movable block. (The blocks a 
that all the straight portions of the cord may "be considered parallel.) 

Show that, if the weights do not balance, the downward acceleration d 
W, when let go, will be ip _ a p 

W+9P^' 
the weight of the cord being neglected, and that of the movable bloc 
being included ii 

9. A pulley carrying a total load W is hung in a loop of a cord whic^ 
passes over two fixed pulleys, and haa weights P and Q freely suspended 
from its ends, each segment of the cord being vertioal; show that, whefl 
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tlie Ejstein 

provided - 



} let go, W wi!l renifl 
I- — = — - and there is 



I at rest or 
no friction 
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jiove with uniforni velocity, 
nywhere. 



li this relation does not hold, find the acceleration of W. 
10. A particle, falling under gravity, describea 100 feet in a certaia 
second. How long will it take to describe the next 100 feet, the resistanae 
of the air being neglected ? 

If, owing to resistance, it takes .9 second, find the ratio of the resist- 
ance (assumed to be constant) to the weight of the particle. 

11. Prove that the line of quickest descent from any curve to any other 
curve ia the same vertical plane makes equal angles with the normals to 
the two curves at the points at which it meets them. 

12. Find the position of a point on the circumference of a vertical 
circle, in order that the time of rectilinear descent from it to the center 
may be the same as that to the lowest point. 

13. Find the line of quickest descent from the focus to a parabola of 
which the axis is vertical and vertex upwards, and show that its length is 
equal to the latus rectum. 

14. An ellipse is suspended with its major axis vertical. Find the diam- 
eter down which a particle can fall in the least time. What ia the least value 
of the eccentricity in order that this diameter may not he the major axis? 

16. A bullet ia to be fired at a vertical target so as to hit it exactly at 
right angles. If v is the velocity of the bullet and n the distance of the 
target from the point of firing, show that the -angle of elevation of the 
shot must be j ain-'j ^^-^1, and show that the point of the target which is 
hit will he at half the height of the poiut aimed at. 

16. A bullet is fired at a vertical target. Show that the projection of 
the bullet on the target, as seen by the firer of the shot, appears to move 
with uniforni velocity. 

17. A gun fires two shots, one with velocity v at elevation a, and the 
second with velocity v' at a smaller elevation «", in the same vertical plane. 
Show that the shots will collide if the interval between firing ia 

. g ,.- .in (»-»•) 



' 18. A, B, C are three points in order in a horizontal line, AB being 

640 feet ; a particle is projected from A with a velocity of 380 feet per 
second inadirection making an angle tan''!!*; with.^C; at the same instant 
another particle is projected from B with a velocity of 250 feet per sec- 
ond in a direction making an angle tan-' J with BC ; show that these par- 
ticles will collide, and find when and where. 
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19. A howitzer gun haa a muzzie velocity of 400 feet per second. V 
distance immediatelj behind the top of a hill 200 feet high oii a level p 
is safe, if the gun is distant 1000 yarda from the point in the plane v 
cally below the top of the hill 7 

20. The sights of a gun are inaccurately marked, the gun carr 
always 3 per cent farther than the distance indicated on the sights. 
marksman, not aware of the error, aims at a tar^tit distant 1000 yards, 
the velocity of the shot is 1300 feet per second, show that ho will hit t] 
target about one yard too high. 

21. The sighting of a rifle is accurate, and to aim at a point on a ve 
tical target distant a feet the rifle ought to be elevated to an angle • 
Owing to the unsteadiness of the marksman's hand, the rifle is pointed 1ft 
directions which lie anywhere within a small angle 6 of the true directioib 
Show that if a succession of shots is fired, the points at which they bS 
the target will alt lie within a small ellipse of e 
aS(l — tan'a) respectively. 

When a = — , the minor axis of this ellipse vanishes, so that the shots 
ought all to lie in a straight line. Interpret this result. 

22. A particle slides down the outer surface of a smooth sphere, starb' 
ing from rest at the highest point. It leaves the sphere at a point P s 
describes a parabola in space. Prove that the circle of curvature of tM 
parabola at P will touch the directrix. 

23. A particle is projected horizontally from the lowest xwint of th^ 
interior of the surface of a smooth sphere. It leaves the surface of th^ 
sphere at P, and after describing a parabola strikes the sphere again at Q^ 
Show that PQ and the tangent at P make equal angles with the verticaL 

24. Show that the whole area commanded by a gun planted o 
side, supposed plane, is an ellii>se, whose focus is at the gun, eccentricH 
the sine of the inclination of the hill, and seuii-latus rectum equal to ti 
the height to which the muzzle velocity of the shot is due, 

25. Show that the area of a plane hillside of inclination a, which ' 
commanded by a gun placed on a fort of height H above the hill, i 

4iri(fl + Hcos««)aeoS£r, 
where "^Sgh is the muzzle velocity of the shot. 

26. A spherical shell of mass m explodes when moving with negligible 
velocity at a height of h feet above the ground. The shell is divided into 
very small particles, each of which moves, after the explosion, away from 
the center of the shell with velocity u, and ultimately falls to the ground. 
Find the total mass of the fragments which wiU be found per unit area at 
any specified distance from the point vertically underneath the shell. 
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27. A shell bursts while in the air, all the fragments receiving equal 
velocities from the explosion. Show that the fragments at any instant lie 
on a sphere, that the foci of the paths they describe also lie on a sphere, 
and that the vertices Ue on a spheroid. 

28. A particle slides down a rough inclined plane AB, starting at rest 
from A and describing a parabola freely after leaving the plane at B, If 

F is the focus of the parabola described, show that the angle AFB = ^ + e, 
where e is the angle of friction. 

29. From a fort a buoy was observed at a depression i below the horizon ; 
a gun was fired at it at an elevation a, but the shot was observed to strike 
the water at a point whose depression was i\ Show that, in order to strike 
the buoy, the gun must be fired at an elevation 6, where 

cos g sin (g 4- _ cos* i sin i' 
cos a sin (a + «') cos* i' sin i 

30. Show that the least energy which will project a particle over a wall 
which is at distance a from the point of projection is 

, 1 + tan i a 

where a is the elevation of the top of the wall at the point of projection. 

31. A mill wheel of radius a revolves so that its rim has a Velocity V, 
and drops of water are thrown off from the rim of the wheel. Show that 
the envelope of their paths is a parabola whose axis is veitical and whose 

focus is at a distance — ^ vertically above the center of the wheel. 
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MOTION OF SYSTEMS OF PARTICLES 

Equations of MonoH 

176. The present chapter will deal mth the motion of systems 
of particles, taking account of the actions and reactions which may 
he set up between the different pairs of particles. As a prelimi- 
nary to this, it will he convenient to recapitulate the results which 
have been obtained for a single particle, stating these results in a 
more analytical form than before. 

The whole system of forces which act on a particle mus^ 
since they act at a point, have a single force aa resultant. Let 
us call this resultant P, and denote its components along threa 
rectangular axes by X, Y, Z. 

Also the particle, being regarded as a point, must have a definite 
acceleration /, and, since / is a vector, this acceleration may be 
supposed to be compounded of three components/^,/,,/, along the 
three coordinate axes. 

The second law of motion supplies the relation 

P = m/. (66) 

We are, however, told more than this by the second law of 
motion : wearetoldthatthedirectionsofPandof/arethe same: 
Let X, /*, V be the direction cosines of this suigle direction, thea 
wehave x^xr, Y=i,P, Z=vP, 

and also /. - V. /, = «/, /. = "/• 

From these relations, combined with relation (65), we dearly 

r =«./,[ (6( 



EQUATIONS OF MOTION 221 

These are the equations of motion of a particle in analytical 
form. They simply express the second law of motion in mathe- 
matical languaga 

177. Let x,y,zhe the coordinates of the particle at any instant, 
and let u, v, w be the three components of its velocity. The com- 
ponent u is the velocity, along the axis of x, of the projection of 
the moving point on the axis of x^ and the distance of this point 
from the origin at any instant is simply x. Thus, by the defini- 
tion of velocity, we have 

._|. (67) 

and similarly, of course, «? = •—> 

^ ' dt 

dz 
dt 

du 
The rate at which the avcomponent of velocity increases is — > 

CLv 

but it has also been supposed to be/^, for this is there-component 
of the acceleration. Thus we have 



and similarly 



/.= 


du 
" dt* 


f,- 


dv 
"^ dt* 


/.= 


dw 
dt 



Using the values just foimd for u^ v, w, these equations become 

d^x 



/«= 


d^ 


A = 


d?y 
de 


/.= 


cPz 
'■de' 
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Substituting these expressions for the components of accelera 
tion into the equations of motion (66), we obtain these equatio 
the new form «^i 

F— ™ — 



r = w 



rfC 



(68fl 



17B. Suppose we have a system of particles, - 
m, at ic,, y^, ;, ; etc, — and let the components i 
them be X„ r,, 2, ; X., F,, Z^ ; etc. 

Then, from the equation just obtained, 



so that, by addition, 



S'^=S' 



'' df' 



(69 



where V denotes summation over all tlie particles of the system. 

The left-hand member 2-^ '^ ^^^ ^^°^ °^ ''^^ components along 
Ox of all the forces acting on all the particles of the system. 
in § 50, these forces may be divided into two classes : 

(a) external forces — forces apphed to the particles from outaicU 
the system ; 

(J) internal forces — forces of interaction between pairs of par» 
tides of the system. 

As in § 50, we find that the contribution to XX from tbft 
second class of forces is nil. For all these forces fall into paira, 
each pair consisting of an action and reaction, of which the com- 
ponents are equal and opposite. 

Thus in calculating ^^ we need only take account of extef' 
nal forces. 



r 
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The right-hand term of equation (69), namely Vm —^i can also be 

dx d^x 

-r > the value of —^ 
dt df 

'di'°" " ___ 

d^ 



modified- Since, by equation (67), we have u 
,_ du _ ,L . 



(70) 



By the momentum of a particle, aa we have already seen (§ 20), 
is meant the product of ita mass and velocity. The momentum of 
a particle is therefore a vector of components mu, mv, mw, and mu 
may be spoken of aa the jHximponent of the momentum. Each 
particle of the system will have momentum, and the sum of the 
x-components will be (^7>iu\ the quantity which appears on the 
right hand of equation (70). 
I We may now replace equation (69) by 



P 2;.r = |(5~), (71, 

where 2-^ denotes the sum of the aM^omponenta of the external 
forces, and Xmw is the sum of the a>components of momentum. 

Conservation of Linear Momentum 

r 179. When there are no external forces acting, X-^ ~ ^' ^° ^^^^ 

I |(S~)=0- (72) 

[ Similarly we have j(2™''") " ^' C^^) 

e equations express that the quantities 

Xjkm, '^■tnv, "^mw 

a not vary with the time. That is to say, the components of the 
total momentum are constant, so l^at the total momentum, 
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regarded aa a vector, is constant. This is known as the principle 
of the conservation of momentum. Stated in words it is as follows: 
IFA«w any system 0/ particles moves without being acted on by 
exterjtal forces, the total momentum of the system remains constant 
in magnitude and direction. 



180. Let u: 
equations (71), 



Motion of Centee of Gravity of System 

return to the consideration of the general! 



S^-ICS-").'*- 



ml 



Let X, y, z denote the coordinates of the center of gravity of the! 
particles of the system at any instant, and let the componentB 
the velocity of this point be denoted by u, v, w. Then we have 



eta 



The value of 5 is, by eq^uation (8), 



dt dt I Vm / 

Sdx 

80 that if itf is the total mass, '^m, of all the partides, we have 
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Equation (75) now becomea 

and simUarly we have the equations 

Sz = ^f. (79) 

Bememberii^ that 

du dv dvj 
dt dt dt 

are the components of acceleration o£ the center of gravity, we see 
that the motion of the center of gravity ia the same as it would 
he if it were replaced by a particle of masa M, acted upon by a 
force of components ^,V, ^Y, ^Z. This force again is simply 
the force which would be the resultant of all the external forces, 
if they were all applied to the imaginary particle which we are 
supimsing to move with the center of gravity. 

181. In the particular case in which there are no external forces, 
the center of gravity moves as if it were a particle acted on by no 
forces, 80 that its motion will be a motion of uniform velocity in a 
straight lina 

182. The motion of the center of gravity in this particular caae, 
and in the more general case in which external forces act, may 
accordingly he supposed to be governed by the two following laws : 

Law I. The center of gravity of every system of particles con- 
tin-j,es in a stale of rest, or of uniform motion in a straight line, 
except in so far as the action of external forces on the system com- 
pels -U to change that state. 

Law IL When external forces act on the system, the motion of 
the center of gravity is the same as it would be if all the masses of 
the particles were concentrated in a single particle which m^ved 
with the center of graviiy, and all the external forces were applied 
to this particle. 
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These laws may be regarded as the exteneionB of Newton's LawB 
I and II to the motion of a system of particles. We can see n 
why it is often legitimate to apply Newton's second law to tha 
motion of bodies of finite size, aa though they were partaclM 
(cf. § 26). 

The principle of conservation of momentum is often sufBciei 
in itself to supply the solution of a dynamical problem in whicli 
only two bodies are in motion. 



ILLDSTKATIVE EXAUFLE 

A ihot ofmaaa m UfiTedfrom a gutt of moaa JM", mkic.h is free to ran back on 
a pair of horizoitttd railn. Fiitd the velucitt/ of recoil of the (pin, and a 
ii^ueace of the recoil on Ihe 7nolion of the shot. 

Let us suppose tJiat, bfitore firing, the gun sKinda pointing at an angle i 
horiion, and let the muzzle velocity of the shot — i.e. the velocity relaliTfl t( 
tlie gun mith which the shot emerges — be V. 

Let UB suppose that the velocity of the ahot relative to the earth has o< 
nenta u, « horizontal and vortical, and let the velocity of recoil of the gun be D 
measured in the horizontal direction opposite to that in which the gun is pointing 

The system consisting of the gun, powder, and shot is not free from the 
action of external forces, but these forces, namely the weight of the system 
its reaction with the earth, have no horizontal component. Thus the horizontal 
momentum of the system must recaain unaltered by the explosion. This h 
zontal momentum was zero initially ; it is therefore zero when the shot leave! 
the gun. Thus we have, neglecting the weight of the powder, 



The velocity of the s! 



MU-mu = 0. 
t relative to the gun has components 



e a velocity V making an angle a vrith 



ii=.rsina. 
From equations (a) and (b) ne find 

u _ T7'_ Feoag 

Thus the velocity of recoil is 



(4 
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components of actual velocitf of the shot are 



actual velocity of the shot is 



.[.-: 






t 



while the angle of elevation, 9, is given by 



EXAUPLBS 



1. An empty railway truck weighing 8 tons, originally at rest, ia run into by 

almilar truck carrying a load of 24 tons and moving at the rate of a mile an 

and the two trucks then move on together. Find their common velocity. 

A gun of mass M fires a shot of mass m horizontally. Show tliat of the 

work done by the powder, a fraction is wasted in producing the recoil 

of the gun. ^ + "" 

3. A particle of mass m slides down a smooth inclined plane of angle a, the 
plane Itself (mass M) being free to slide on a smooth table. Find the acceleration 
o£ the particle and the plane. 

4. A shell ia observed to explode when at the highest point of its path. It 
divided into two equal parts of whicii one ia seen to fall vertically. Prove 

that the other will describe a parabola of which the latus rectum will be four 
I the latuB rectum of the original parabola. 
A shot of i ounce weight strikes a bird of weight 5 pounds while in the 
At the moment of striking, the shot baa a horizontal velocity of 1000 feet 
b second and the bird is flying horizontally in the same direction at a height of 
above the ground, with a velocity of 20 feet a second. Show that the 
bird will fall at a distance of about f>2.2 feet beyond the place where it was 
■truck by the shot, 

6. A ship of 5000 Ions steaming at 20 knots suddenly runs into a whale 
'hose weight is 12 tons, asleep on the surface of the water. By how much li 
le ship's speed reduced 1* (Neglect motion of water.) 

A mail package weighing 2 hundredweight is thrown out from a train 
at 60 miles an hour, with a horizontal velocity relative to the train of 11 
ffit per second at right angles to the track. It falls into a handcart of weight 
hundredweight, which is free to move on a level platform, its wheels being 
It BO tiiat its motion will make an angle of 30 degrees with the track of the 
With what vetocit? will the cart start into motion ? 
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8. Amaaof 8 pounds moving north at a speed of lOfeet persecondia. 
6j » mua of 6 pounds moving east at 14 feet per second, and its direction < 
motion is tberebj deflected througli 30 decrees, while its speed is increased I 
1 foot per second ; sbow that the velocity of the other is diniioifthed hy 7.3 fe 
per second, approiimatHly, and find <t« new dinction of motion. 

9. Two ice yachts, each of maas M^ stand at rest on perfectly amoolli k 
with their keels in the same direction, A man of mass in jumpe from the fii 
to the seuond, and then immediately back again on to the fitsL Show that U 
final velocities of the yachts are in the ratio at M+ m:M. 

Kinetic Energy 

183, We may best begin the study of the kinetic energy of 

system of particles by drawing attention to a difficulty which 1 
not 80 far been encountered in the present book. This difficult 
will be best illustrated by a particular example. 

Suppose that a ship is moving through the water with a velocit 
of 20 feet per second, and that a person on deck throws a ball t 
mass Tti forward with a velocity of 30 feet per second relative tx 
the ship. If the persou were fixed in space, we might say that the 
work he did was equal to the final kinetic energy of the ball, and 
was therefore | m (30)^ or 450 m. 

On board ship, however, the ball originally had a velocity of 20 
and the thrower-increases this velocity to 50, The change in the 
kinetic energy of the ball is accordingly 

Jm(50r-im(20)^ 
or 1050 m. If this represents the work done by the thrower, then 
we are driven to suppose that it would be more than twice as .i 
hard to throw the baE on board ship as on land. This woul 
clearly be erroneous, 

184. The error hes iu this, that the thrower not only imparts s 
velocity to the ball but also to the ship. If he throws the t 
forward he laust, from the principle of conservation of momentum 
impart a backward velocity to the ship, of momentum equal b 
opposite to the forward momentum of the ball. The total work p 
formed is equal to the chauge produced in the total kinetic enera 
of the ship and the ball. 
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Since, by the third law of motion, no force can act singly, it fol- 
lows that, in every case of calculation of work from kinetic energy, 
it will be necessary to considei' the kinetic energy of more than one 
body. For instance, a man throwing a ball on land will not only 
jerk the ball forward, but will also jerk the whole earth backward, 
and the energy of both must be taken into account, or we shall get 
erroneous results. 

185. AseconddifGculty, closely connected with the first, suggests 
itself at once. Suppose we have a ball thrown with a velocity v 
along the deck of a ship moving with velocity V. We have seen 
that we must not suppose the kinetic energy of the Imll to be 
^tnv^, but is it anymore legitimate to suppose it tobe ^m(D+ F)*? 
For the sea in which the ship sails will have a further velocity V 
in consequence of the earth's rotation, so that the energy might 
equally well he taken to be 

I mid so we might go on indefinitely. Knowing of no frame of 
reference which is absolutely at rest, it would seem to be impos- 
sible to find the true value of the kinetic energy. Moreover, 
it ought to be noticed that the expressions for the kinetic energy 
referred to different frames of reference differ by more than mere 
constants. For instance, the difference between the two expres- 

, Biona we have found for kinetic energy relative to the sea and 
kinetic energy relative to the earth's center is 



^m(v, 



= ^mV'' + mr'(v +r). 



This difference not only depends on m and V but also on v and V. 
It is not a constant difference, and so does not disappear when we 
calculate the increase in kinetic energy resulting from the action 
of forces. 

The theorems which follow serve the purpose of showing a way 
through these and similar difficulties. 
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186. Theorem. The kineiic energy of any system of movtTiff par- 
ticles IS equal to the kinetic energy of motion relative to the center 
of gravity of the particles, plus the kimetic energy of a single par- 
ticle of mass equ-al to the aggregate mass of the system, m/ymTiij 
with the center of gravity. 

Let the particles be m, at x^, ^„ z,, etc, and let the coordmates 
be measured with the center of gravity taken as origin. Let the 
velocities be denoted by «,, v^, w,, etc, and let these also be meas- 
ured relative to a frame moving with the center of gravity, so that 

= ^ tc 
'*' dt' ^ 

Let the velocity of the center of gravity referred to any frame 
of reference, moving or fixed (provided oiJy that the directions of 
the axes do not turn), have components % v, w. Then the velocity 
of the particle wij ia compounded of the velocity of the particle, rel- 
ative to the center of gravity of the system, of components w^, v^, 
w„ together with the velocity of the center of gravity, of com- 
ponents M, V, w. Thu8 the whole velocity of the particle m, has 
components 



The kinetic energy of the first particle ia accordingly 

^ wi, [(« + mo' + (j' + 'v^y + (w + v>^y\, 

that the kinetic energy of the system is 

\ 2m[p + .)■ + (5 + ,)' + (» + wf], 
T, on expanding squares, 

i(2m)(B- + i?+«?) 

+ M^JwiM + v^mv + wXwiw 
+ ^^vi{u' + v^ + v?). 



I 



(SO) 



Since, when the center of gravity is taken as origin, the coor- 
dinates of the particles are x■^, y^, s,, etc., we have, by equationa (8X J 
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80 that '^mx = 0, It follows that Vra ~ = 0, or Vmw = 0. 
Similarly Vmj! — and '^mw = 0. The whole of the seeoud 
line of expression (80) is now seen to disappear, so that we find 
for the kinetic energy the expression 

J(5m){u' + v' + w') + i^m(M'' + v' + w% (81) 

which proves the theorem, 

187. Next, suppose that the coordinates of the center of gravity 
at any instant, referred to an imaginary set of fixed axes, are 
X, f, z, the velocity of the center of gravity having, as before, com- 
ponents M, V, W. 

We have supposed that, relative to the center of gravity, the 
particle tHj has coordinates x„ y^, z^, and components of velocity 
w,, w,, w^. Thus, referred to the imaginary fixed axes, the coordi- 
nates of the particle jji, will be 

s + ^i, y-\-y^,, 3 + 2x. 
while its components of velocity, as before, are 

Let the force applied to the particle m,have components X^,Y^, Z^. 
As in § 141, the work done on this particle by the external forces 
is equal to minus the work performed by the particle against these 
forces. Thus the work done on the particle while it moves over 
any small element of its path is, by § 118, equal to 

^X,<f (S +x^ + Yjd(^ + y,) + Z^d(t + e,). 
The total work done on all the particles in any small displace- 
int 



I The total work done on all the particles i 
rot ia therefore 



'^[X,d{x + X,) + Y,d{f + y,) + Z^di? + s,)]. 
and this cau be separated into two parts as follows: 
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The lirat part may be taken to be 

while the second is 

^X^di:^ +2^i''»i +X^t'''r (88) 

By equation (77), we have 






where M is the total mass of the system, expressing that the 
center of gravity moves as though it were a particle of mass M 
acted on by a force of components X-A'[, X Yj, 5j^i- ^^ ^ ^t once 
clear that expression {82) represents the work done m the motion 
of this imaginary particle, and this we know must be equal to the 
increase m its kinetic energy. 

The total work done is the sum of expressions (82) and (83) 
This total work ia equal to the increase in the total kinetic e 
of the system (by § 140), and this again (by § 186) ia equal to tin 
increase in the kinetic enei^ of motion relative to the center o 
gravity of the particles, plus the increase in the kinetic energy c 
the imaginary particle of mass M moving with the center of gravityi 

Tliis latter increase, as we have just seen, is represented by, 
expression (S2), so that the former must be 
expression (83). 

Thua the increase in kinetic enei^ relative to the center c 
gravity Is 

"^(X^dXj + r,rfy, + Zjdx^), 

and is therefore equal to the work done by the forces, calmdated 
as though the center of gravity were at rest. 

188. Thus we see that, in the theorem that the increase in 
kinetic energy is equal to the work done, it is legitimate to calcu« 
late both the kinetic energj' and the work done by conaideiing 
motion relative to the center of gravity only ; i.e. the aysten: 
be treated as though its center of gravity remained at rest 
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Aa sa illnstratioii, consider the prol)leni of tiring a shot oil boanl a 
moving ship. The mass of tha shot being small eoniimri'ii witli that (i( the 
Rliip, we may sujipose the ceoter of gravity of shot and nM\i to hhvu 
exactly the motion of tht; ship. Tlie velocity of the shot relativo to thin 
center of gravity may acuoidingly be talten simply to be that relativB to 
the deck of the ship. The work done by the powder in ejecting the shot 
from the barrel is the same as though the ship were at rest, so that the 
velocity of the shot relative to the ship will be the same as though the 

EXAHPLES 

1. A cart ia moving with velocity F and a man on the cart throws out sand 
liorizontally from the back of the cart at llie rate of m pounds per inlimt«, the 
sand having a velocity u relative to the road. At what ratti Is the man working? 

2. A guu capable of firing a sliot vertically upwards to a height It Is plaeod 
on an armored train running with velocity V. What la tlie greatest raiiifa to 
which a shot can reach (a) behind the train, (6) In front of the train V 

3. In the last question find tlie nearest point to the track, which Is out of 
range of the gun. 

4. A shell of mass M is moving with velocity Y. An Internal expIt«ioii gen- 
erates an amount E of energy, and tliereby breaks the shell into maJMiH of which 
one is k times as great as the other. Show that if the fragmciiM continue tu 
move in the original line of motion of the shell, their velocities will be 

V + '^'ikE/M. V - V2 E/kli. 

5. Two men, each of mass M, iiland on two Inelastic platforms each of ihbm 
m, hanging over a smooth pulley. One of tlie men, leaping from the ground, 
could raise his center of gravity through a height h. Show that if he leajM with 

energy from the platform, bis center of gravity will rise a helglil 



r 



ft 1- 



2(if + m)/ 



Impulsive Foeces 



189. There are many instances in d>-nanucal problems in which 
the action of a force be^ns and terminates within oo short an 
interval of time that the action may be regarded as instantaneous. 
Such forces are called impiUsive /oreeg. As instancefi of impulinve 
forces we may take the forces brought into play by the jerking of 
an ineztensible string, or by the collision between two bard bodies 

The chai^ of momentum produced by the action of an impul' 
aive force ia, in general, of finite amount. As the force only acta tot 
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an iiitinitesimal time, the rate of change of momeDtum must be iM 
EniCe. By the second law of motiou, the rate of chauge of momeq 
turn is equal to the force, so that the force itself, while it laat^ 
must he infinite. Thus an impulsive force may be regarded as a 
infinite force acting for au infinitesimal time. 

190. At the outset of our study of impulsive forces, it will bs"! 
well to notice one physical peculiarity of these forces. A perfectly 
rigid body was defined as one which kept its shape under the 
action of any forces, no matter how great. At the same time it _ 
was mentioned that no perfectly rigid bodies exist in natiu 
Under the action of iufiiiite, or very great, forces such as occur tfl 
impulses, no body may be treated as perfectly rigid. 

The consequence of this is that when any impulsive forces a 
brought into action, relative motion is set up between the differe 
small particles of which continuous bodies are composed. Thin 
relative motion possesses energy of a kind which cannot be regained 
from the system by mechanical processes ; in fact, the relative 
motion of these particles simply represents the heat of the body, 
Inasmuch as this enei^ cannot be recovered from the system as 
mechanical work, we see that the impulsive forces which do work 
in producing this energy cannot be treated as conservative forces. 
Thus we see that 

The sum of the potential and kinetic energies of a system, dots 
not remain constant through the action of impulsive forces. 

For clearly part of the total enei^y is left, after the ijnpulses, in the 
form of heat. 

Consider, for instance, a lead buUet striking a steel target. Suppose 
that, before atrikiog the target, the biiLet ia moving horizontally v/hh 
velocity u at a height h. Its kinetic energy ia ^ira^, its potential energy 
being 7iigk. After striking, we may suppose the bullet to have no horizontal 
velocity, but to taU to the bottom of the target. At the instant at which 
this fall begins, the kinetic energy is nil, while the potential energy is mgh. 
aa it was before the impact. Thus an amount of energy itntf has liisap- 
peared from the total energy. This has been used up in producing motions 
of the particles of the bullet and target relative to one another ; these show 
themselves in the form of heat, and also, perhaps, partly in permanent 
changes of shape, — a dent in tlie target, or a flattening of the bullet. 
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Measure of an Impulse 

. The change of momentum produced hy an impulsive force 
is called the impulse of the force. Thus if an impulse I acta on 
a mass m, changing its velocity (or component of velocity in the 
direction of the impulse) from m to v, we have 

/-».(»-»). (84) 

The force acting at any instant is, by the second law, equal 
J the rate of change of momentum of the particle (or body) on 
ffhich it acts. If the force is of constant amount, the whole 
shange of momentum is equal to the product of the force by the 
me over which it acts. If the force is of variable amount, the 
mnge of momentum will be equal to the integral of the force 
irith respect to the time over which it acts. Thus if i* is the 
palue of the force acting at aoy instant of the whole time t, we 
s that the impulse 

= Ft, if the force is of constant amount, 
= / PtU, if the force is of variable amount. 



=x^ 



192, The work done by an impulse 
a maas m from m to i; will be 



he increase in the kinetic enei^ of the mass. Since I=m{v ~ u), 
'e may write the expreasion for the work done in the form 

i»'C-«)(' + «) 



.(^). 



Thus the work done hy an impulse is equal to the impulse multi- 
lied by the mean of the initial and final velocities of the mass 
upon. 
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If the mass is not moving in the same direction as the line 
action of the impulse, the foregoing result will obviously be traa 
if '/, V are taken to be the compouents of the velocities along the 
line of action. 

ILLUSTRATIVE EXABIPLES 

1. A shot of 14 pounds is fired into a target of mam SOO poundi uiAicA li 
suapended hy chamt ao that it u free to tlarl into motion horizontally. If lAt 
thol, before invpact, via» moving wUh a horizontal velocity of 1000 feet a tecuni, 
and afterwards remaini embedded in the target, find the lot* af energy ca 
by the impact. 

Let V denote tbe horixonUl velocity, measured in feet per second, < 
which the target and bullet together atart into motion after the impact. Thei^ 
b7 the cotuervatioo of momentum, equating the momentum before the h 
to that after, 

lOOO X 14 = F X 214. 
BO that y=4fjii. 

The ktnetio energy before impact was | - 14 - (1000)' ; that afterwards 
J-214-F*. Thus the loss of energy is 

i (14,000,000 — 214 V) = 6,540,000 foot poundals, approximately. 

2. A heavy cAain, of length I and mass m per unit length, ia held with a i 
h hanging oter the edge of a taile, and the remainder coiled tip at the extreme edgt 
Hf (Ae table. If We chain it set free, find the vdocity at any stage of the motion. 

Suppose that at any stage of the motion a length z is hanging vertically, 
that & length 1 — z Is coiled up on the table. After an infinitesimal time dt 
X be supposed to have increased from z to x + dx. Then if n is the dowiiwi 
velocity of the chain, we clearly have 



dt 

At the beginning of the interval dt, the downward momentum of the d 
was that of a mass ms moving with a velocity v. It was accordingly mvx. 
Ihe end of the interval, the momentum is that of a mass m (z + di} moving ^ 
a velocity which may be denofed by (o + do). Thus the gair 

m(x + d3:.)(v + dv)-nixv, 

or, Delecting the small quantity of the second order dv i£x, the gain is 

m(xdB + i!dz). 
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The gain of momBntum per unit time is, liowever, by equation (71), equal 
to the total force acting, and thie ie mgx at tlie beginning of ttie interval d( and 
mplx + dx) at the end. Neglecting the small quantity of the second order dxdt, 
we find tliftt the total gain of momentum in the interval dt must he mgzdt. 

Thus we have 

m(ido + vdx) — mgzdt 






Ox 



ir, simplifying. 
To integrate this eqtiatloi 



e multiply hj 2x, and then w 
!^ = I ps' + a constant. 

e note that v = when x = h, 
gh'. Thus we have 



o that the value 



giving the velocity when a kngth z is ofi the table. When the last particle o: 
the chain is pulled off, the voloe of z is J, so that at this instant 



E We notice that this value of v^ la not the value which would be obtained from 
f the equation of energy. Clearly this equation must not be employed, since 
in action all the time, jerking new particles of the chain into 



EXAUPLES 



s weigiit runs into a similar car loaded with 60 
n togetlier with a velocity of 5 feet per second, 
ret car originally, and what w&a the amount of 



H 1. An empty car of 10 t 
rtons of coal, and the two ni 

What was the velocity of the li 

the impulse between the cars ? 

2. A stone of weight j ounce Is dropped on to soft ground from a height of 
6 feet. Find the Impulse exerted before the stone is brought to rest. 

3. A mass of 1 ton falls from a height of Ifl feet on the end of a vertical 
pile, and drives it half an inch deeper iiito the ground. Assuming the driving 
force of the mass on the pile to be constant while it lasts, find its amount and 
the duration of its action. 

4. A body of mass 10 grammes is moving with a speed of 8 centimetera 
a second. Suddenly it receives a blow which causes it to double its speed, and 
to change its direction through half a right angle. Determine the direction of 
the blow, and the velocity with which the body would have moved off, had It 
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5. The string of an ACwood's mBchine has massea ini, mj attached to] 

ends, mi being tlie lieavier. After it ius been in motion for 1 second wii 
the floor. Find (a) for how long mj will continue to ascend, (b) with 
Tetooily mi will start into motion again when the string becomes tight. 

6. On a. certAin dnj one inch of rain fell in 10 houra, the drops falling wfj 
a Telocity of 20 feet per second. Find the average presHure per square toot ( 
the canvas roof of a tent, supposed horizontal, produced by the impact of tl 
raindrops. (One cubic foot of water weighs fl2i pounds.) 

7. The earth, moving in Its orbit with velocity V, mns into a swarm of gnU 
meteorites, of density one kilogramme to the cubic mite, moving with a velocll 
« in a direction exactly opposite to that of the earth. Find tlie rate of decreai 
of the earth's speed in consequence of ita bombardment by the meteorite 
and Snd also the increase in the height of the barometer at different points C 
the earth's surface, it being assumed that all the meteorites are dissipated In: 
dust before they reach the ground, (The earth's mass is 6 x 10^' grammefl, I 
diameter is TQ2T miles.) 

8. A uniform chain is colled in a heap on a horixontai plane, and amj 
takes hold of one end and raises it uniformly with a velocity c. Show thi 
when his hand is at a height x from the plane, the pressure on his hand is equi 

to the weight of a length z-i — of the chain. 



Elasticity 

193. It is a matter of common experience that if we drop i 
ball of steel on to a hard floor it rebounds to a considerable heigh^ 
while a ball of wood will iBboimd to a much smaller height, and i 
ball of wool, paper, or putty will hardly rebound at all. 

When the contact between the surfaces of two bodies is of sucl 
a nature that they do not rebound at all after impact, it ia said b 
be perfectly inelastic, while if the bodies rebound, the contact ii 
said to be elastic. Obviously there are varying degrees of elaaticitj 

Moment of Greatest Compression 

194. Probably the collision of two bilUard balls supplies t 
most familiar instance of an impact with a high degree of elasticity 
We shall discuss this impact best by referring the motion of tin 
second ball to a frame of reference moving with the first. Befon 
impact the center of the second ball Is approaching that of the finf 
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Iter impact it is receding. Hence at some instant during the 
mpact, its motion muBt have changed from one of approaching to 
Bone of receding; at this instant the distance between the two 
^.centers was a minimum. 

Suppose that, before the experiment, we had chalked the two 
faces ot the balls on which the collision takes place. On examin- 
ing the halls after impact it will be found that the chalk has been 
disturbed, not only at a single point, but all over a circle of con- 
siderable size, — perhaps of diameter half an inch for billiard balls 
moving with a fair velocity. This shows that at the moment at 
which the centers of the balls were closest to one another, theii' 
Ldistance was less than if they had been placed in contact and at 
- the balls were compressed. 
Tlie instant at which the two centers were nearest is called the 
msfioment of greatest compression. 

In general, for any two surfaces in collision, the instant at which 

2 relative velocity along the common normal vanishes ia called 

3 moment of greatest compression. Obviously this is the instant 
wt which the motion of the two surfaces changes from one of 

' approach to one of recession, 

195. By the time the moment of greatest compression Is reached, 
the velocities of both bodies will, in general, have been changed, 
so that forces must have been at work to produce this change. The 
whole time of action of these forces, the time from the instant at 
which the bodies first touch to the instant of greatest compression, 
is so small that these forces may be treated as impulsive. The 
impulses acting on the two bodies, being action and reaction, must 
_be equal and opposite. If the surfaces are smooth, the direction of 
Ibese impulses will be along the common normal. If the surfaces 
B rough, we cannot specify the direction until we know the direc- 
a of sliding, if any, of the surfaces over one another. In either 
ise, let ua denote the component of the impulse along the com- 
mon normal by T. The quantity / is called the n/ipidse of corti- 

t. Clearly it is the forces of which this impulse is c 
|rhich reduce the relative normal velocity to zero. 
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After the moment of greatest compression, a second system 
forces must come into play to set up the velocities with which tha 
bodies separate from one another. In fact, at the instant of great- 
est compression, the compressed parts of the bodies act like a com- 
pressed spring, and we can suppose the velocities of separation 
produced by the action of this imaginary spring. The forces which 
separate the bodies may again be treated as impulsive, and the 
component of this impulse along the common normal will bB 
denoted by /'. The impulse /' is called the impulse of restitutiotK. 

196. When the motion of the bodies before impact is known, wb 
caQ calculate the velocities at the instant of greatest compressioB>. 
by an application of the principle of conservation of momentum. 
It is therefore possible to calculate the impulse /, the impulse 
of compression. 

The amount of the impulse /', on the other hand, depends on 
the natm'e of the contact between the two bodies ; for instancfl^ 
if the bodies are perfectly inelastic, there is no separation at all 
after impact, so that /' = 0. In general, it is found as a mattes 
of experiment that the impulse /' is connected with the impulse 
I by the simple law 

I'=el, 

where e is a quantity which depends only on the nature of the 
contact between the two surfaces, and not on the amount of the 
impulse /. The quantity e is called the coefficient of elasticity for 
the two bodies. 

It is important to understand that this coefficient of elaaticity is a quan^ 
tity entirely different from the coefficients or elastic conatanta which occiii;' 
in the theory of elastic solids. Indeed, the terra coefficient of elasticity ilf 
somewhat unfortunate as a description of the quantity e \ nhat is measare^ 
is resilience rather than elasticity, and doubtless coefficient of resilience 'woiil^ 
be a bettw description than coeffident of elaslkity. The term coefficient qf- 
elaslicil)/ has, however, been generally adopted. 

197. The value of e, as we have seen, is zero for perfectly in- 
elastic bodies. For iron impinging on lead, the value of a is about 
,14, for iron on iron about .66, and for lead on lead about .20. Wfr 
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notice that resilience depends on the nature of the contact between 
two bodies, being in this respect similar to the coefficient of fric- 
tion. The resilience does not arise partly from one body and partly 
from the other, for if it did the value of e for iron impinging on 
lead would be intermediate between the values for iron on iron 
and for lead on lead. 

As examples of bodies for which the coefficient of elasticity is 
laige, it is found that the value of e for the impact of two ivory 
billiard halls is about .81, while for glass impinging on glass it is 
.94 The most perfect elasticity conceivable is that of two bodies 
for which e = 1, in which case the impulse of restitution is equal 
to the impulse of compression. The bodies in this case are spoken 
of as perfectly elastic. The peculiarity of perfectly elastic bodies is 
that no eneigy is lost on impact. It is clear that the value of e can- 
not exceed unity, for if the value of e were greater than unity, the 
kinetic energy set up by the impulse of restitution would be greater 
than that absorbed by the impulse of compression, so that the total 
energy would be increased. 

We shall now apply these principles to some important cases 
of impact. 

Paeticle impinging on a Fixed Surface 

^ Direct Impact 

198. Suppose first that the impact is direct — i,e. that, at the 
instant of collision, the particle is moving along the normal to the 
surface at the point at which it strikes. Let m be its mass, and v 
its velocity before impact. At the moment of greatest compression, 
the particle will be at rest relatively to the plane, so that its 
momentum is reduced by the impulse of compression from mv 
to 0, Thus we must have 

I— mv. 



If e ia the coefficient of elasticity. 
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Thua there is a normal impulse of amount emv, and this g 
ates a velocity ev in the particle. There is no tangential impulse, 
tor there ia no sliding of the surfaces past one another. Thua the_ 
velocity of rebound is a velocity ev normal to the surface. 

Ohliqjte Impact: STiwoth Contact 
199. If the impact is oblique, let us suppose that the componentia 
of velocity along the tangent plane and along the normal befcw 
impact are m, v. As before, we find 

/= mv, /'= em.v, 
so that the normal velocity after impact, say v', is 



If the contact is supposed smooth, there can be no force In t 
tangent plane, so that the momentum in the tangent plane remains 
unaltered- Thua the velocity in the tangent plane remains equal 
to It, and the velocity after impact will be one of components u, ev. 
Let 8 be the angle which the velocity before 
impact makes with the normal, and let ^ be the 
corresponding angle after impact. Then 

tanfl = -. 




that 



tan = e tan (f>. 



, 80 thi 



If the bodies are perfectly elastic, e = 
= <^; Le. the particle rebounds at an i 
to the angle of incidence. Its reflexion obeys the same law t 
that of a ray of light. 

If the bodies are imperfectly elastic, 6 ia less than t}>, ao thi 
the path is bent away from the normal 

If the bodies are perfectly inelastic, e = 0, so that 4> = 
particle simply slides along the plane, as of course it obviously^ 
must Ednce I*= 0. 
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^B' The kinetic enei^ before impact is 

• !».(«' + »■), 

that after impact is ^■m(u^ + v"). ^^M 

Thus there is a loss of kinetic enei^ of amount ^^M 

This vaniehea if e = 1, La if the bodies are perfectly elastic. 
In all other cases there is a loaa of energy. We again see that e 
cannot be greater than unity, or it would be possible to gain 
energy by causing bodies to impinge on one another. 

^^H Oblique Impact : Rottgh Contact 

200. As in the case of a smooth contact, we obtain the relation 
v' = ev connecting the components of velocity along the normal 
The reaction, however, no longer acts entirely along the normal, so 
that it is not now true that the tangential component of velocity 
remains unaltered. 

Let lis consider the case in which the surface of the particle 
slides in the same direction over the fixed surface during the 
whole time that the two surfaces are in contact. Then at every 
instant of the impact there will be a tangential force equal to 
fi times the normal force, so that the total tangential impulse 
must be ft times the total normal impulse, and therefore equal 

Thus if m' is the tangential velocity after the impact, we have 
m (m — «') = /i (7 + /') 

SO that u' = u — (1 + e) fiv. I 
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If, as before, we suppose that 6, ^ are the angles -which the path 
makes with the normal beforo and after the impact (see fig. 126), 
we have 



ban0 = 



U-{l+e)lM! 



so that e- tan <^ = tan $ — (1 + e) /i. 

The value of (1 + e) ^ is always positive, so that <}> is less than it 
would be if the plane were smooth ; in other words, the roughi 
of the plane causes the particle to rebound nearer to the normal 

This ei|uation, however, la only true within certain limits, for 
we have assumed that there is sliding during the whole time tA 
impact. It may be that at a certain stage of the motion sliding 
will give place to rolling, and if so the equation we have obtained 
ia no longer vaUd. 
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Impact of Two Moving 
Suppose now that two bodies A, 



I of I 



piiige at the point C, the common normal to C being the Une CPi 
Let it be supposed that the centers t 
■ gravity of the two bodies both lie in thfl 
line CP at the moment of impact, and let 
the components along CP of the velocitieft 
; of the centers of gravity of the masaeft 
A, B respectively be 

u, vl before impact, 

r, y at the instant of greatest 

compression, 
■e, v' after impact. 




Then if we denote the 
impulse of restitution by / 


impulae of 
, we have 


compression 


by I, and SbM 




I'=m(r 


- s) = - ™ 




-n. 
-A 


iJ 



IMPACT OF TWO MOVING BODIES 245 

From the first line u==V-\ — > 

m 

so that u — u'^ll — I — ;)> 

\m my 

an equation connecting /with the relative velocity before collision. 
Similarly, from equations (86), 

\m my 

The experimental relation 1' = el is now seen to be exactly 
equivalent to the relation 

q) — -y'= — e{u — u'), (87) 

or, in words: The normal component of relative velocity of the 
centers of gravity after collision is equal to e times the relative 
velocity before collision^ and is in the opposite direction^ 

This law is known as Newton's experimental law ; it expresses 
the same property of matter as the relation I' = el, 

A second relation, connecting velocities before impact with 
velocities after, is given by the conservation of momentum ; we 

^® mv -f- m^v' = mu + m'u'. 



Combining this with equation (87), we can determine the 
velocities v, v' after collision in terms of the velocities u, u' 
before collision. 

Solving, we find that 

mu + m'u' — em'(u — u') ,oov 

V = ■ — j^ '-> (88) 

m + m' 

f mu -f- m'u' ■\- emiu — u') ,q^. 

i?'= j^ ^9 (89) 

giving the normal velocities. 

If the bodies are rough, we find the tangential velocities in 
the same way as in § 200 ; while if the bodies are smooth, the 
velocities in directions perpendicular to CP remain unaltered. 
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If the center of gravity of the two bodies is at rest^ — or, what 
comes to the same thing, if we measure all velocities relativelf to 
the center of gravity, — we have 

mu + mJv! ^ 0, 

so that v = — e — i -i, 

m + m' 

, m (w — v!\ 
Using the relation mu = — inlu^ these become 

i;' = — ev! y 

so that the bodies rebound from one another as though they had 
impinged on a fixed plane of elasticity e. 

The kinetic energy, either before or after the collision, is equal 
to the kinetic energy of a single particle moving with the center of 
gravity, together with that of the system relative to the center of 
gravity. The former remains unchanged by collision, so that the 
loss in the total kinetic energy produced by collision is equal to 
the loss in the kinetic energy relative to the center of gravity. 

If the bodies are smooth, this loss of kinetic energy 

= \ {mu^ -f- 7n/u^^ — mi^ — m'l;'^ 

Thus the loss of kinetic energy is (1— e^) times the original kinetic 
energy relative to the center of gravity. If the bodies are perfectly 
elastic, e = 1, so that there is no loss of energy ; while if e = 0, the 
original energy relative to the center of gravity is all lost. 
• 

Impact of Two Smooth Spheres 

202. Let us apply the principles just explained to determining 
the motion, after impact, of two smooth spheres. 

At the moment of impact let A, B be the centers of the two 
spheres, so that the line AB is the common normal to the surfaces 
at the point of impact C. 



I 
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As before, let the : \/ities along AB before impact be u, u', 
these both being measured in the direction AB, and let the 
velocities in the same direction after impact be v, v^. Then we 

and, by Newton's law, i; -- t;' = — e (i^ — u^). 

From these equations (88) and (89) follow as before. 



have, by the conservation of momentum along AB, 




Fig. 128 

If the velocities of A before impact make angles a, a' with AB 
as marked in the figure, the tangential velocities of A before and 
after impact are ^^^^^^ -,;tan«', 

so that, since the tangential velocities remain unaltered, we 

must have . t . 

vtana'= — utsLua; 

while similarly, from the motion of B, 

v' tan)8'= — u' tanyS. 

Thus equations (88) and (89) become 

^ , mu + m!v! — emUu — u^) 

cota'= ; 7—^^ cota, 

(m -\-m')u 

^ ^, mu + m'u^ -f- em(u — u^) . ^ 

C0t/3'= ; ; j-^f ^ cot/3, 

{m + m')u' 
giving a', /S^ in terms of the initial motion. 
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8. Two billiard balls stjirul in cDut4tct, aiiil a. third ball 'm made Id stdl 
them BimultaneouBly, and ie observed to remain at rest after the impao 
Show that e = j. 

9. A particle is projected from a point on a smooth horizontal plane, wit 
velocity V at an elevation a, and after striking the plane rebounds time tSU 

time. Show that iu total time of flight is f^^, and that its total raq 

10. A player stands at a horizontal distance d from a wall, and throws 
ball towards the wall at an inclination or to the horizontal. Show that if it 
to return to him after bouncing, he must throw it with a velocity F" given by 

r., ff + 'l"^ 

where e, n are coefficients of elasticity and friction. 

11. In the last question consider tbe cases uf (a) e 



GENERAL EXAKtPLES 

1. A particle is placed on the face of a smooth wedge which can slie 
on a horizontal table ; find how the wedge must be moved in order th| 
the particle may neither ascend nor descend. Also find the pressnre betwes 
the particle and the wedge. 

2. It is required to run trains of 100 tons on a level electric railv^ 
with stations half a mile apart, at an average speed of 12 miles an hou 
including half a minute stop at each station. Prove that the electric loco 
motives inuBt weigh at least an additional 8 tons, taking a coefficient t 
friction of J, and supposing the trains fitted with continuous \ 
(Neglect passive resistances.) 

Prove that the railway can be worked by gravity, if the line is 
downward between the stations to a radius of about 46.000 feet; aiu 
that the dip between the stations will be about 20 feet, the inolint 
at the stations about 1 in 33, and the maximum velocity about 23^ mill 
an hour. 

3. A cylinder of height h and diameter d stands on the floor of a rat 
■way car, which suddenly begins to move with acceleration /. Show thi 
the cylinder will only remain at rest relative to the car if /is less Uut 
both /ig and dg/li. 

4. If a circular hoop is projected, spinning steadily without wtibblill 
prove that the center describes a parabola, and that the tension of the ri 
is the weight of a length v'/g of the rim, where v denotes the rim velocit 
relative to the center of the hoop. 
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5. A uniform chain 6 feet long, having a maAs of 2 pounds per foot, is 
laid in a straight line along a rough horizontal teble, for which the coeffi- 
cient of friction is J, a portion hanging over the edge of the table so that 
slipping is just about to occur. If a slight disturbance sets the chain slip- 
ping, find the tension at the edge of the table when x feet hare slipped of!. 

6. Two equal balls A, B, each of mass m, are at a distance a apart. 
An impulse / acts on A in the direction AB, and a constant force F acta 
on jB in the same direction. Show that A will not overtake B if 

7. A bullet weighing one ounce is fired with a velocity of 1200 feet per 
second at an elevation of 1 degree so as to hit a bird weighing 2^ pounds 
when the bullet is at the highest point of its path. Supposing the bird to 
have been at rest when hit and afterwards to fall with the bullet embedded 
in it, find how far from the point of firing the bird will fall. 

6. If a bullet weighing id pounds is fired with velocity v at a body 
■weighing W pounds, advancing with velocity K, prove that the body will 
retain the velocity 

HT-™ „. „ „ 



W + 



W^' 



according as the bullet is embedded, or perforates and retains a velocity u. 
Calculate the energy liberated, and thence infer the average resistance of 
the body from the length perforated by the bullet. 

9. A pile is being driven in by repeated impacts of a falling weight. 
IIow does the extent to which the pile is driven in by each blow depend 
((i) on the magnitude of the weight, and (S) on the height to which it is 
raised before being released? 

If tliB weight be 1 ton, and the height from which it falls be 10 feet, 
and the pile be driven in a tenth of an inch, find the resistance in tons. 

10. An inelastic pile, of mass m pounds, is driven vertically into the 
ground a distance of a feet at each blow of a hammer of mass M pounds, 
which falls vertically through h feet. Show that the weight which would 
have to be placed on the top of the pile to drive it slowly into the ground 
_ would be 

- pounds. 



M^h 



{M^ 



n^a-' 



^P 11. A hammer head of W pounds, moving with a velocity of v feet a 
Becond, strikes an inelastic nail of ui pounds fiied in a block of M pounds 
which is free to move. Prove that if the mean resistance of the block to 
penetration by the nail is a force of R pounds, then the nail will penetrate 

_^ each blow a distance, in feet, 



(i«-+ff-+u,)(-pF+„)2pB 
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13. Tn the ByBtem of pulleys described in g 128, atiow that ifPisaweight' 

wbkb is not equal to W/n, the acceleration produced in the w^ht fFwi]] ba 

uP-W 

n^P+w"' 

13. Two masees ni, m' connected by an elastic string are placed on > 
smooth horizontal table, the maaaes being at rest and the string unstretched. 
A blow of impulse P is given to the first mass, in the direction away from 
the second. Show that when thti atring iit again uuatretched, the velodtji 
of the second mass is „ „ 



14. Three equal particles are tied at the ends and middle point of K 
ineztensible string, which is placed, fiilly extended, on a smooth table. 
The middle particle is jerlted into motion in the direction towards and' 
perpendicular to the line joining the other two. Find the loss of energy 
when the other particles are jerked ii 

15. A coal train consists of a number of similar trucks hauled by an 
engine whose weight is juat equal to that of three trucks. The train is i 
rest on a level track, the couplings, which are of equal length, being a 
equally slack. The engine then begins to move with a constant tractiv* 
force, and each truck is jerked into motion as its coupling tightens. ShoW 
that the speed of the engine will be greatest just before the tenth jedt 

16. Snow is evenly spread over a roof. If a mass commences to slidt^ 
clearing away a path of uniform breadth as it goes, prove that its acceler- 
ation is constant, and equal to a third of that of a mass sliding freely 
down the roof. 

17. A heavy, perfectly flexible uniform string hanging vertically with 
its lowest point at a height h above an inelastic horizontal plane is sud 
denly allowed to fall on to the plane. Show that the pressure on the tabis 
when a length z of the atring baa fallen on to the table if 

18. Show that if two equal balls impinge directly with velocitieC' 
V and — V, the former will he reduced to rest. 

19. Show that the mass m of a sphere which muat he interposed between 
a sphere of mass M at rest and one of mass M' moving directly o 
with velocity V, in order that the former may acquire the greatest poBsiblo 
velocity from the impact, will be '^MM' , and that the velocity acqairad 
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20. Prove that an elastic ball, let fall vertically from a height of k feet 
on a hard pavement, and reboundiDg each time vertically with e times the 
striking velocity, will have deacribed 






l+. ITl 



seconda 



before the rebounds coaae. 

Work this out for A =^ 1 , e = J. 

21. A ball is dropped from the top of a tower, height A, and at the same 
time another ball of equal weight is projected upwards with the velocity 
'^2gli from the base of the tower and collides directly with the falling ball. 
If the coefficient of restitution be e, prove that the falling baU will, in 
the rebound, rise to a height short of the top of the tower by -(1 — e^. 

22. A boy standing on a railway bridge lets a ball fall on the horizontal 
roof of a car passing under the bridge at 15 miles an hour. It n = \, e — ^ 
between the roof aad the ball, find the least height of the boy's hand above 
the roof in order that the second rebound of the ball may be from the 
same point of the roof as the first. 

If the boy's hand is at a greater height than this, what will happen? 

23. A perfectly elastic particle is projected so as to strike the inside of 
a surface of revolution of which the axis is a given vertical line. Show 
that the vertices of all the parabolas deacribed after successive rebounds 
tie on a surface of which the shape is independent of that of the surface 
of revolution. 

24. Prove that in order to produce the greatest possible deviation in the 
direction of motion of a smooth billiard ball of diameter a by impact on 
another equal hall at rest, the former must be projected in a direction 
making an angle 



-evi^) 



with the line, of length c, joining the two centers. 

25. A pendulum hangs with its bob just in contact with a smooth verti- 
cal plane. The boh is drawn aside until it is 5 inches higher than it was, 
and is then released so as to strike the plane normally ; and on the first 
rebound it rises vertically through 4 inches. What would have been the 
vertical rise on rebound if the pendulum had been drawn aside through 
the same angle, but so that the bob strikes at an angle of 60 degrees with 
the normal? 




CHAPTER X 
MOTION OF A PARTICLE UNDER A VARIABLE FORCE 

203. In almost all the cases of motion of a particle which 
have so far been considered, the forces acting on the particla 
have remained constant throughout the whole of the path, bQ 
that the acceleration of the particle has been eonatant. We pro" 
ceed now to consider the motion of a particle which is acted 
upon by forces which vary from point to point of the path of 
the particle. 

These problems fall into two claaaea, according to whether tha 
path described by the particle is or is not given as one of the datf 
of the problem. The former class is the simplest and is considered 
first. It includes such cases as the motion of a pendulum, in which 
the " bob " of the pendulum is constrained to describe a circle by 
the mechanism of suspension of the pendulum, as also that of the 
motion of a bead on a wire, in which the bead is compelled to, 
describe the path marked out for it by the wire. 

Equations of Motion 

204. Let s denote the distance described by the particle along, 
its path at any instant (, this distance being measured from any 

p fixed point on the path. The velocity alonff 

. ds 

he path is then -j-- Calling this v, the accelera^ 

dv d?s 

"° " * " ^' 

We can also obtain a value for the accelera- 
tion from a knowledge of the forces acting. To find the accder- 
ation, we must resolve all the forces which act on the particle in 
the direction of the path. If S is the component of force in thia 
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direction, the equation of motiou of the particle, by the second 
law of motion, will be 



dt 
^ (If 



(90) 
(91) 



We shall suppose the field of force to be permanent, so that the 
quantity S may be supposed to depend only on the position occu- 
pied by the particle on its path, and not on the instant at which 
it arrives there. In other words, .S is a function of s but not of t. 
Equation (91) is a differential equation connecting s and t; if we 
can solve this equation, we shall have a full knowledge of the 
motion of the particle provided its path ia known. 
^K The equation is a differential equation of the second order, but 
^^Bb easily be transformed into one of the first order. For 

Kothi 






dv 



ds dt 
a that the equation can be written 

dv 
S = mv -z- ■ 



Since iS is a function of s, this equation can be integrated with 
ject to s, 80 that we obtain 



^P 



(92) 



inhere C is a constant of integration. 



I=4!KH' 



(93) 



Sfcll is an equation of the first degree. If this can be solved, the 
solution of the problem is complete. 



256 



MOTION UNDER A VARIABLE FOKCE 



We notice that the right hand of equation (92) is the kinetio 
energy of the particle. Also, since the force opposing the motion 
of the particle along its path ia ~i9, its potential energy is — / Sds. 

Thu8 equation (92) expresses that the sum of the kinetic and 
potential enei^es remains constant — it is the equation of energy 
for the motion of the particle. From a knowledge of the total 
energy at any instant of the particle's motion, we can determine 
the constant C, and can then proceed to integrate equation (93), 
if possible. 

ILLtJSTHATIVE EXAMPLE 

Ataaming that the valTie of gravUj/ falls qjf inveTseli/ a» the square of the (H» 
tanee from the earth'i center, detennine the motion of a projectile fired verticaltf 
into the air, the diminution of gravity being taken vnio account. 

Let a be tbo radius of the earth, and g the value of gravity at the surfaca 

Then, at a distance i- from the earth's center, the value of gravity will be ~ — 

Since the particle moves along a radius drawn through the center of tb 
earth, we may measure all distances from the earth's center, and the distant 
r from the earth's center may replace the coOrdinaf* a of §204. The value ( 



e force S resolved along the path is - 



o that the equation of motion ii 



The equation of energy, as in equation (02), is 
, + !!!^=.jmrf. 



Let us suppose that the particle 
velocity V. Puttiag r = a in equa 

G + mga = J mF^ 



projected from the earth's surface wiQ 
(a), the value of h must be F, sc 



and thla equation determines the vi 
and (b), we obtt^ 



l6 of C. Elin 



(4 

lating C from equations (a) 



,ct(l-?) = l{F'-»^, 



ILLUSTRATIVE EXAMPLE 
ing the velocity at any point in the form 



= yjr'-2,.(l~fj- 



> this equation becomes 



k 






m 



On performing tlie integration, we can Gnd the time required to dencribe any 
portion of the path. Let us first canaider the cliderenC types of solution. 
We eee from equation (c) that e vanishes wben 



so tbSit if T^ < 2ga, there is a positive value of r, Inlermedisffi between + a 
and + CD , for wliich the velocity vanishes. Thus if F' < 2 ga, the projectile 
goes to the point at distance , and then falls back on to the earth. If 

V* > 2ga, we find that there is no positive value of r for which u vanishes, so 
that the particle goes to infinity : it escapes from the earth altogether. 

When V—2ga, the velocity vanishes at infinity; thus the particle just 
escapes froni the earth's attraction, but is left with zero velocity. Its kinetic 
enei^ of projection is just used up in overcoming the earth's attraction. 

Let us consider firat the special case in which Y^ = 2 go,. We find that equa- 
tion (a) leducea to 






where C is a new constant of integration. 

'e time from llie instant of projection, i 



"'l^,*"' 



avTff 



(r»-al). 
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Id the case in which F' > 2ga, we obtain ailei integratioii of equaUon (i 




where C ia a new constant of integration. If the ti 
the instant at which the particle ia projected, ^ 
so that 






and on eliminating C, we can again obtain the time required to deacribe anj 
portion of the path. The case in which F* < 2 go can be treated 
manner. This is left aa an example for the student 

EZAHPLE3 

1. In the foregoing illustrative eiample, suppose that F' < 2ga, and find 
(o) the greatest height reached ; 
(b) the time of flight of the particle. 

2. A meteorite falla on to the earth. ABSuming It to start from inflnit; witb 
aero velocity, and to fall directly on to the earth, find the velocity with which 
it reaches the earth's surface, and the time taken to fall to the earth's surfaof 
from a point distant r from the earth's center. 

3. A particle falls from distance a into a center of force which 
according W the law jt/t^. Show that the average velocity on the Aral half 
the path is to the averaige velocity on tiie second half in the ratio 

»■ - 2 : JT + 2. 

i. Find the time of fatling to a center of force which attracts accoidiiig 
to the law;ir~'. 

6. A particle moves in a straight line from a distance a to a center of attrao 
Hon towards which the force is -^- Show that the time required to reach OH 
center [a ^ ^ 

6. A particle begins to move from a distance a towards a fised center whicb 
repels according to the law jir. If its initial velocity is VJia, show that it wO 
continually approach the fixed center, but will never reach it, 
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The Simple Pendulum 



205. One of the most important cases of a variable force arises 
in the motion of a simple pendulum. To obtain a first approxima- 
tion, we can suppose that the whole weight of the pendulum is 
concentrated in the bob, which may be ^ 

treated as a particle, and that this is- sus- 
pended from a fixed point by a weight- 
less string or rod so that it is constrained 
to move in a vertical circle. 

Let s denote the distance along this 
circle described by the particle, this dis- 
tance being measured from the lowest • 
point 0. Let the angle PCO between 

the string and the vertical be denoted 

/I n '^'°- 130 

by ff, so that s = ao. The forces acting 

on the particle consist of its weight and the tension of the 

string. The latter has no component in the direction in which 

the particle moves. The former has a component — mg sin 0. 

t.us the equation of motion is 




./.. 






(94) 



^206. This equation cannot be solved by elementary mathe- 
matics, except in the simple case m which the angle O is small, 
^La the case in which the pendulum never swings through 
more than a small angle from the vertical. Confining our atten- 
tion to this case, we may replace sin by 0, and 6 by s/a, and 
write the equation of motion in the form 






-($)'■ 



he acceleration of the bob of the pendulum is proportional 
s distance from 0, and is towards O. 
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Writing the equation in the form 

and int^rating with respect to 8, we obtain 

i;«=(7-/^y. (95) 

Clearly the constant C must be positive, and the velocity will 
vanish as soon as s reaches a value such that 

Let us denote the two values of s which satisfy this equation by 
±Sq, then the motion of the bob is clearly confined within two 
points at distances Sq from the point O on opposite sides. Thus 
we may call Sq the amplitude of the swing. 



Eeplacing C by [-W, equation (95) becomes 



^=?(^o-A (96) 

Cv 



4 



SO that — 

at 

and the integral of this equation is 



"f^^ 



^ 



la _i/« 



= ^'r' Ur*' 



where 6 is a constant of int^ation. 
This equation gives 

SO that « = «o ^5^ T \|~ (^ "• *) f 
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Thia eouation contains the comnlete aolutioa of the orohlem. ' 



Thia equation contains the complete aolutioa of the prohlem. 
We notice that the values of s continually repeat at intervals of 
Gnjp t^ for which 

Thus the motion of the pendulum repeats itself indefinitely. 
The intefval between two instants at which the pendiilum is in 
the same position, namely t^, given by 



,-..4. 



called the period. 

207. Seconds pendulum. To conatruct a pendulum which is to 

beat seconds, we clioose a so that (^ shall he equal to two seconds, 
for a seconds pendulum is one which takes one second to move 
from left to right, and then one second more to mova from right 
to left. Thus we must have 



'^= 



In foot^econd unita we may take g= 32.19 for London, and 
so obtain 

a = 39.14 inches, 

aa the length of the seconds pendulum at London. 

We notice that the period of a pendulum varies as the square 
root of its length. Thus, for a pendulum to beat half-seconds, its 
length would have to be only a quarter of that of the seconds 
pendulum, and therefore 9.78 inches at London. 

Since g varies from point to point on the earth's surface, the 
length of the seconds pendulum will also vary. If we observe 
the length of a pendulum and also measure its period with a 
chronometer, we shall be able to calculate the value of ; 
the place at which the experiment is performed ; in fact, this 
method affords the easiest and most accurate way of obtaining 
the value of g at any point of the earth's surfaca 
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ILLUSTRATITS EXAKPLB 

A petuluium tehich beats Beconds acciiralely at Neu> York i» found to gaint 
Kcondi a day iohen taten Co Philadclpkia, Ciimpare the valiie» of g at PkiladA- 
pkia and Nmo York. 

At Philadelphia, the pendulum makes 34 x (W)' + 2 beats In 24 x (W) 
wcoadB. Thus the time of a beat is 



24 X (60)' 



seconds, 



24 X («0)' . 
and tills is equal to '\/-> where a ia the length of the pendulum and jr la the 
value of gravity at Pliiliulelphia. If go denote the value of gravity at New York, 






= irti, 



L 24 X {80)» J 



= JfoC^ + lliim) approiimately. 

New York by about oi 



EZAUPLES 

1. Calculate the length of a pendulum to beat ti 



,0 a march of 100 



2. A pendulum which beats seconds in London requires to be Bhortened b; 
one tliousandth oE Ita length if it ia tu keep time in New York. Compare Uh 
valued of gravity at Jjondon and New York. 

3. The value of e' at a point on the earth's surface in latitude X is 

P = ffo(l-.002G7coa2>), 
where g„ = 32.17 is the value of g in latitude 45 degrees Show Unit tha lat| 
tude in which a. short journey of given length will produce the greatest ei 
in the rate of a pendulum clock is latitude 46 degrees, and find the error 
mile in thia latitude. (One minute of latitude = 8075 feet ) 

4. In a building, at height h feet above the ground, the value of gravity 

ffo- .000003A, 
vihere g^ ia the value of gravity at the foot of the building. In Hew Tod 
go = 32.14. Find the error in the rate of a pendulum clock, produced by 
it from Uie ground to the top of a building 300 feet high. 



I 
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The length of a pendulum which makea 2 n beats per day is changed 
from Ito I + L. Show that the pendulum will lose — beats per day approxi- 
mately. 

6. A balloon ascenda with constant acceleration, and reaches a height ot 
3600 feet in two minutes. Show that during the aijcent a pendidum clock will 
have gained about utie second. 

7. A pendulum of length I is adjuHled by moving a small part only of the 
bob of the pendulum, this being of mass equal to one nth of the complete bob. 
Uow far must this be moved to correct an error ot p aeconda a day ? 

Simple Habmonic Motion 

208. We have seen that throughout the motion of a pendulum 
which moves so that its maximum inclination to the vertical 
is small, the acceleration is proportional to the distance from 
the middle point of its path, and ia directed towards that point. 
A point which moves in this way is said to move with simple 
harmonic motion. Thus if s ia the distance from a fixed point, 
of a point which moves with simple harmonic motion, we lava 
an ec[uation of the form 

ie — '^'' 

where A is a constant- 
Integrating, we obtain, as before in the case of the pendulum 
(cf, equation (96)), 

>,■-*■(.,.■- A 

and from this agam 

s=SoCosi(i!-e). (97) 

^ The constant k is known as f^^ frequency of the motion. Thus 
the frequency of a simple pendulum is -Js - 

209. A simple geometrical interpretation can be given of simple 
harmonic motion, and this enables us to obtaui a complete knowl- 
edge of the motion without any use of the integral calculus or of 
the theory of differential equations. In fig. 131 let the arm OP 
rotate about with uniform angular velocity k, so that P describes 

-a circle of radius a with uniform velocity ka. Let a perpendicular 
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PN be drawn from P to a fixed diameter AA'. Then we shall ficJ 
that the point N moves backwards and forwards on the line AA 
with simple harmonic motion. 

The acceleration of J* is, by § 12, 
an acceleration i^a along PO. Thi* 
can be r^arded as compounded of 
the acceleration of P relative to H, 
which must be along NP, and tht 
acceleration of N relative to 0, 
which must be along ON. Thm^ 
the acceleration of ^ is that com- ' 
Via. 131 ponent of the acceleration of F 

which i8 in the direction AA'. This, however, is known to be 
fa cos 0, or A* ■ ON, along NO. I*utting ON = s, we have an 
acceleration — fi^s in the direction in which s is measured, namely 
ON. Thus the point N moves with simple harmonic motion. 

This geometrical interpretation of simple harmonic motioD 
enables ua to obtain expressions tor v and s directly. The value of 
g is ON, or a cos d. Let i = e be an instant at which the point P 
was passing through the point A' in its motion round the circle, 
then, at any subsequent instant (, the time since P was at A' will 
'be ( — e, so that the angle described by OP will be 5 = A(( — (). 



1 



Thus we have 



s = 0N= a coBk(t — e). 



: This is the same result as is contained in equation (97). W(l. 
notice that the amphtude s„ of the motion is the same as t 
radios a of the circle, and that the frequency k is identical ¥ 
the angular velocity. On differentiating equation (98), we c 
at once for the velocity 

= k Va' — s*. 

This result can also be obtained by resohdng the velocity ka of 
the moving point P into two components, along and perpendicular 
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to AA!. The former is obviously the velocity of N along A^, and 
it is at once seen to be of amount — ha sin B, or 
V = ~~ ka ^nk (t - 



In this motion, as in the motion of the simple pendulum, the 
quantity « ia called the amplitude, while the time — — after which 
the motion repeats itself is called the period. 

EXAMPLES 

1. A point moTBs with eimple liarmoDic motion of period 12 seconds, ajid lias 
an amplitude of 5 feet. Find its maximum velocity, and find its position and 
velocity one second after an instant at wliloh its velocity is a maximum. 

2. A particle moving witli simple harmonic motion of period t is observed 
to have a velocity v when at a distance a from its mean poeitioD. Find its 



3. A particle is free to move along & line AB and is acted on by an attract- 
ive force directly proportional to its distance from a point P in AB, and con- 
sequently moves with simple harmonic motion. Prove that its average kinetio 
energy is equal to its average potential energy. 

4. A point moving with simple harmonic motion is observed to liave 
velocities of 3 and 4 feet per second when at distances of 4 and S feet respec- 
tively ht>ta its mean position. Find its amplitude and period. 

5. A point moves with simple harmonic motion relative to one frame, and 
the frame itself moves with simple harmonic motion relative to a second frame, 
the directions of the two motions being parallel, and tlieir periods the same. 
Show that the motion of the moving point relative to the second frame Is simple 
harmonic motion, of the same direction and period bs that of the frame. 

6. A weight w is tied to an elastic string of natural length a and modulus \, 
and is allowed to hang vertically in equilibrium. The weight ia now pulled 
down vertically through a further distan<;e h. Show tliat on being set free it 
will describe simple harmonic motion of amplitude k, provided this does not 
Involve the string ever becoming unstretched. Find the period of the motion. 

I The Cycloidal Pendulum 

210. We have seen that the motion of a simple pendulum is 
simple harmonic motion only so long as the amplitude of the 
motion ia small. It is, however, possible to constrain a particle to 
move under gravity in such a way that its motion shall be simple 
harmonic motion no matter how great the amplitude. 
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To find the curve in which tiie particle must be constrained ta 
nove, let ua go back to equation (94), namely 



df 



= ~ gsiaG, 



which is the equation of motion of a particle conatrained to move 
in any cuire, provided 6 is the angle which the tangent to the 
curve at a distance 8 along it makes with the horizontal. For thi» 
equation to represent simple harmonic motion, the acceleratioii 



dt^ 



must be equal to — A-^s. 



Thus we must have 
sin fl = fc's, 



(9^ 



SO that ain 6 must be proportional to s. 

211. This relation expresses a property of the cycloid, — ie. dt 
the curve described in apace by a point on the rim of a circle which 
rolls along a straight line. For, in fig. 132, let P be a point cat 
a cycloid which is formed by a circle rolling along the line M'j 
When the point on the rim of the moving circle is at P, let A \ 




the point of the circle which is in contact with the line SF, and 
let AB be the diameter of the circle which passes through A. 

At the instant considered, we know that the motion of the poiol 
P on the rim of the circle is perpendicular to the line AF (t 
example 1 on p. 9). Thus since APB is a right angle, the motioi^ 
must be along BP. Thus BP is the tangent to the cycloid. 

If EF is supposed horizontal, the angle between the tan 
gent at P and the horizontal ia equal to the angle PAB, so tl 
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the radius of the circle through P will make an angle 2 6 witti 
the vertical. 

Suppose that the circle roUa along EF until the tangent to tha 
cycloid at P makes an angle 9 + d0 with the horizontaL The 
radius at P mast now make an angle 2 (^ + d8) with the vertical, 
so that the circle must have rotated through an angle 2 d9. Since 
the motion of P may be regarded as one of rotation about A, the 
small element of path ds described by P will be given by 



I 



d» = 



,iP-2d 



Now AP = AB cos 6 = D cos 0, where D is the diameter of the 
lliti g circle. Thus 

ds = 2DcQse de. 



giving, on integration, 



= 2i>Bm5 



No constant of integration is required if we agree to measure s 
from the point at which 5=0, i.e. the lowest point of the cycloid. 

The property of the cycloid is now proved, and we see that 
equation (99) is true throughout the motion of a point which 
describes a cycloid, thia being generated by the rolling of a circle 
of diameter D given by 

2^ = 1- 

^H 21!!. If the cycloid is given, the frequency h of the simple har- 
^BiDtiic motion will be i = "VS^' ^^^ ^^^ period la — — > or 



\2D 



Thus the motion is of the same period as that of a simple 
pendulum of length ID. 

213. The impoitance of cycloidal motion is as follows. It has 
been seen that the motion of a simple pendxilum is only strictly 
simple harmonic when the amplitude is so small that it may be 
treated as infinitesimal. For finite amplitudes the motion is not 
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simple hannonic, and consequently the period is different from that 
of the simple harmonic motion described when the amplitude is 
very small. Thus the period depends on the amplitude, so that a 
clock which beats true seconds when the pendulum swings through 
one angle will gain or lose as soon as the pendulum is made to 
swing through any different angle. Variations of amplitude must 
always occur during the motion of any pendulum, and these cause 
irregularities in the timekeeping of the clock. 

We have, however, seen that if a particle describes a cycloid, 
the period is indeijendent of the amplitude, ao that variations of 
amplitude cannot affect the 
timekeeping powers of a pa> 
tide moving in a cycloid. 

The simplest way of caus- 
ing a particle to move in ft 
cycloid is, in practice, to s 
pend it from a fixed point by 
a string, in such a way that 
pjg j^ during its motion the string 

wraps and unwraps itself 
about two vertical cheeks. If the curve of these cheeks is rightlj 
chosen, the particle can be made to describe a cycloid, and it cai 
easily be shown that the curves of the cheeks must be portions o 
two cycloids each equal to the cycloid which is to be described by 
the particle. 

EXAMPLES 

1. In cycloidal motloD prove that the vertical component of the velocity < 
the particle Ib greatest when it hfus described half of its vertical descent. 

2. A partiule oscillates in a cycloid under gravity, the amplitude of tl 
motion being b and the period being t. Show that ita velocity at a, tima t inesi 

ured from a poaitioa of rest is — sin 

3. A particle of mass m slides on a smooth cycloid, starting from ttie cub 
Show that the pressure at any jioint is 2 mg cos •//, where ^ is the inclination 
the horizontal of the direction of the particle's motion. 
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Motion of a Particle about a Center of Force • 
Force Proportional to the Distance 

21^. Let us suppose that a particle moves under no forces ex- 
cept an attraction to a fixed point 0, the force of attraction being 
directly proportional to its distance from 0. 

Tating as origin, let the coordinates of the point P, the posi- 
tion of the particle at any instant, be denoted by (c^y^z. Let the 
force acting on the particle be fi • OP diriected along PO, where ft 
is a constant. The colnponents of this force along the three 
coordinate axes are _ „ ^ _ „^, _ „^ 

The components of acceleration are, as in § 177, 

cPx cPy cPz ^ 

i 

Thus the equations of motion of the particle are 



dJ'x 



m 


df 


-/AiC, 


m 


d^y 
d^ 


"-/*y» 


m 


dPz 
dt^ 


— /A«. 



(100), 



(101) 



(102) 



These three equations are all of the same type, namely the type 
of equation which denotes simple harmonic motion. Thus the foot 
of the perpendicular from the moving point on to each of the 
coordinate axes moves with simple harmonic motion. 

The solution of equation (100) has already been seen to be 

a? = ^cosjp(<-- e), 
where j9*= ft/m. This can be written 

x^AoospeGOspt -f ^sinj9€sinj9^, 
or again a? = Ccosj?*-|-I>sin^^, 
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if W6 introduce new constants C, D to replace tlie constants 
^ cos^c and ^siiipe. The other two equations have similar 
BolutioQs, so that we can lake the complete solution to be 

a: = C cos p( + -D sin p(, (103) 

y = C cos p( + D' sin jit, (104) 

z = C" ca&pt + D" sin pt. (105) 

We can always solve the equations 

f(7 + rC+sC"=0, (106) 

\D-\-rP+sD"=0, (107) 

and so obtain values of t and s for which these relations are true. 
Let us multiply equations (104) and (105) by these values of rand 
s, and add corresponding sides to the corresponding sides of equfr- 
tion (103). We obtain 
(a; + ry + sz) = ( (7 + rC -\- sC") ca&pt + (O + ri>' + sZt") sin pi 

= 0, (108) 

since equations (106) and (107) are satisfied. The meaning ofj 
equation (108) is that for all values of ( we have the relatioi 
x-\- ry + sz = ^, and, therefore, that throughout its motion th( 
particle remains in the plane of which this is the equation. 

The axes of coordinates have been supposed to be chosen arbb-1 
trarily. We can always choose the axes so that the plane in which 1 
the whole motion takes place is that of xy. The motion is thsi I 
given by two equations of the form 

3; = C cos p( + D sin pt, 
y = C' coapt + !>' sin pt. 
Solving for sin pt and cos pt we obtain 
C'x - Cy 



sxapt = 



CD 



<9pt = 



-CLf 
Ti'x-Dy ^ 
CD - CD>' 
that on squaring and adding, we obtain 

{C£-Cyf^{D'x~Dyf = {CD- 



CP)\ 
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This is the equation of au ellipse. 

Thus the most general motion possible for the particle consists 
in describing the same ellipse over and over again. The period is 
2 7r/p, this being the time required for cos pt and sin pt both to 
repeat their values. 

215. The axes of x, y are still uudetermined ; let us imagine 
them to be the principal axes of the ellipse. 

Then if we suppose the time measured from one of the instants 
at which the particle is at one of the extremities of the major 
axis, we shall have equations of the form 

»x = A cos pt, 
y = Bsia pt. 
Thus pt is the eccentric angle of the ellipse described by the 
particle, so that the eccentric angle increases with uniform angular 

velocity p or -» — The motion repeats itself as soon as p increases 
by 2 TT. Thus the frequency is p or -J — , while the period is 2 ir x^ — 

216. This motion is realized experimentally in the motion of 
a pendulum which is not constrained to move in one vertical 
plane, but of which the deviations from the vertical 
remain smalL 

Let the pendulum be of length a, and let its bob be 
displaced from its equilibrium position to some near 
point ~P, such that the angle PCO may be treated as 
small Calling this angle 0, the we^ht of the bob may 
he resolved into mg cos along CP, which is exactly neu- 
tralized by the tension of the string, and a force mg sin 9 -q 
along PO. If ff is small, sin 6 may be put equal to 0, and ^'°- 13* 

OP 
this in turn to — - ■ Thus the bob may he supposed to experience 

a force — OF along OP. The motion is therefore of the kind 

which has been described, the value of /* being — i and the value ■ 

of p therefore being y\- ■ Thus we see that a hanging weight 
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Moment of a Velocity 

219. The velocity of a point is a vector, and the line of actico 
of this vector may be supposed to be the line through the mo\ 
point in the direction of its velocity. We can define the moment 
of a velocity in just the same way as the moment of a force h 
been defined. Moreover, all the properties of the moments of s 
force followed from the fact that forces could he compounded 

according to the parailelogram law, so 
that tlie same properties will be true o 
the moments of velocities, because veloia 
ties also can be compounded according h 
the parallelogi'am law. 

Let f he a particle describing an orH 

about 0, and let OQ be a perpeudieid 

from on to the line througii J* in tj 

direction of the particle's velocity. Then the moment of the yai 

tide's velocity about is OQ x (velocity of particle). 

After a short interval dt, let the particle be at P*. Its velocit 
at P' is compounded of its velocity at P together with dt times it 
acceleration at P. Hence 

(moment about of velocity at P') 

= (moment about of velocity at P) 

+ (moment about of [dt x acceleration at P]). 

Tlie acceleration at P being along PO, the last term of this 
equation is zero, so that we see that the moments about of the 
velocities at P and at P' are equiil. 

We can extend this step by step as in the former theorem, am 
obtain finally that 

The moment about of the velocity of a particle describing 
orbit about is constant. 

220. We have supposed that the particle moves from P to .P 
in time dt, so that if v is its velocity at P, then PP' = vdt. Aj 
the particle describes its orbit, the hue OP may be 



r 
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sweeping out an area in the plane of the orbit. The area described 
in time dt is the small triangle OFF'. We now have 

I area described in time dt 

= area OFF' 
= ^OQFP' 
= \0Q-vdt 
= ^dt X moment of velocity about 0. 
Thus the area described per unit time is half the moment of the 
vfiloeily about 0, and this by the theorem of the last section is a 
tsonfltant. Thus we have the theorem : 
^K Equal areas are described in equal times. 



^ Differential Equation of Orbit 

221. The theorem just proved, in combination with the theo- 
rem of the conservation of energy, enables us to determine the 
equation of the orbit iu which a parti- 
cle will move. This equation is most 
conveniently expressed in polar coordi- 
nates, the center of force being taken 
as origin. 

If r, 8 are the polar coijrdinates of the 
particle, the velocity may be regarded 

dr 
as compounded of a velocity — alonf 

at right angles to OF. 

The velocity is therefore given by 




OF, and a velocity r~ 



Ut 



\dt 



The moment of the velocity about is equal to the moment of 
the second component, for the moment of the first component 
vanishes. Tlius the moment of the velocity about O'larxr 
and since this baa a constant value, say h, we have 

*de ^ 



dt 



(109) 
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If m is the mass of the particle, and if /(r) is the attraction per 

unit mass when at a distance r from 0^ we find that the potential 

energy of the particle is y«r 

m I f{r)dr. 

The kinetic energy is J mt^, or 

*-[(i)-©} 

Expressing that the total energy is constant, we have 

where J& is a constant. 

Equations (109) and (110) lead to the differential equation of 
the orbit. We have, since r and are both functions of t, 

dr ___ dr dd 
dt dO dt 

so that equation (110) may be expressed in the form 

[(S)*-](f)'-i><'>-=^ 

and on eliminating — from this and equation (109), we have 

CLl/ 

the differential equation of the orbit 

Law of Inverse Square 

222. Let us now suppose that the attraction follows the law of 
the inverse square of the distance, so that 

where ^ is a constant. Then 

rf(r)dr:=,-^. (112) 



LAW OF INVEiiaE SQUARE 
and equation (111) becomes 



whence we obtai 



hdr 



r VHr* + 2 /ir - A' 



* 



giving, on integration, 

where e is a constant of integration. 
Simplifying, this becomes 
h 



and if v 



^tre 



-B + ^ Bin (S - 
with the equation 
1 = e COS 6, 



I 



(113) 



see that equation (113) represents a conic, having the origin 
A' 
as fociia, and being of semi-latus rectum / = — and eccentricity 

e = *|l + -^- In order that the line = may coincide with 

the major axis of the conic, the value of e must be — - - 

223. We notice that if 



E ifl positive, thrai e > 1, and the orbit is a hyperbola ; 

ro, then e = 1, and the orbit is a parabola ; 
E is negative, then e < 1, and the orbit is an elhpse. 



I Thus the class of conic described depends solely on the value 
E, and not on that of h. And it should be noticed that, it we 
are given the point of projection of a particle, and also its velocity 
of projection, the value of E is determined, for by equation (110) 
■" '" ' ' . 2 u 
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Tlius the class of conic described depends only on the velocity 
of projection, and not on the direction : the conic is a hyperbda, f 
parabola, or ellipse, according as 

t;«> = or< — ^• 

r 

The actual eccentricity depends on both H and h, for if « is the 
eccentricity, we have ,2 

er=l-i — ;-• 

224. In order that the particle may describe a circle we must 
have e^= 0, and therefore ^,3 

1+^ = 0. 

2 a 

Putting E •=^v^ and h=^ pv (so that p is the perpendicular- 

from the center of force on to the direction of projection), this 
reduces to 20 

^ ir-\-v^=Q, 

p^ r 

Since p cannot be greater than r, neither term in this equation 
can be negative. Thus, in order that the equation may be satisfied, 
both terms must vanish, and we must have 

p = r and «;*=—• 

r 

The first equation expresses that the projection must be at right 
angles to the line joining the particle to the center of force. The 
second equation, which can be written 



shows that the attractive force must just produce the acceleration 
appropriate to motion in a circle of radius r. 



r 
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235. For an elliptic orbit, the periodic time is that required to 
sweep out an area vab, where a, 6 are the semi-axes of the ellipsa 
Since the area ia swept out at a rate ^ A per unit time, the periodic 
time T will be , 

' The semi latus-rectum / is equal to — > and has also been seen 



b be equal to — > so that 



= vs= 



•^- 



T=- 



2ira' 



(114) 



^■Voi 



Since this does not depend on the eccentricity, it is clear that 
the periodic time of any orbit is the aame as that in a circle of 
radius equal to the semi major-axia 

226. The law of force of the inverse square is that of gravitation : 
the law which we have been investigating is therefore that which 
governs the motions of the planets in their orbits round the sun, 
as well as the motions of comets and meteorites. For reasons 
which cannot be explained here, the conies described by the planets 
are all of them ellipses of small eccentricity. A wider range is 
found in the orbits of comets. These bodies generally come from 
far outside the solar system. To a close approximation many of 
them may be treated aa coming from infinity, and as starting with 
relatively small velocity. In this case the orbit is (^proximately 
parabolic 

Kepler's Laws 

227. Long before the theory of the planetary orbits had been 
irked out mathematically by Newton, three of the principal 

laws governing the ipotion of the planets had been discovered 
empirically by Kepler. Kepler's three laws are aa follows : 

Law L Every planet describes an dlipse having the sun in one 

its foci. 
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Law 1 1. The areas described by t/ie radii drawn /roT/i the plat 
to tht imn are, in the same orbit, proportional to the times 
describing them. 

Law IIL The squares of the periodic times of t!te various orl 

are proportional to the cubes of their major axes. 

From the first of these laws Newton proved that the law of 
force between the planets and the aim must be the law of the 
inverse square. The third law is seen to express the same fact as 
equation (114)- 

Motion of Two Particles about One Another 

228. A pair of objects known as a double etar is of commo 
occurrence in the sky. This consists of two stars describing orbi 
about one another, neither star being fixed. 

By the theorems proved in Chapter IX, the center of gravity i 
the two stars must either remain at rest, or else must move wil 
uniform velocity in a straight line, in which case it may, aa n 
have seen, be treated as fixed, provided all motion is n 
relative to a frame of reference moving with it 

Let A, B he the positions of the two stars at any instant, and 1( 
G be their center of gravity. Let the masses of the stars be m, m 
and let a, b denote their distances from G. Then 



m m' 111 + 711' 



(116 



The complete law of gravitation is expressed by the law 



where m, m! are the two masses, r the distance between them, -y 
constant whose value can be found by experiment, and J" ifl ti 
force, of attraction between the two masses. Thus the force ac& 
on the star B is . 
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acting along BA. This force can always be regarded as acting from 
the fixed point G, for its line of action is always BG. Moreover, 
its magnitude per unit mass of star £ is 



•pa 



or, from relations (115), 



This is a force — acting towards G if we take 



ym 



(m + ra')* 

Thus the two stars each describe a conic about the center of 
gravity of the two. It is possible astronomicaUy to observe the 
values of the periodic time T and the major axes of the orbits of 
these conies. From these quantities we can determine the values 
of fi, so that we know the values of 



(m + 7r,'y' {m. + m')"' 

and these at once lead to the values of m, m'. lii this way it has 
been found possible to determine the masses of some of the stars. 






gtSTltatlDU DC 






inlta.) 



1. Given that Uia earth attracts as though its mass were concentrated at its 
ceiilfir, and tliatthe value of [/ at the equator, distant U.!J7H x 10' centimeters from 
tlie earth's center, le 0T8. 1 centimetets per se(^und per second, find the mass of the 

2. Taking the masses of the earth and moon as 6.14 x If" aiiil 7.94 x 10" 
grammes respectively, and assuming their distance apart to be always 3.84x101" 
centimeters, find tlie periodic time of the moon. 

3. Taking the sun's mass to be 2 x 10^' grammes, and the year to be 865.24 
days, find the semi major-axis of the earth's orbit, regarding the sun aa a fixed 
center of force. ,■ 

4. If the sun's mass Is 824,000 times that of the earth, tj how much must 
m result of question 3 be altered when Qte aun's motion is taken into account? 
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6. Taking the moM of Jupiter to be ^qVo ^^ ^^ ■"^^ °^ ^^^ ^uiii '^ 
greateet dlxtance from the sun to b« 498t inlHlon miles, sliow tlmt. on afcouni 
Jupller's atuuctioii, the sun will describe on ellipse of semi major-axis equal 
about 461,000 miles, and Qnd the length of Jupiter's year. 

6. The nnuimum velocity attained by the earth in its orbit is 3,000,01 
cantimeters per seoond, and the minimum yelocity is 3,020,000 centimeten p 
Hoond. Find the eccentricity of the earth's orbiL 



GEHBRAL EZAHFLES 

1. A particle, attached by a string to a point, has just sufficient ener| 
to make coinjilete revolutioDs in a vertical circle. Show that the teiuioi 
of tiie string is zero and sis times the weight of the jiarticle respeotivelj 
when the particle la at the highest and lowest points of its path. 

2. A particle moves under gravity in a vertical circle, sliding down tl 
convex side of a smooth circular arc. If its velocity is that due to a Iietgll 
h above the center, show that it will fly off the circle when at a height f 
above the center. 

3. If the angle a through which a simple pendulum swings on 
side of the vertical is small, but not infinitesimal, show that to i 
approximation the time of oscillation is 



'\^(' + n»")- 



Deduce that a pendulum, which heats seconds accurately when perf or 
iniinitesimal oscillations, would lose about 40 seconds a day when attache 
to a clock which caused it to oscillate to 5 degrees on each aide of t 
vertical. 



at 60 miles an. hour, ai 
found to beat 131 timt 
;urve is about a quartc 



1. A train is moving uniformly round a ourv 
in one of the carriages a seconds pendulum is 
in two minutes. Show that the radius of the curvt 
of a mile. 

5. 0ns end of an elastic string, natural length a, modulus X, is tied t 
a fixed point on a smooth horizontal table, and the other end is tied to 
particle of mass m which rests on the table. If the mass is pulled to 
distance 2 a from the other end of the string, and is then let go, showthi 



^^^- 



it will return to its original position at regular intervals 2 (tt + 

6. Two balls weighing W^ and W^ pounds are connected by a threads 
feet long ; and TT, is held in the hand while W^ is whirled round. 
mine the motion which ensues if W^ is released from rest when W 



fa moTing with velocity V at inclination a ; and prove that i 
the tenaiou of the thread is 



7, Twomaasea, m, andwj, are connected hy a weightless spring of such 
Btrength that when tBj is held fixed, m, performs n vibr ations a second. 
Show that it m, be held fixed, itIj will perform n vnij/mj vibrations a sec- 



ond, while if both n 



8 are tree, they will perfor 



the line of the 



f 



tiona per second, the vibrations in eveiy case being i 
spring. 

8. A particle of roaasm, movingin a smooth curved tube of any shape, 
is in equiUbrium under the tensions of two elastic etringB in the tube, of 
natural lengths I, V and moduli of elasticity X, y, of which the other ends 
are attached to fined pointa of the tube. If the particle makes oscillationa, 
large or small, in the tube, show that the time of oscillation ia 



\( 



9. A string passes through a small hole in a smooth horizontal table, 
and has equal particles attached to its ends, one hanging vertically and the 
other lying on tlie table at a distance a from the hole. The latter is pro- 
jected with a velocity -/ga perpendicular to the string. Show that the 
banging particle will remain at rest, and that if it be slightly disturbed, 

the time of a small oscillation will be 2ir\/-— • 



10, A particle moves in a circular groove of radius a, under an attrac- 
tion J to a point P which is in the plane of the circle and distant h from 
its center- The particle is projected with velocity V from the point of 
the circle nearest to P. Show that for the particle to perfor 



revolutions, the value of f must not be leas than 



4;ii 



11, A smooth ellipse, semi-axes a and 6, is placed with its major axis 
vertical, and a particle is projected along the concave side of the arc, with 
velocity due to a height h above the center. Find the point at which the 
Xiaiticle will leave the arc, and show that it will pass through the center of 
the ellipse If 
^ ^- Ja' + .fr* 
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12. A parlicl« is constrained to move in a, circle of radius a, nnder U 
attraction »ir jier unit mass to a point inside the circle distant c from iu 
center. U the particle be placed at its greatest distance from this poist, 
and started with an infinitesiuial velocity, prove that it will pass oyer the 
second quadrant of the circle in a time 



•^log(V5 + i). 



13. A particle describes an ellipse about a center of force in one toeaa. 
Show that the velocity at the end of the minor axis is a mean proportional 
between the velocities at the ends of any diameter. 

14. A comet describes a parabola. Show that its velocity perpendiculac 
lo the axis of its orbit varies inversely as the radius vector from the sun. 

15. A comet of mass m, describing a parabola about the sua, colUdea 
with an equal mass m at rest, and the masses move on together. Show that 
their center of gravity will describe a circle about the sun as center. 

16. Assuming that a projectile, after allowing for variations iu gravity, 
describes an ellipse about the earth's center as focus, show that the maxi' 
mum range on a horizontal plane through the point of projection, for ft. 
given velocity u, U ^ ^^^,a^ 



I 



where R ia the distance from the earth's center to the point of projection, 

17. When the earth is at the end of the major asis of its orbit, a smalt 
meteor, of mass one mth of that o£ the sun, suddenly falls into the sun^ 
Show that the length of the year will be diminished by - — of itself. 

18. A planet P moving about the sun S picks up a small meteor, and 
consequently has its velocity reduced by one nth of its former amount, 
although unaltered in direction. Treating n as small, show that the eccen- 
tricity of the planet's orbit will be reduced by 2 n(e + cos fl), where Si 
angle between SP and the major axis of the orbit. 

Show also that the new major aaia will make an angle witti 

the old axes. " 

19. A particle describes an ellipse about the focus. Show that th* 
greatest and least angular velocities occur at the ends of the major EtIb, and' 
also that if a, ^ be these angular velocities, the mean angular velocity is 







EXAMPLES 



20. A comet deacribea a parabola about the huh, ita nearest distance 
from the sua being one third of the radiua of the earth's orbit, supposed 
circular. For how many days will the comet remain within the earth's 
orbit? 

21. If the attraction on a particle varies as the inversi 
distance from a center of fotee 0, show that there are tw 
which a particle can be projected ham a given point P s 
may have a given major axis. If OP = c, and if a^, a^ 
which the two directions of projection make with OP, Bbow that 



square of the 

D directions in 

that ita orbit 

the angles 



where a 



i the SI 






22. A partielE is projected from a point P under a force to a fixed point 
5 at a distance R from P, so as to describe a circle parsing through 5. The 
initial velocity is V, »ud the moment of the velocity about S ia h. Show 
that the particle will describe a semicircle in time 



*-i^ (irF*fi* ± 4 ft VF'fl' - i>). 
4 ft* 
23. A block of mass ^, whose upper and lower faces are smooth horizon- 
tal planes, is free to move along a groove in a parallel plane, and a particle 
of mass m is attached to a fixed point in the upper face by an elastic string 
whose natural length is a and modulus X. If the system starts from rest 
with the particle on the upper face, and the string stretched parallel to 
the groove to 1 + n times its natural length, prove that the block will per- 
form oscillations of amplitude 




2S9. The present chapter is devoted to a discnssicai of tW 
motion of rigid bodies, when the motion is such that the bodies, 
may not be treated as particles. 

It has ah«ady been proved in § 66 that the most general motion 
possible for a rigid body is one compounded of a motion of trans- 
lation and a motion of rotation. As a preliminary to discussing 
the general motion of a rigid body under the action of forces (^ 
any deacription, we ahall examine in greater detail than has bo fa 
been done the properties of a motion of rotation. 

Angular Velocity 

230. We have seen (§ 67) that for every motion of a rigid bo^ 
in which a point P remains fixed, there is an axis of rotation 
which is a line passing throi^h F, of which every point rem 
fixed. If a rigid body is moving continuously we may analyze it) 
motion in the following way. We select a definite particle P of 
the rigid body, and we refer the motion to a frame of reference 
having P as origin, and moving so as always to remain parallel 
to its original position. Relative to tliis frame, the motion of the 
body between any two instants is a motion of rotation about P. 

Now let the two instants be taken very close to one another^ 
the interval between them being dt. Let us find the axis of rot& 
tion of the motion which takes place in the interval dt, and call itf 
PQ. Then PQ is called the axis of rotation at the instant at whicb 
the interval dt is taken. 

Let U8 suppose that during the interval dt the rotatjon of t 
body about its axis of rotation PQ is found to be a-TOtatioii 
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Theii the limit, when dt is made to Yanish, 



through an angle d 

of the rate -37 is called the angular velocity of the body,^ — it 

measures the angle turned through i;>er unit time. 

Thus to have a full knowledge of the motion of a rigid body at 
any instant we must know 

(a) the direction and magnitude of the velocity of the point P 
which has been selected to give a frame of reference ; 
(I) the direction of the axis of rotation through P ; 
(c) the magnitude of the angular velocity about the axis of 
rotation. 

231. The angular velocity has associated with it a direction — 
the axis of rotation — and a magnitude. Thus it may be repre- 
sented by a line. We shall now jTove that it is a vector, i.e. 
that angular velocities may be compounded according to the 
parallelt^ram law. 

Let a rigid body have a ro- 
tation about P compounded 
of (rt) a rotation of angular 
velocity w about an axis PQ, 
and (h) a rotation of angular 
velocity a>' about a second ^ 
axis PQ'. Let the 
^Q, PQ' he taken proportional to w, u>', so that the lines PQ, PQ' 
will represent the directions and ma^itudea of the angular 
velocities on the same scale. 

Let the parallelogram PQBQ' be completed, and let Z be any 
point on the diagonal PR. Let LN, LN' be drawn perpendicular 
to PQ, PQ' respectively. 

In time dt there is, from the first angular velocity, a rotation of 
the rigid body througli an angle a dt about PQ. The effect of this 
rotation is to move the particle of the body which originally coin- 
cided with L through a distance LN- Q>dt at right angles to the 
plane PLN. Similarly the effect of the rotation about P^' is to 
move the same particle through a distance LN' ■ a'dt at right 
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hatofS 



angles to the plane but in the direction opposite to that 
former motion. Thus the total displacement of the particle is 

LNadt-LN'eu'dt. (116) 

Since L is on the diagonal of the parallelogram, we see that the 
area o£ the triangle PLQ is equal to that of the triangle FL(^, 

''^"^ LN.PQ^LN'FQ'. 

Again, since PQ, PQ' are in the ratio of m : to', this equation may 

be written in the form 

L2fa = LN'oi', 

and on comparing with expression (116) we see that the displace- 
ment of the particle L vanishes. 

Thus the resultant of the two angular velocities is a motion such 
that the points P and L both remain at rest. It is therefore as 
angular velocity having PR, the diagonal of the parallelogram, u 
axis of rotation. 

We must next find the magnitude of this angular velocity. 
Let us denote it by H. From Q draw perpendiculars QX, QYtd 
i PQ' and PP. The displi 
ment of the particle Q m 
time dt will be QT-ndt 
at right angles to the plane. 
This displacement, however, 
can also be obtained by com- 
'' -3^ y pounding the diaplacement* 

"■ produced by the two angular 

velocities a>, o>'. That produced by the former is ml, since Q is on 
the axis of rotation ; that produced by the latter is QXm' dt Thus 

QYadi = QXfo'dt. (in)| 

We have QY- PR = QX- P<^, ^ 

each being equal to the area of the parallelogram, and on combb- 
ing tiiis relation with (117), we find 
n _ w' 
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Thus if to' 13 represeaited by fQ', then fl will, on the same scale, 
be reiiresented by PR. 

We have now proved the following : 

The resultant of two angular velocities represented by the edges 
PQ, PQ' of a parallelogram is an angular velocity represented hy 
the diagonal Pli of the parallelogram. 

Thus angular velocity is a vector, and poseesaes the properties 
which have been proved to be true of all vectors. 

232. It follows that an angular velocity 11 aVjout an axis of 
rotation of wtiich the direction cosines are /, m, n may l>e replaced 
by three angular velocities w^, Wj, m^ about the axes of coordinates, 
such that 



= in, a>, = mil, 
Squaring and adding, we find that 



= nll. 



(118) 



(119) 



We now see that the motion of a rigid body is given when we know 
(a) u, V, w, the components of velocity of the point P; 
(6) «„ Wj, w,, the components of angular velocity. 



Kinetic Energy of Eotation 

233. Suppose that at any instant a rigid body is rotatmfi about 
an axis of rotation PQ with 
angidar velocity H. 

Let L be any particle of 
the body, its mass being m, 
and let LN, the perpendicu- 
lar distance from L to PQ, 
be denoted by p. Then the 
velocity of the particle L is 
^n, and its kinetic energy 
is \mfil\ 

On summation, the kinetic eneigy of the whole body is seen to be 




j(5;»y')m 
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The quantity ^mp* is called the movimt of inertia about t 
axis PQ. 

If we introduce a quantity k, defined by 



so that ^ is the mean value of p' averaged over all the particles o 
the body, then k is called the radius of gyration about the axis J 
The kinetic energy can now be written in the form 

i(S'»?')""=iS('»)™'' 

ao that tbe energy is the same as it the whole mass were concen- 
trated in a single particle at a distance k from the axis of rotation. 

Kinetic Energy of a Rigid Body 
234. The point P is at our disposal : let us suppose it to be the 

center of gravity of the body. Then the most general motion may, 

be compounded of a motion of translation, this being identical with; 

that of the center of gravity, and a motion of rotation about aoi 

axis through tbe center of gravity. 

Let V be tbe velocity of tbe center of gravity, let SI be thfli 

angular velocity, and let k be tbe radius of gyration about th( 

axis of rotation through the center of gravity. Let M he the totals 

mass, 2}m, of the body. 

By the theorem of § 186, the total kinetic energy o£ the body ifl 

the sum of two parts : 

(a) the kinetic energy of a single particle of mass jtf moving 

with the center of gra\-ity of the body ; 

(6) the kinetic energy of motion relative to the center of gravitj^ 
The value of part (a) is ^ MV^ ; that of part (6) is J Ml^aK 

Hence we have for the total kinetic energy 

^M{V''+l''il'>). (120) 

Tliis expression is of extreme importance in itself, biit'is aTao of. 

interest because it enables us to. prove tbe following theorem. 



r 
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235. Theobem. Zct k be the radius of gyration about any axis 
through the center of gravity, and let k' be the radius of gyration 
about a parallel axis distant a from the former, then 
A"= 1"+ a\ 

Let PQ be any axis through the center of gravity G, and let 
F'Q' be any parallel axis distant a from the former. Suppose that 
the rigid body has a motion of rotation 
about F'Q', the areolar velocity being Xl. 

Then the velocity of G is a£l, and the 
motion may be regarded as compounded 
of a motion of translation of velocity all 
together with a totatiou fl about the 
axis FQ. By formula (120), the kinetic 
energy is 

It is also ^Mk"0?, vfhere k' is the radius of gyration about F'Q'. 
Hence we have 




¥ 



the result follows on dividing through by \Mii^. 



i. Alternative proof. This theorem may also be proved geometrically. 
Let L he any particle of the body, and let the plane of fig. 142 he 
Bupjioaed to be the plane, through L at right angles to the two axes ot 

the pointa A, A' respectively. Let LA = p, 
LA' = p', and let LN be drawn perpendicu- 
lar to AA'. Then ifjt» = 2™P"i aid also 





K^ 


\\ 


Mif^ = Smp'' 










^^. 


= tm(p' + AA''- 


2p- AA-c 


OSS) 


Pro 


142 




= M¥' + M-AA'^ 


-2AA'{tm-AN) 


Via 


th. 


projection 


of the line from L to the center of 


gravity. 



D the line AA'. Hei 



1 ■ AN = 0, and we have 



ing the result to be proved, after divi^on \fj M> 
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837. From the theorem just proved, it follows that the radinS 
of gyration about auy axis can be found as soou as we know thabfl 
about a parallel axis tbroi^h the center of yranty, and vice ■nerta.m 
We now give some examples of the calculation of radii of gyration. 1 



Calculation of Radh of Gtbation 

238. Uniform thin rod. Let the rod 4B be of length 2 a, a 

let Ic be its radius of gyration about an axis through A perpendi 
ular to its length. Let t be its masa per u 

' 1 ' length, and let a; be a coordmate which meaa 

ures distances from A. The element whidi 

extends from a: to x + dx is of mass t dx, and its perpendiculajj 

distance from the axis of rotation is x. Hence 






=*<•'. 



so that the radius of gyration i 



V3 



About the center of gravity, which is distant a from j 
radius of gyration is given by 

30 that the radius of gyration about the center of gravity is 



Vsl 



239. Rectangular lamina. Let us suppose the lamina to b 
ei^es 2 a, 2 ft, and let us find its radius of gyration about an 
tlirough its center at r^ht angles to its plane. Let us take axes n 
in fig. 144, and let a denote the maas per unit area. Then 



■^m. iab-tr 
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The integration is over the lamina, and therefore between the limits 
X = a to ic= — a and y = i to 
]/ = —h. On integrating, we find 



On taking i = 0, the lamina 

becomes a thin rod, and the re- ^'°- *** 

suit agrees with that obtained in the last section. 

210. Homogeneous eolld ellipsoid. Let the semi-axes of the 
ellipsoid be a, b, c, and let us find the radius of gyration about the 
major axis. Taking the principal axes of the ellipsoid as axes of 
coordinates, and denoting the density of the ellipsoid by p, we have 






JJJipdxdydz){f+z') 
flip dxdydz 



where the integration is over the whole volume of the ellipsoid. 
On performing the integrations, we obtain 



EXAUPLSS 

1. Find the radius of gyration of a rod 12 Inches long about a point distant 
1 Inches from one end. 

2. Find the mdiiis of gyration of a circular diNk, 

(a.) about an axis through its center perpendicular to its plane ; 
(6) atiout a diameter. 

3. Show that the square of the radius of gyration of a sphere, radius a, about 
any diameter is \a^, and about any tangent line is j a'. 

4. Wliat is the radius of gyration of a cube about an edge ? 

fi. What is the radius of gyration of a square lamina about a diagonal f 

6. Find the radius of gyration of a solid circular cylinder, 
(a) about an axis ; 
(6) about a generator; 
(c) about a diameter of one of its ends. 

7. Prove that the radius of gyration of a solid conical spindle about its axis 
is V^ a, where a la the radius of its base. 
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Eooth's Rule 

241. The foUowing conveiiieut rule, given by Dr. Routh, {Bi 

Dynamies, § 8), provides an easy way of remembering the vahies' 

of several radii of gyration. The rule apphes to linear, plane, and 

solid bodies which are 

(a) rectangular (rod, lamina, or parallelepiped) ; 
(6) elliptical or circular (disk or lamina) ; 
(c) ellipsoidal, spheroidal, or spherical (solid) ; 
and states that the radius of gyration about an axis of eynimetrf 
through the center of gravity ia given by 

,4 _ sum of squares of perpendicular semi-axes 
3, 4, or 5 
where the denominator ia 3, 4, or 5 according as the body cornea 
under headings (a), (h), or ((.-) of the above classificatioD. 

ILLDSTRATtVE EZAHPLE 

A coin rolls down an. inclined plane. Find iis velocity nfler any dixtaaee awJ 
aUo ifji acceleration. 

Let tb.B coiii be treated as a uniform circular disk, and let a be its rndioB. 
When its Telocity down the plane ia V, its angular velocity will be V/a. IWj 
a perpendicular to the plan 

■s of symmetry, regarding^ 

a lamina, will be a, a. The nuUus of gyiaXis 

• about the axis of rotation through its center |j 

by Rou til's rule, 




Fia. 14S 



tliat the kinetic energy is 



MY*. 



After rolling a distance a down the plane, the center of gravity of the o 
has faUen a distance s sin ir, so that from the ci 

Jif3«sina:== jMF^ 
and therefore the Telocity la given by 

F" = Jwsin«. 

Comparing with the formula (48), V^ = 2/s, for motion under uniform ai 
eration, we see that the disk rolls down the plana with a uniform acceleiatid 
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1. 



s that the aoe«1erstioii of a lioop rolling down a hill of inelination a 



2. Find the acceleration of a, pair of locomotive trheele running down a gra- 
dient of 1 in 50, each wheel consisting of a rim and of spokes of uniform thick- 
ness, the weight of tlie rim being twice that of the spokes and the weight of the 
axle being half of that of a wheel. (Neglect the thickness of the axle.) 

3. Two bicyclists, riding exactly similar machinee, coast down a. hill, start- 
ing witli ec|uai velocities at the top. Neglecting tlie forces of friction and the 
resiatance of liie air, show that tlie heavier rider will reach the bottom hrst. 

4. 'lite pniley of an Atwood's machine is a uniform disk of mass M. When 
masses mi, m^ are attached to tJie ends of thestring, show that die acceleration 



" 



mi + mi + J Jlf 



5. Two HphereB, one a hollow shell and the other a homogeneous solid, mil 
down bill together, starting sicaultaneously from rest at the (op. Show that 
their times over any part of the path are in the ratio 5 : 'v^l. 

6. If the masses of the wheels of a carriage are supposed to be all collected 
at the rim, show that the energy of the carriage when moving with velocity V 
is iJHV, where M is the weight of the complete carriage plus the weights of 
the wheels. 

7. A straight piece of uniform wire is stood vertically on end and allowed to 
fall over. With what velocity does it strike the ground ? 

8. A homogeneous solid cigar-shaped spheroid, semi-axes a and 6, is stood 
on its point on a horizontal plane and Is allowed to roll over. Find its angular 
velocity when the end of its minor axis is in contact with the plane, and find 
the pressure on tlie plane at this instant. 



^r Moment of Momektum 

242. Let X, y, z be the coordinates of any particle of masB m. 
Let the components of the total resultant force acting on the par- 
ticle be X, Y, Z. Then the equations of motion are 
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To see the truth of tliis, itia only necessary to notice that »]« 
tide of mass m at distance p from the fixis has momentum mpi 
ao that the moment of momentum of the whole system wiiye 



"^Vlfd 



-Mieo,, 



and since M and i* do not vary with the time, the rate of el 
of angular momentum will he Mi!* — - 



Oscillation of a. Pendulum 

245, An important application of the last theorem enables m 
to find the time of oscillation of a pendulum of any description. 

Let be the pivot ahout which the pendulum turns, let G be 
its center of gravity, let OG — h, and let the line Off 
make an angle 6 with the vertical at any instant, so 

that '""'77 is the angular velocity of the pendulum 

about its azis. 

Let M he the mass, and k the radius of gyration 

about its axis, of the whole pendulum. Then the 

equation of motion is 

d" 
3fP- 




dt 

= -- ■ The value of L is equal to tUe 
at ^ 

moment of the we^ht ahout the axis throi^h O, and la thereto^ 



^■i« in which I 



Thus the equation becomes 



M¥~ = Mgh s 
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The equation of motion for a simple pendulum of length I la 

that we see on comparison that the motion ia the same as that 
[ a simple pendulum of length I = ft°/A. 
For instance, the complete period of small oscillations is 



i^ 



ILLUSTRATIVE EXAUPLE 

A nrnj(e.g. a dinner napkin ring) standu verticnlly o 
inereasiTig pressure is a]q)lied by a finger to one point 
thai, eq\iUibTiv.w, is broken by the poM of contact 
t(Ale. Find the aubtequent motion of the Hag. 



1 a table, and a grodvally 

■f the rin^ in such a way 

: slipping along tAe 




Fio. 147 
, TTie forces acting oi 



We baTB seen in example 2, p. 109, that it is 
possible to apply pressurB iiitliemaiiiierdescribed. 

Let us suppose that wlieu the ring leaves the 
finger it is observed to be moving with a velocity 
V forward and a rotation in the direction oppo- 
site to that in which it would rotate if it were 
rolling without sliding. Let v, w be the values of 
the velocity and nitfttion at any instant 
in the same directions as V and ft. 

Let a be the radius of the ring and 

1(a) ita weight mg ; 
r (6) the vertical component of the reaction with the table, which is equal 
mg rince the center of gravity of the ring has no vertical acceleration ; 
h (c) the frictional reaction at tbo lowest point of the ring, which is equal 
mffn so long as sliding takes place. 
i: 
«xh 



By the theorem of fi IBO w 



- mg/i. 



(a) 



obtain a second equation from the theorem of § 243. Let us take aa 
■fcxls the axis of the ring at instant t. The moment of inertia at this install 
maf. To obtain the moment of momentum we regard the whole motion as a 
pounded of a motion of tranalation of the center of gravity (veiocilj v), and a 
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motion of rotation about au axis through the center of gravity (velocitf «), n 
The former contributes nothing to the moment of momentum, so that die whole -1 
moment of momentum a 

At the end of a small interval dt the ring nill have moved forward a distanoB I 
viU, so that we are now considering the moment of inertia about an axis which I 
is distant v dt from Uie center of gravity of the ring. The moment of inertia | 
after an interval d( is, accordingly, by % 235, 

We may, however, neglect the small quantity of the second order (d()' t 
treat the moment of iiiertia as though it remained constant and equal to m 
The rate of increaae of the moment of momentum is, accordingly, ma* — 

The moment of the external forces, measured about the same axis and in 
same direction, is 



80 that we have the equation ma^ — =— mgna, (b) 

or, ainjplified, o — = — W, (e) 

while equation (a) reduces to — = — iig. 

These relations give the rates of decrease of n and u so long as sliding U 
taking place. Sliding clearly ceases as soon as we have v + ua = 0, for r + utt 
is the torwatd velocity of tlie lowest point of the ring. From equations (e) and 
(d) we have 

and initially the value of n + uio is V+ Oa. The time requited to rednce a + «a 
to zero is, accordingly, 

V+aa 

2w 

After this interval sliding ceases. The velocity of the ring at this instant U. 



_ /v+na\ 
= i{r-aa). 



so that the motion may be either forwards or backwards according as " 
iniUally V> or < l)a. After sliding has once ceased there la no force tendlS) 
to start it afresh, so that the ring simply rolls on with uniform velooltjr v. 
7> Bd, It rolls farther from its point of projection ; while If V< Oa, it y 
return to the point of projection. 
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EZAHFLE8 



I GENERAL 

V 1. The lloe of hinges of a door makes a.n angle a with the vertical, and the 
door swings about its positiun of eciuilibrium. Show that ila motion is the same 
as that of a certain simple pendulum, and tjnd the length of this pendulum. 

2. A target conaiaCs of a square plate of metal of edge a and of masa Jf, 
hinged about its highest edge, which Is horizontal. When at rest it is struck by 
an inetafitic bullet of small mass m moving with velocity v, at a point at depth A 
below the line of hinges. Find the subsequent motion of the target. 

3. A hotnogeneous sphere is projected without rotation up a rough inclined 
plane of inclination a and coefficient of friction li. Show that the time during 
which the spliero ascends the plane is the same as if the plitne were smooth, and 
that fbe time during which the sphere slides slAnds tu the time during which it 
rolls in the ratio 2 tan a -. Tit. 

4. A sphere of radius a is held at rcet at a point on the concave surface of 
a spherical bowl of radius b. It is suddenly set free and allowed to roll down 
the surface. Show that the line joining the centers of the two spheres swings 
In the same way aa a simple pendulum of length 5(6 — a). 

. A sphere of radius a Is held at rest at the highest point of the rough con- 
vex surface of a sphere of radius b. It is then set free and allowed to roll down 
re. Show that the spheres will separate when the line joining their 
eenters makes an angle cos-' \^ with the vertical. Examine the case of & = 0. 

. A circular hoop, which is free to move on a smooth horizontal plane, has 
lldlng on It a sinall ring of 1/nth its mass, the coefficient of friction between 
being It. Initially the hoop is at rest, and the ring has an angular 
tllocity w round the hoop. Show that the ring comes to rest relative to iJie 
oop after a time 

Geneeal Theory of Moments of Inertu 
Coeffieients of Inertia 

246. Suppose that a rigid body is rotating about an axis of 
otation of which the direction cosines, referred to any three fixed 
iobrdinate axes, are I, m, n. Let ua 
ike any point O on the axis of rota^ 
ion for origin, and let L be any par- 
i of mass m,, distant p from the 
I of rotation. Let the coordinates 
I i be a:, y, z, and let LN{=p) he 
IB perpendicular from L on to the 
rifl of rotation. 
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ehave Oi' = a^ + y" + z", 



= ^-\-f + !? — {lx + v 



= 3?(m 



i') + y'(»*+0 + z'(;*- 



•3 — 2 id-. 



-21m.- 



xy 



i» (y* + z») + m* (3* + a^) + n' (»• + y*) 



■yz 



- 2 Jl^ ; 



- 2 /m 



3^. 



Hence the moment of inertia, say /, is given by 

— 2 mn Vntjyj — 2 nl VmjSa; — 2 /m ^mj3;y 
= l^A + m'B + )i» t - 2 mnD -2iaE~2 ImF, (124) 

where A = ^mj (y* + 7?), etc., 

The quantities A, B, C are seen to be the moments of iTiertia 
about the axes of .c, y, z respectively. The quantities D, E, F %s& 
called products of inertia. 

By giving different values to /, m, u iu equation (124), we can 
find the moment of inertia about any line through 0, as soon 
we know the values of the six coefftcienta A, B, 0, D, E, P. 



I of Inertia. 
247. The equation 

Aic^ +Bf^C!^~%Dyz-2Ezx-2FKy = K, 

where K is any constant, being of the second d^ee, representa a 

conicoid. If r is the radius vector of dii'ection cosines /, m, n, we have 

■r'{Al' + Bm'+ Cn'— 2 Dmn -lEid-^ Flm) = K, 



or, from equation (124), 



7^ = 



K 



m 
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Since 1 is positive for all values of I, m, n, it foRows that r" is 
positive for all directions of the radius vector. Thus the conicoid 
is seen to be an ellipsoid. 

Tliis ellipsoid ia called the ellipsoid of inertia of the point 0. 

Equation (126) may be written 



and now expresses that the moment of inertia about any &S3S 
through is inversely proportional to the square of the parallel 
radius vector of the ellipsoid of inertia. 



Principal Axes of Inertia 

248. This physical property of the ellipsoid shows that the 
ellipsoid itself remains the same, no matter what axes of coor- 
dinates are chosen. I'he ellipsoid has t)iree principal axes, which 
are mutually at right angles. The directions of these axes are called 
the principal axes of iuertia, at the point 0. 

If the principal axes of inertia at the point are taken as axes 
of coordinates, then the coefBcienta of i/z, zx,xy\D. the equation of 
. .Uie ellipsoid must disappear. Thus we must have 

D = E = F=^. 

Taking the principal axes of inertia at as axes of coordinates, 
iciuation (124) assumes the form 

I=VA+m^B-{-7>?C. 
I The kinetic energj' of a rotation of angular velocity fl is 
J ZIi= = \{l^A + wi* £ + n^C) ii' 
= \{Aa^ + Bw^ + Coi^), 
Wj, 01,, oj, are the components of II (see ^ 2J 



(126) 
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Genebal Equations of Motion of a Eigid Body 

249. Let O be any point of a rigid body, and let Ox, Oy, Ozbtt 
a set of axes moving so that the point O maintains its position in 1 
the rigid body, while the axes remain parallel to their original 1 
poaition. 

Let the velocity of have compo- j 
nents u, v, w along these axes. The | 
motion of the rigid body relative to 
these axes will be a motion of rotation 
about some axis OF which passes 
through 0. Let us regard this as 
'tf ^ ,,„ compounded of rotations eu,, w,, oi, 

Pio. 149 ' I' ■,' ' 

about the three axes. 
Let a:, y, s be the coordinates of any point of the rigid body rela- 
tive to these axes. The velocity of this point relative to the frame 
supplied by the axes moving with has components 

dx dy dz 

dt dt dt 

while the velocity of this frame in space has components 



Thus the whole velocity of the point x, y, z has components 
, dx dy dz 

U + — -. v-f-^, <iu + — - 

dt dt dt 

At any instant let L, M, N denote the sums of the moments 
the external forces about the axes of x, y, z respectively, ao that, 
in § 243, 

^=%{yZ-''Y), etc 

The moment of momentum of a particle of mass m, at x, y, 
about the axis of x is 



»K-i)-(-l)]- 



GENERAL EQUATIONS OF MOTION 
Hence, by the theorem of § 243, 

l2»K"4:)-^(-S)]-' 

and there are aimilar equations for the other axes. 

250. Relative to the moving axes of coordinates the particle 
has coordinates x, y, z, so that a rotation o>^ about Ox gives t 
particle a velocity of components 

0, — m^ (o^. 

Similarly the rotations 
components 

and 



(127) 



, give velocities respectively of 



•^, 



0. 



0. 



Compounding these velocities, we obtain as the components of 
the resultant velocity, relative to the axes. 



di 



T,'"^- 



Thus 



'.V 



)^xy ~ fo^xz. 



di 

dz du 

" dt dt 

and on differentiation of this equation with respect to t, we obtain 
.rt of the left-hand member of equation (127) 



ixb 



da 



^%~V + ^)^--t~ 



-^m y2(fu, 



>.■)+?'»(»'-'■)■» 



•:)-(B-c)„ 
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251. Let x,y,z he the coordinatea of the center of gravity rf 
the rigid body, and let M be its total mass. Then 

Xma; =Mx, etc 

Ab the value of the remaining part of the lef tr-hand member o£ 
equation (127) we now have 

T 2"^ [^w — zr] = —(Alyw — Mzv) 

= M-j-{yw—zv). 

Thus equation (127) now assumes the form 

- {B — C)o>^o>,~Ea^ta^+Fta,(e^^L. (128 

If X-^> 5)^' S^ denote the total components along the asfiBi, 
we have, by § 180, the further equations 

Equations (128) and (129) and the two other pairs of equations 
corresponding to the two other axes are the equations of motica* 
for a rigid body moving under any forces. 

Euler's Equations 

252. Let us now suppose that we have a second set ot asea, 
which we shall denote by 1, 2, 3. Let these axes move so aft 
always to retain the same position in the rigid body, the point 
(which we have already supposed always to retain the same poa* 
tiou in the rigid body) being the origiiL Let the axes 1, 2, 3 coin 
cide with the axes x, y, z at the instant under consideration. Thai 
the values of the coefficients of inertia referred to axes 1 , 2, 3 a 
the same as those referred to axes x, y, z, namely A, B, C, D, E, PL 
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'Moreover, all velocities referred to axes 1, 2, 3 have the same val- 
they would have if referred to axes x, y, s. Let us denote 
the rotations about the axes 1, 2, 3 by <Uj, oJj, tu„ then at the 
instant under consideration we shall have 



This is not necessarily true at any instant except the instant at 
which the axes coincide, so that it is not permissible to differen- 
tiate these equations with respect to the time and deduce that 

~di~~di' 

Nevertheless, it can be shown that tliis last result is true at the 
instant under consideration. Let OQ denote any Hue through 0, 
let cos a, cos 0, cos 7 be its direction cosines relative to axes 1, 2, 3, 
^d let Ilj be the component of angular velocity about OQ. If the 
resultant angular velocity is one of amount ii about an axis OP 
of which the direction cosines referred to axes 1, 2, 3 are I, m, n, 
then we have 

li, = n cospog 

= £1(1 cos a + m coa fi + n cos 7) 
= Wj cos a + Wj eos ^ + o), cos 7. 

Whatever line OQ may be, this equation is always true ; hence we 
may Intimately differentiate it with respect to the time, and so 
obtain 

dil„ dta, , day- ~ , rfm. 

da . j)rf|8 . dy ,i„n\ 

— Q),sma— — to.smp^ w,8m7-;i-- (loO) 

dt at at 

Now let the line OQ be supposed to coincide with Ox, so that 
n^ = (B^ At the instant under consideration, ^=7 = — .a = 0. 
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Making all these substitutions, we find that at the moment under 
consideration, at which the two sets of axes coincide, equation (130) 
assumes the form 

dt dt « «^ « « 

Thus at the instant at which the two sets of axes coincide, we 
have the relations 

and also -~ = —r^ • 

dt dt 

Let us introduce the further simplification of supposing that the 
origin is either a fixed point or the center of gravity of the body- 
In the former case we have 

t^ = ^ = ^ = 0, always ; 
in the latter case 

^ = y = 5 = 0, always. 

Let us further suppose that the axes are chosen to be the prin- 
cipal axes of inertia through the origin, so that 

Introducing all these simplifications into equation (128) and the 
two similar equations, we find that these assume the form 

A^~-{B^C)<o,<o,^L, (131) 

B^-{C--A)<o,<o^^M, (132) 

C^ - (^-jB)(»^a)j ^N. (133) 

dt 

These equations are known as Euler's equationa 



ROTATION OF A PLANET 



Rotation of a Planet 

3. As a first example of the use of these equations, let ua 
examine the motion of a rigid body, symmetrical about an axis, 
acted on by forces all of which pass through the center of gravity. 
These conditions approximately represent those which obtain when 
a planet moves in its orbit, or a star in space. 

Let us take the center of gravity as origin and the axia of aym- 
metiy as axis 1. Let the moments of inertia be A, B, B. Then the 
equations of motion are 



h 



dt 



The first equation gives at once that c 
to il. If we write . 

B 

equations (135) and (136) 



(134) 

(135) 

(136) 

I constant, say equal 



= kw., 



of which the solution is ta^=E cos {kt + €) ; 

and equation (137) now leads at once to 



dt 


-i». 


^», 


da,. 



(137) 
(138) 



-Es\ 



,(« + .). 



■ Thus the componenta of angular velocity at the instant t are J 



a. 



■3 {M + e). - E&m (kt + e), 
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and we see that the axia of rotation describes a cone in the solid 
mthpenod-^or— ^^— J. 

If £ 13 very nearly equal to A, the period may be very great, 
and the motion consequently very slow. This happens in the case 
of the earth : the motion of the axis of rotation gives rise to tte 
phenomenon known as the variation of latitude, of which the 
period is about 428 days. Since a period -p— represents rougiilj 
one day, we conclude thatfor the earth is of the order of ^|j. 

The true value of tliis quautity i» .00328, the discrepancy resulting fram 
the imperfect rigidity of the earth. 

Motion of a Top 

854. As a second example of the methods of this chapter, let us 

consider the motion of a spinning top. This we shall suppose to 

be a solid of revolution spinning on a peg of which the end will b« 

treated as a point, the contact between 

the peg and the surface on which 

rests being assumed rough enough 

prevent slippii^. The point of conh 

is now a fixed point 0. Let us tak 

axes Ox, Oy, Oz fixed in space, the ax 

of z being vertical, and also axea 1, 2, 

fixed in the body, and coinciding wi( 

the principal axes of inertia through i 

Let axis 1 be the axis of symmetry i 

the top, and let the moments of inertia about axes 1, 2, 3 be.>4,£,j 

The first of Euler's equations becomes 

since B = C and i = 0. Thus w, is a constant, aay fl. 

Let the axis of the top cut a unit sphere alxmt at a point who 
polar coordinates are 1, B, 0, the axis of Oz being taken for pole, i 
that 9 is the augle between the vertical and the axis of the top. 
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The kinetic energy of the top is, by § 248, 

while the potential energy is Mgk cos 0, where h ia the distance 
of the center of gravity of the top from O. Thus the equation of 
energy is 

Ail' + £ (a^^ + Oil) + 2 Mgh cos = S, (139) 

where £^ is a constant. Tliis may be put into a different form. 
For QiJ + (D* is the squan; of the angular velocity of the axis of 
the top: it ia therefore the square of the actual velocity of the 
point 1, 6, tf) on the unit sphere, and heuee we have 

":-:=(f)'--''(fJ- 

The equation of eneigy now asaumtss the form 
I Aa' + B r(^ )V sin" /^Yl + 2 Mgh cose = £ (140) 



We can obtain a third equation from the fact that the angular 
momentum about Oz, the vertical, is coiiatant. The angular momen- 

{m may be regained as compounded of 
(a) the momentum due to the rotation 11 about axis 1 ; 
(J) the momentum due to the motion of the axis of the top, 
The rotation il about axia 1 may be further decomposed into 
ations II sin d, H cos about the horizontal and vertical, giving 
moments of momenta Ail sin 0, Ail cos about the horizontal and 
vertical Thus the moment of momentum contributed by part (a) 
is AH cos 0. 

The moKon of the axis of the top may be resolved into a rotar 
tion of angular velocity sin ^ -^ about an axis malting on angle 
— — 5 with the vertical, and one of angular velocity 




/ 

I 



il 
moment of momentum about thi 
of the motion is 



.G. 



I 



dt 



\dt I 



B sin' e^ An:" + 



h--(f): 



+ 2J! 



BO that /{cos 0^ 






-B-s 



'"(^I' 



~ Ail COB 0^)* = O, 

jhco8 6^~E] 
-Ail cos e^' 
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homoutal axis. The former may be replaced by sin'fi^ about 
the vertical, and sin cos 5 -77 about a horizoatal axis. Thos the 
ertical coutributed by part (J) 

Bsm-0^- 

(it 

and aiDce the moment of momentum about the vertical has a 
stant value, say G, we have 

Jflcos^ + ^sin'^^ 

at 

If we eliminate — from this equation and equation (140), we I 
obtain ' 

£sin«f Lll* + £('^Y+21 

+ {G— ^iloosff)' = 0, (142) 1 
a differential equation giving the variations in the value of 0, and 
therefore allowing us to trace the chauges in the inclination of the ' 
axis of the top to the vertical. 

The maxima and minima of are given by putting ■— = 0, and ' 
are therefore the roots of 



! 



(141) ■ 



B{l — co&*0)[Ail''+2Mghca&e-E'\ 

+ {G - An coa 0)^ = 0. (143) 
Let ua call the left hand of this equation /(cos 0). Since / is a 
function of degree three, there will be three roots for coa 0. Let ' 
ua suppose that the top is started at an angle 6 = d^, and with the 
value of — equal to (-j^)- Then, from equation (142), 
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^ that /(cos 6^ IB negative. We easily find, from equation (143), 

f{v,-{o~Aa)', 

■at /(I) ifl positive. 

1, f{-l)={G+Aa)\ 

■— 1) is positive, and 

/{+cc) = -2JtfyAB(-Ha,)', 
ve. Tlius we have seen that 

- CO, /(cos 6) is - 
/(Gosfl)iflH 
•03^0, /(coB^)ifl— ; 
-1, /(cosff) is +. 

I Thus the three roots of the cubic /{cos ^) = lie ai 
I H root 8=6^ between cos ^ = 1 and cos 9 = cos 0^ ; 

I a root S=6^ between cos 6 = cos 0^ and coa 0= —1; 

a root for which cos is numerically greater than unity, giving 
no real value for 0. 

We see, therefore, that 
the only points at which 
— can vanish are 0=B^, 
and 0=6.. Moreover, at 



and as there are not co- 
incident roots at either 
point — changes s^ on 
reaching these points, so that cau range only between the values 
ffi and e,. 

Thus the nyifl of the top oscillates between the two cones 9=0^ 



when cos = 
when cos = 
when coa = 
when cos = 



j follows; 
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8fi5. Let as find what is the least angular momentum which the I 
top muBt have so as to spin without falling over. To do this wa I 
may assume that falling will occur if ever 6 exceeds a certain limit 
6^ either through the peg slipping or through the side of the top 
touching the ground. The condition that tlie top shall not fall 
over is that d^ must be less than 9^„ and hence that /(cos 0^ must _ 
be positive. Thus the values of E, G, and il must be such that 

B sin' e, ( JIl' + 2 Mgh cos fl, -£') + ( G —^11 cos B^' 

is positive. 

Suppose that the top is started at an inclination 0„ to the ver-' 
tical, having no motion except one of rotation il about its asi 
We then have, from equations (140) and (141), 

£■ = An^ + 2 Mgh cos 0^, 

G = Afl cm B^. 
Thus 
/(cos5,) = B ain*^,C.<in" + 2 Mgh cosfl, — £^ + {Q — AO. cosfl,)' 
= B ain* e, . 2 Mgh (cos ^, - cos 9^ + A^H" (cos ^. — cos B^f 
= (cos^, - coseo)[2 MghS sin'^, +^'Il'(cosS, - cosS^)]- 

(144) 

Since the top is necessarily started in a position in which it can. 
spin, the value of cos tf, — cos B„ is necessarily negative. Thus in 
order that /(cos 6^ may be positive, we must have 



A'il^ (cog e^ — cos $,) - 2 MghB sin* 9, 
positive, or fl* > - 



^'(ct 



'„ - cos ^,) 



(145) 
(146) 



We notice that if ^ is very small, the value of U required 
keep the top from falling is very large. It is therefore very 
to spin a top of small cross section, such as a lead pencil or l 
pointed wire. 

If we can choose the angle at which we start the top, cos 9^ U 
at our disposal We see that the necessary value for fl is leaat 
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■when cos 6^ is a maxiinuTn, i.e. when the top ia started verticaL 
In this case the top will spin if 



r 2 



„ 2 MghB (1+ COB 0i) 



256. In general, for a top started vertically and with no velocity 
except one of pure rotation about its axis, we find, on putting 
coa ^1, = 1 in equation (144), 

(/ (cos 6) = (1- COB 8)' [^'n' - 2 MghB{l + cos ^]. 
The roots of the equation /(cos 0) = O are 
.... . . .. A'n' 



cos 5=+ 1, +1, 



n-l- 



Let UH write 



fi; = 



AMghB 



then when il" = flj, the roots are 

cos fl = 4-1, +1, +1. 

When il'' > il' the third root is greater than unity, and when 
il* < UJ the third root is leas than unity, say cos 5 = cos 0, 
where is a real angle, given by 



cos© - 



■ 2 MghB 



-1 = 



2(n;-n') 



n: 



(147) 



" Thus, as long aa il* > Xi' the oscillations are confined within 
the coincident Umits 5 = and 6 = 0, so that the top remains 
vertical, but as soon as we have il* < flj the oscillations are 
between the limits 9 = Q and ^ = 0. 

Suppose we start a top with angular velocity Jl greater than fl^, 
so that at first its axis is vertical and the only motion of the top 
is one of rotation about its axis. Then the real roots for 8 are 
0, ; there is therefore no range of oscillatioia, end tba ^"sia ^ 
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change in the length uf a day is about '—- of a day, where a 

of the earth in feet and D, p are the density of the earth and the metcario 

dust respectively. 

6. Two masaes M and m BuHpended from a wheel and axle of radii 
a, b do Dot balance. Show that the acceleration ot M is 



where / 



I the moment of inertia of the machine about its a 



7. A uniform cylinder has coiled round its centra] section a light, per- 
fectly flexible, inextensible string. One end of the string ia attached to >i 
fixed point, and the cylinder is allowed to fall. Show that it will fall witlt 
acceleration j ff. 

8. Two equal uniform rods of length 2 a, loosely joined at one extremity, 
are placed aynimetrically upon a fixed sphere of radius and r 
into a horizontal position so that the hinge is touching the sphere. Th^ 
are then allowed to descend. Show that when they are first at rest they 
are inclined at an angle cos"' \ to the horizontal, that the pressure oi 
sphere at each point of contact is one quarter of the weight of a rod, 
that there ia no strain at the joint. 

9. A rod rests with one extremity on a smooth horizontal plane and tbi 
other on a smooth vertical wall, the rod being inclined at a 
the horizon. If it is allowed to slip down, show that it will separate froB 
the wall when its inclination to the horizontal is ain-'(| sina). 

10. If the sun gradually contracts in si;ch a way as always to remuU 
similar to itself in constitution and form, show that when every radins hu 
contracted an nth part of ite length, where n is large, the angular velocity 
will have increased to (l + -) times its former value. Examine the cl 
in the kinetic energy of rotation. 

11. An elastic band of natural length 2im, mass m, modulus X, resti 
against a rough wheel of radius a in a horizontal plane. The string i: 
against the circumference of the wheel, which is made to rotate with 
lar velocity H. If the string is left to itself, show that it will expand, 
that when its radins is r its angular velocity will be -— , and that its 
velocity will 
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12. A unifonn triangular disk ABC is so supported that it can oscillate 
in its own plane, which is vertical, about A, Show that the length of the 
simple equivalent pendulum is 

1 3(6a-fc«)-a« 

13. A spherical hollow of radius a is made in a cube of glass of mass i)/, 
and a particle of mass m is placed inside. The cube is then projected >vith 
velocity F on a smooth horizontal plane. If the particle just gets round 
the sphere, remaining in contact with it all the way, show that 

14. Three equal particles are attached to the ends and middle point of a 
rod of negligible mass, and one of the end particles is struck by a blow at 
right angles to the rod. Show that the velocities of the particles at starting 
are in the ratio 5 • 2 • 1 

15. A rough horizontal cylinder of mass M and radius a is free to turn 
about its axis. Round it is coiled a string, to the free extremity of which 
is attached a chain of mass m and length L The chain is gathered close 
up and then let go. Show that if 9 is the angle through which the cylinder 
has turned after a time t before the chain is fully stretched, then 

16. A uniform flat circular disk is projected on a rough horizontal table, 
the friction on any element moving with velocity V being c F* x (mass of 
element), in a direction opposite to that of F. Find the path of the center 
of the disk. 



V. _ ^ 




258. So far we have dealt with the mechanics (djTiamicfl a 
statics) of material bodies on the supposition that these bodiw 
consist of innumerable small particles which, in the case of arigM 
body, are held firmly in position and serve the purpose of ti 
mitting force from one part of the body to another. 

259. Even when dealing with rigid bodies this conception of thff 
structure of matter has not led to entirely consistent results. Fuf 
instance, we have found that after an impact between two im- 
perfectly elastic bodies, or after sKding between two imperfect^ 
smooth bodies, a certain amount of enei^ disappears from view, 
and we have had to suppose that this energy is used in starting^ 
small motions, relative to one another, of the ultimate particles d 
which the bodies are composed. In other words, after an impa 
or sliding has taken place, a rigid body can no longer be suppc 
to satisfy the conditions postulated for a rigid body. 

When dealing with bodies which are obviously not rigid the ei 
is worse. Here the conceptions which we have introduced into tbi 
study of rigid bodies do not help at all, and very little progress i 
possible without introduciDg some other conceptiona to replace tl 

260. There are two ways of proceeding at this stage. We n 
introduce new conceptiona which seem plausible, and in this waj 
try to form a picture of the structure of the matter with which w 
are dealing. We cannot be certain that the results obtained in thii 
way will be true, for we can never be sure that our conceptions iiJ 
the nature of the ultimate structure of matter are accurate. But 
it may be worth trying what results are obtained by introducing i 
set of provisional conceptions as to the structure of matter. I 
these results are in agreement with the phenomena observed i 
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natfire, the probability that our provisional conceptioua are uear to 
the truth ia strengthened. If, on the contrary, the results obtained 
are not found to agree with what is observed in nature, the pro- 
visional conceptions from which these results have been deduced 
must be either modiiied or withdrawn. 

Different sets of conceptions as to the structure of the matter 
dealt with will lead to different branches of mathematical physics. 
As instances of such branches of mathematical physics may be 
mentioned the theory of elastic solids which is based upon certain 
provisional conceptions as to the behavior of the particles of 
which solid bodies are composed, and the kinetic theory of gases 
wliich is based upon certain provisional conceptions as to the 
behavior of the particles of a gas. The tracing out of the conse- 
quences of different seta of provisional conceptions as to the struc- 
ture of matter cannot, however, be regarded as coming within the 
scope of a book such as the present one. 

3S1. There is, however, an alternative way of proceeding. We 
have taken Newton's laws of motion as the material supplied by 
experimental science for theoretical science to work upon. The 
truth of these laws as applied to the ultimate particles of the 
material universe is by no means certain, because we cannot obtain 
the ultimate particles to experiment upon. Suppose, however, that 
we examine whether any further prc^ess can be made in the 
study of mechanics without introducing any hypothesis beyond 
the single one (admittedly uncertain) that Newton's laws apply to 
the ultimate particles. If we can make progress in this direction, 
the results obtained will of course apply to all further extensions 
of mechanics, whether or not additional hypotheses are introduced 
as to the nature and arrangement of the ultimate particles. 

262. The standpoint from which we are regarding the matter 
can, perhaps, be explained by an analogy, 6rst suggested by Pro- 
fessor Clerk MaxweU. Suppose that we have a comphcated ma- 
chine in a closed room, and that the only coimectiou between 
this machine and the outer world is by means of a number of 
i:opea which hang through holes in the floor into the room beneath. 
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A man introduced into the room beneath will have no opportiimt 
of inspecting the machinery above, but he can manipulate it w 
certain extent by pulling the ditferent ropes. If on pulling on 
rope he finds that the others are set into motion, he will undai 
stand that the different ropes must be connected above by s 
kind of mechanism, but will not be able to discover the ( 
nature of the mechanism. 

This concealed mechanism may be supposed to represent tho 
parts of the mechanism of the universe which are hidden from o 
view, while the ropes represent those parts which we can manipi 
late. In nature, there are certain acts which we can perforin, co 
responding to the pulling of the ropes in our anal(^y, and we » 
that these are followed by certain consequences, analogous to tl 
motion of the other ropes ; but the ultimate mechanism by whici 
the cause produces the effect remains entirely unknovra to uB 
For instance, if we press the key of an electric circuit, we ms 
find that the needle of a distant galvanometer is moved, but the 
mechanical processes which transmit the action throi^h the wire* 
of the circuit and through the ether surrounding the galvanometej 
needle remain unknown. 

263. Now suppose that the imaginary man is at liberty to handle 
the ropes and that he wishes to study the connection between thenXi 
He may begin by conjecturing that the connecting meehai 
the room above consists of arrangements of, say, levers, pulleys, ani 
cogwheels, and he may work out for himself the manner in whi(^ 
the ropes ought to move if his conjectures are correct. This proced- 
ure would be analogous to that we have described in § 260; 
not the procedure we are going to follow here. 

On the other hand, without any conjecture at all as to tl^j 
nature of the mechanism above, the man will know that certain 
laws will govern any manipulation ot the ropes, if the ropes e 
connected by mechanism of any kind whatever, such that e&dk 
particle obeys Newton's laws of motion. 

To explain this, let us take the simplest case, and supposi 
tliat there are two ropes only and that when A is puUed down o 
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Ih, then B invariably rises through two inches. The mechanism 
y he a lever, an arrangement of pulleys, or clockwork. But 
ether it is any one of these, or something entirely different from 
any of them, it will be known that the motion of rope A down- 
wards can be restrained hy exerting on rope B a force equal to half 
of that applied to A. This fact follows from the principle of virtual 
work, quite apart from any conjecture as to the nature of the 
hidden mechanism. Now the question before us is as follows: 
Can we, without any knowledge of the hidden mechanism, discover 
what motion of the ropes will ensue, if they are started in any 
given way. And the answer is that we can, provided we know 
the amount of energy involved in a motion of any kind, — i.& pro- 
vided we know the kinetic energy of every motion, and also the 
potential energy of every configuration. 

So also, to pass from analogies to reaUties, we can, without any 
knowledge of the ultimate mechanism of the universe, discover 
what motion will ensue from any initial conditions, provided that 
we know the kinetic and potential enei^ies of all configurations 
of the portion of the universe with which we are dealing. 



i 



Hamilton's Prcjciplb 



364. Let us suppose that any single particle of a material sys- 
tem has at any instant coordinates ar,, y,,3,, its mass being m„and 
that it is acted upon by forces of which the resultant has compo- 
nents Xj, Y„ Z^. Let the velocity of this particle have components 
%• n' "".■ «" that . 

M, = — r^> etc. 

at 
Then, if the motion of this particle is governed by Newton's laws, 
we shall have , 

™,5|!=J-„ (148) 

™.f=B, (149) 

»,*a„2,. (160) 

at 
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Let ns compare this motion with a slightly different motion in 
wliicli Newtuu's laws are not obeyed. In tliis second motion let the 
coordinatea o£ 7ft,, at the instant at which they ate a;,, y^, z^ in the 
actual motion, be supposed to be icj, y[, zj, ajid let the componeBta 
of velocity at this instant be u[, v[, v}[, ao that 



Let us agree that the modified motion is to differ bo slightly 
from the actual, that any quantity such as x[ — x.y, u[~ u^, which 
measures part of this difference, may be treated as a small quan- 
tity. Let us denote x[ — ^, by 5.c„ and use a similar notation for 
the other differences. 

Multiply equations (148), (149), (150), which are true at eveiy 
instant, by Sx,, 3y„ Sa„ and add. We obtAiu 



du. 






- dt 






m 



aw 
dt 


S^, 










= |(^S..)- 


-»,(»;-«j 






-|,W-.>- 


-uM- 


+ 7n 


dv 

' dt 




&, 



Y equation (151). 



,Sm, + VjSvi + WjSaj,) I 
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An equation of this kind is true for each particle of the system 
and at every instant of the motion. It is moreover true whatever 
the displaced motion may lie. Oii summing this equation for all 
particles we obtain 

X™! -T. (WjSa-j + i>^y^ + Wj&i) — (m,Sm, + ^iSiJi + w-^v}^ 

I =;^(X,Sjr, + F^Sy^ + Z,Ss,). (153) 

Now let T denote the kinetic energy of the motion, ao that 

Then 52'= ^ gmi(„(*-„J + t,;«_^ + M;fa_^). 

Now u{" — wj = (w, + 5mi)*— ttJ^SuiSu,, 

if we neglect the small quantity of the second order (Sm,)', ao that 
we have 

265. Assuming for the moment that the system of forces is 
conservative, let W denote the potential energy of the system at the 
instant under consideration, and W that of the imaginary system 
in the sightly displaced configuration. Then, by § 118, we have 

= (work done in moving system from actual 

to displaced configuration) 
= ~-'^(X^Bx^+Y^Syj+Z,Sz,). (154) 

Substituting into equation (163) for the expressions which have 
been found to be equal to ST and BW, we find that this equation 
reduces to the simpler form 

Vm^ ^ (u^Sx^ + j),Sy, + w.fc,) - Sr = — SW, 



IX-^i,. 



(,+w,S2,)=8(3'-ir). 
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This equation is true at every instant of the motion. Let UB 
integrate it between any two instants of the motion, aay from 
i = (, to ( = <,. We obtain 



[5jm, (M,S^', + v,Sy, + «',S;,)] ''= ("Z{T~W) 



dt (15S) 



The displaced motion has so far been subject to no restrictiont 
except that the diflerence between it and the actual motion most 
always remain small. Let us now introduce the further restriction 
tliat at times i, and (, the configurations in the displaced motion 
are to be identical with those in the actual motion. The displaced 
motion is now one in which the imaginary system starts in the 
same configuration as the actual system at time ( = i„ swervea 
from the course o£ the actual system from time t^ to time 
(because the actual system obeys Newton's laws, while the imagi- 
nary system does not), and ultimately ends in the same positioa 
as the actual system at time t^. 

In consequence of this restriction on the motion of the 
nary system, we have at times i, and (,, 



&c,= 



= 52,= 0, 



and similar relations tor the other particles. Thus 

and equation (155) reduces to 

C'h{T-W)dt=^^. 

Here we have an equation which depends only on the amounbri 
of the kinetic and potential energies of the system, and not on tl 
mechanism of the system. We shall find that from this single equi 
tion we can determine the motion of all the known parte of t 
system as soon as T and W are known, without any knowledge ■ 
the mechanism of the unknown parts. 
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266. Before proving this, however, we may attempt to interpret 
equation (156). Let us denote T — IT by i. Then 

f S{T-W)dl= r SLdt 

-f{L'-L)dl ^— 

- fl'dt- fldt ^M 

-if.''"')- I 

' ti we denote ( Ldt 

f S, thB equation becomes SS = 0, or 
S' = S. 

Thus the value of the function S for the actual motion is the 
same, except for small quantities of the second and higher orders, 
as the corresponding function iS* for any slightly different motion, 
which begins and ends with the same configuration at the same 
instants. In other words, the function .S^ is either a maximum or a 
minimum when the series of configurations ia that which actually 
occurs in nature. 

Br pRisciPLE OF Least Action 

267. The total energy will, by the theorem of § 143, remain 
constant during the actual motion, say equal to £, so that at every 
instant we shall have 

T+W=E, T-W = L. 
'In the slightly varied series of conjurations it is not true that 
le total energy remains constant throughout the motion, but out 
of the infinite number of slightly varied series of configurations 
there will still be an infinite number for which the conditions 
already postulated are satisfied, together with the condition that 
the total enei^ at every instant shall have the value E. Eqt susK 
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a series we have 



Thus we have L = 1T— E, L' = 2T'~~E, 
so that s= C L dl 

== ("{2T-E)dt 

Thus if i5 is a majdnium ur a minimum, it follows that 



jy"' 



is a maximum or a minimum. This int^ral is called the aeHem 
of the motion. We now see that of all possible series of configi 
tions which bring the system from one coufiguratiou to another iM 
a given time, and in such a way that the total euergy has always 
a specified constant value, tluit one which can be described by £ 
natural system is the one ou which the action is a maxdmum o 
a minimum. Since the action is in general a minimum, this prin- 
ciple is known as the principle of hast action. 

The statement of tliia principle was Srst given by Maop* 
(1690-1759), who did not deduce it by mathematical reasonii^; 1 
believed it could be proved by theological arguments that all cbangea & 
the universe must take place so as to make the action a minimum {Em 
dtCotmologie, 1751). 

N0N-C0NSEEVAT!VE FOHCES 

268. If the forces are non-conservative, we may no long 
equation (154), replace 

by —hW, and consequently, instead of equation (156), we shall hav^ 
r ' \hT -1-5 (XSj: -I- Yty + ^Si)] dt = 0. (157) 



* 869. If 
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Lageahge'3 Equations 



, If the coortlinataa a;,, y„ s,, etc., of every particle of 
the system are known, we know not only the couflguration of 
the system but also the mechanism by which the diiferent parts 
of the system are connected. It may, however, be that we can 
determine the configuration of the system by knowing a smaller 
number of (quantities which do not give us a knowledge of the 
mechanism. 

For instance, in our former iUustratdon we imagined two ropes to hang 
from ail unknown machine, the ropes being connected in such a way that 
a motion o£ one inch in the one invariably produced a motion of two inches 
in the other. In thia case the configuration ia fullj determined when we 
know the single coordinate which measureH the position of the end of the 
first rope, but a knowledge of this coSrdiuate does not imply a knowledge 
of the mechaniam conneutiug the ropea. 

Again, the poaition of a rigid body is, as we have seen (§63), determined 
by the valuea of sufficient q^uantitiea (six) to fix the positions in space of 
three non-collinear partJelea of the body, but a knowledge of these quanti- 
ties does not give us information as to the arrangement of the particles of 
which the body is formed, 

H Let 8^, 0^, ■ ■ ■ , 0^ be a. set of quantities such that when their 
pValue is known, the configuration of a system of bodiea is fully 

determined. Then the quantities 0^, 0^, ■ ■ -, 0„ are called generaU 

ued coordinates of the system. 

370. Let x,i/, she the coordinates of any particle of the system. 

Then x is fully determined by tlie values of 0^, ^a, • - ■, 0^, so that 

it is a function of these quantities, say 



' If the system is in motion, all the quantities which enter in 
^uatiou (158) are functions of the time. We liave, on differ- 
Sitiation with respect to the time. 




■AS,. «,. 



(158) 



tb> 8/ rf9, 8/ dS, 


, V dS. 


dt ee, dt 89, it 
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To abbreviate, let ub denote 
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dx dS, 



di dt 
equation just obtained may be written 



Jf, 



J±> 



so that X is a linear function of Q^, 
functions of d^, 0^, ■•■, 6^. 

The kinetic eneigy, 



• by X, 6^, ■ ■ ■. Tl 

+ !«.. (15!) 

■ ■ , p„, the coefficients being 



T=i-^m(i' + i/- + ^). 

13 now seen to be a quadratic function of ^„ ff^, • ■ ■, &^, the eoeffi 
cients being functions of 6^, 6^, ■ ■ •, ff^. 

The potential energy JV depends only on the configuration d 
the system, so that fFis a function of 5,, 5„ ■ ■ ■, 0^ only. 

Thus the function i, or T— ff", is a function of 



(160j 



The corresponding function L' in the displaced motion is tb 
ame function of 



so that 



, etc., 



., e^+s0„, i9,+s^„ --■). 

By Taylor's theorem, we may expand L' in the form 
L' = ^e^, 8„ ■■■, 0,, &^, ■■■) 

or, from equation (160), 
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Equation (156), namely 



h 

may be written in the form 

h 



f*S{T-'W)dt = Oy 



C {L'-L)dt=^Oy 



and this, we now see, may be replaced by 



jr'(|8..^^|s*.|).,-0. (162) 

Now we have 

and, integrated by parts, this becomes 

i--]:-x"i(i)--- '-> 

Since the disturbed configuration, by hypothesis, coincides with 
the actual configuration, we have S0^ = at times t^ and t^* Thus 
the first term in expression (163) vanishes, and leaves 

Equation (162) now assumes the form 

The limits t^ and t^ are entirely at our disposal ; the equation is 
true whatever values we assign to them. In other words, the simi 
of a number of small differentials vanishes, no matter how many 
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of them are included in the sum. It follows that each term 
Buni must vauisb. Tliits we must have 



Ml^rmh' 



4 

ermof twH 
(165) " 



at every instant. 

271. At this point we have to consider two alternatives. It m 
be that whatever values are assigned to 55„ 5fl„ ■ ■ -, Sd^, the net 
configuration, specified by coordinates 



will be a possible configuration ; that is to say, will be one whidl 
the system can assume without violating the constraints i 
by the mechanism of the system. In this case the system is si 
to have n degrees of freedom. 

If the system has n degrees of freedom, equation (165) is true 
for all values of Sd^, B0^, ■ ■ -, 89,. For instance, it is true if we take 

where e ia any small quantity. In this case we must have 
and therefore -r(^)— ::r;r = 0. 

di \ddj se^ 

A similar equation will, of course, hold for each of the c 
^ii ^a. ■ ■ ' T ^„- These equations are known as Lagrange's t 
tions- There are m equations between the n unknown quantil 
^i- ^a. ■ ■ ■ . ^, and their differential coefficients with respect to t| 
time. Thus they enable Ma to find the way in which 6^, B^ ■ 
change with the time. To use the equations we require a knoi 
edge oidy of the function L, and therefore only of the kinetic a 
potential energies of the system ; we do not need a knowledge 1 
the internal mechanism of the system. Thus the problem propt 
in § 263 is solved, if we c^i solve Lagrange's equations. 
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ILLUSTRATIVE EXAHFLE 



Coninion pendiilam. As a BimplE example n( the iise of Lagrange's cquationa, 
let ufi coiiiiiilei- thu problem of Uie motiou of the iMiaiuon ptnduluia. A rigid 
body is constrained to iudtb bo tlial one point O remains fixed, while the line 
00 joining O to the center of grayity moves in a vertical plane. Let ff be the 
Inclination of OG to the vertical; tlien the poirition of the system is entirely 
fixud as aoun as the value of S is known. The kinetic and potential energies are, 
in the notation of § 246, 

r=J3fFfl2, W=Mijk{l-cos0), 
so that L^ililfle'- Mgk{l-coBd). 

Tlius —T = Ml^6, and Lagrange''H equation. 



_d /dL\ _ BL 




Fw, 1G3 



the same equation as was obtained in % 246, nnd from this 
motion can be deduced. 

We notice, however, that Lagrange's method showa that the motion ia inde- 
pendent of the methoii of suspension of the pendulum, provided only thai it Is 
constrained to move in the way described. For instance, the result <s true if 
there is no pivot at all at O, the oonstraints being imposed by a suspension of 
strings. 

272. I>et US now consider the second alternative to that exam- 
ined in § 271, It may be that if we assign arbitrary values to 
Sdj, Sflj, ■ - ■ , S0^, the new configuration obtained is not in everj' 
case a possible one. It may be that there are certain relations 
which must be satisfied, in order that the couBtraints imposed by 
the mechanism may not be violated. 

■for jnatance, in the illustration already employed, let there be two 
tanging from a ceiling of a room, such that on pulling one down one 
ih the mechanism ootiipels the sHciond to rise two inches. Let flj, fij 
denote the lengths of ropes below the ceiling. Then a displaceiuent in 
which Jfl, = -^ inch, BSj = -^ inch, is not a possible displacement [ sucli 
a. displacement is not permitted by the mechanism above. We must always 
have S9^, iffj connected by tlie relation 
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ILLUSTRATIVE EXAMPLES 



1. A komogeneou» iphere of nujjun a rolU doien lAe outer aur/aee of 
tphere ofmditit b without tliding. Find the motion. 

1 angle # with the vertlc&l, 
B be tf. The velodty of ilia 



Al an; iiLStmit let Ihe lint; of ceateni make a 
And let the nngular velocity ut Ihe rolling spben 



cenur of lixu n^lltug sphuro i 




This la tiae^t every in^nt 
in integrating witli respe^t^D i 



(a + A) #, so that 

Tlie potential energy is 
W=mg{a + b)c<» 
BO that L = T-W 

— mi;(a + 6)co8(i. 

The variations in e and # are 
capable uf having any values 
please, f^r llie velocity of the 
of tlie moving sphere la (a + 6)i 
and alio must be oB, since the ephei 
i^ rolling with angular yelocity 
without sliding. Thus 

i + i)* 
that we 
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f e^f poasihli 
gcs in the 






Thus Lagrange^s equations are 

d/dL\ dL 




Suhatitulin^ from equation (a), this hi 
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After replacing a$hj (a + h) (/> from equation (6), we have 

-ma{a-{- 6)*— = mga (a + b) sin 0, 
5 di^ 



or 






showing that the center of the moving sphere moves with five sevenths of the 
acceleration of a smooth particle sliding down a sphere of radius a -\-b. 

The same result could have been obtained by eliminating from equations 
(a) and (6), and then regarding as a single Lagrangian coordinate. 

2. A flywfied is connected by a crank and rod to a piston moving in a hori- 
zontal cylinder. When there is no steam in the engine the fiy wheel rests in its 
position of equilibrium. Find its motion if displa>ced. 

Let a, b denote the length of the crank and rod, and let 6, </> be the angles 
they make with the horizontal in any position of the flywheel. Then the posi- 
tion of the engine is known fully when and </> are known. Not only do the 
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values of 6 and <f> suffice to determine the position of the engine, but if we 
assign arbitrary values to 6 and 0, we do not necessanly obtain a possible 
position for the engine. 

The velocity of rotation of flywheel, axle, and crank is ^, so that the kinetic 
energy of this motion is J I^, where I is the moment of inertia of this part of 
the engine about the axis of the flywheel. The coordinates of the center of 
gravity of the rod, which we shall assume to be its middle point, measured 
from the axis of the flywheel, are : 

horizontal : a cos ^ + 1 6 cos 0, 
vertical : ^ & sin 0. 



Thus the velocity of its oeo 



338 GENEEALIZED COOEDINATES 

horizontally, and } 6 cos ^ • vertically. The whole velocity v of the center of 
gravity of the rod is therefore given by 

vs = (a sin 9 • ^ + } 6 sin • 0)3 + (} 6 cos • 0)3 
= a^sin* ^ • ^ + oftsin ^sin0 . 0^* + J6V. 

The angular velocity of the rod is 0, and its radius of gyration k is given by 

3W 12 
Thus, if m is the mass of the rod, the kinetic energy of the rod is 

= Jm(a« sin^^i* 4-a6sin^shi00^4- J6*0*). 

Lastly, the horizontal distance of the end of the piston rod from the center 

of the flywheel is a cos + b cos 0, so that the velocity of the piston and piston 

rod is 

— asin^-9 — &sin0>0. 

If 3f is the mass of the piston and piston rod, the kinetic energy of this part 

of the engine is ,,*-..>»>; ^ . 

^ ilf(a8in^.^4-6sm0.0)a. 

We now have, for the whole kinetic energy T, 

2 r=: I^ + m(a«sin«^. ^ + a6sin^sin0. 0^' + J62^) 

+ if(asin^*^ + &sin0-0)s. (a) 

The potential energy W, measured from a standard configuration in which 
^ = = 0, is W=:-Mgh8m(0 + e)-imgbam</>. (h) 

Here JW is the total mass of flywheel and crank, and A, e are the polar coor- 
dinates of its center of gravity when ^ = 0. 

The changes in and are not independent. A glance at the figure shows 
that we must always have 

a sin ^ = 6 sin 0, (c) 

and on differentiating this, we can see that if and are taken as generalized 
co5rdlnates, we must suppose them connected by 

a cos ^ $^ — 6 cos $0 = 0. 
Thus Lagrange's equations will be 
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^H The elimination of X from tlieae equations gives 


1 


i '"'[is)-s]-»'B(s)-a=». 


1 


and on aubatituting for L from equations (a) und (b), thU equation becomes an H 
From thia and Uie geometrical relation (c), H 


ffl8liiff = 6ain*, 


(/) 


we can proceed to determine B and <t> io terms of the time. 




H IP = -JHirftsin(e4-«)-imposinfl. 




^»""=^^ . = 0, 3ah+ima = a, 


iuch a way as 


and if tJuB is done, the center of gravity wUl always be at the 
This Lb called balawivg the engine. 

fore L= T. We can, however, determine the motion much mon 

throughout the motion ; and by differentiation of equation (/) we 


same height. 

and there- 
simply than 

have 


acosflfl = 6c03#,*, 




so that we can replace equation (o) by 




^1 2r = Ifl'4-n'(a«sin*eff' + a'8itiflcosPtan,^ea + JaScos^flaecVsO ^| 
H +.U-(aBine.fl + <icos3tan^.S)^ | 


^H =«"[!+ ma' filn fl Bin (fl + if)8ec0 + Jma^cos^eHec'* 


1 


^Hto B is couatant. Thus, although the engine ia balanced ao as to remain at rest H 
^^Kiny pOBltian, It will not necessarily run evenly if started into motion. ^| 


^^ LagraTige's Equatioris for Nfm-Conservatioe Systems H 


273. For non-eonservative systems it has been shown (§ 268) | 


that equation (156), namely 


I 


l"'BLdt=0, 


(172) 1 


must be replaced by 


1 


^M f'\&T+-£{X&x+rBy + ZSz)\dt = Q. 


Cn3\ ^M 
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Now since, as in equation (158), 



we must have 



^=/(^i> ^a> •••> ^»)> 



Sx = x^ — x 



neglecting small quantities of the second order. 

Thus 
^{Xix-^-YSy-^-ZSz) = 01 8^1+ S^Sd^-i- • • • + SJ0^, 

where ©i, 02> * * * > ®n depend on the configuration of the system, 
and therefore are fimctions of 0^, ^2> ' ' '> ^n only. 
Equation (173) now becomes 

f'STdt + r (0iS^i + 02«^a + • • • + 0nS^«)^^ = 0. (174) 



Just as in 5 270 we found that 



X' 



8X(«^ 



could be transformed into 



so the first term of equation (174) can now be transformed into 
Substituting this, the equation becomes 
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Since this is true for all possible ranges of time, we must have 

at every instant. 

If the ^*s can vary independently, each coefl&cient must vanish, 
and the system of equations will be 

etc., while if 86^, S0^, • • • are connected by the constraints implied 
in equations (166), (167), • • •, we find, as in § 272, that the sys- 
tem of equations must be replaced by 

274. These systems of equations reduce to those previously 
obtained in the specisil case in which the forces are conservative. 
For in this case consider the work done in a slight displacement in 

• 

which 0^ alone varies, 6^ being increased by 80^, It is ©iS^^, and 
IS also — -^ 0^1, so that ©^ = — -^^ • 

Thus — + = — --— = —, 

dd^ d0^ 30^ 30^ 

, dT ^ d(L-hW) _dL ^ 

30^ 30^ 30^ 

since W does not contain 6^, Thus equation (175) reduces to 

dt\3dj ^0, ' 

as before, and in the same way, equations (177), • • • can be trans^ 
formed into the equations obtained in § 272. 
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■ 

Lagrang^s Hqtcations by Direct Transformation 

275. Instead of deducing Lagrange's equations from equatioD 
(156), they may be obtained directly by transformation of the 
equations of motion. 

We have, as before, 

so that, on differentiation, 

dt dd^ dt dd^ dt 

Thus i is a linear fimction of ^i, ^„ • • *, and 

dx __ dx 

We have T = i2^m(i» + ij^ + j?), 

* 

so that T, as before, is a quadratic function of ^j, ^„ • • •, which 
also involves 0^, ^2> * * *• ^7 differentiation, 



(179) 



dT 



" ^ /. dx , . dy . dz\ 



or, by equation (179), 



Thus 



dT ^ / . dx . dy . dz\ 



d /dT\ ^ -^ /£x dx ^dy ^ Bz\ 
dt \ddj ^'^ \d^ dd^ df de^ df dej 



+ 



s-HGtJ-^KD-^K^}} <"»> 
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Since ^^ is a function of 0^^, 0^, • • •, we have 

dt\ddj de[ dt ^dd^dd, dt ' ^ ' 

while, hy differentiation of equation (178), 

The right-hand members of equations (181) and (182) are seen 

to be identical, so that 

d /^x\^ dx 
Jt\d0j'd0^' 

and the last line of equation (180) transforms into 






of which the value is 



^^Xm[\{^ + it + i?)l 



dT 
or — ' 

d0^ 

Equation (180) now becomes 



dt [doj d0^ "^^ \df 30^ "*■ dt^ d0^ ^ df dffj 



From the equations of motion, 



TT dJ^x . 
-i = m-^r^f eta. 



so that this again becomes 



' dt \te) ^0, S (^ d0, '^^30,'^^ d0j * 
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If we give the system a small displacement, in which 0^ id 
increased to 6, + Sd^, 0, to 0, + 6d^. e'*., we have, on equatii 
two different espressiona tor the work done : 

e,5^, + e,se, + ■ ■ ■ 

On substituting the value of Sx obtained on page 340, this 

and the equation reduces to 

This ia the same equation as equation (175), and the different 
forms of liigrange'a equations can be deduced as before. 



Lagrange's Equatiofis for Tmptdsi 

276. Let a system of impulses act during the short interv 
from t = ti to t = t^. Let 6„ S^, ■■ -, 6^ now bo supposed I 
independent coordinates, so that Lagrange's equations are 



If we multiply by dt, and integrate from t = t^lo t = i„ we havM 
The value of the first term is 
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and when the interval from i, to (, ia made vanishiugly small, this 



Jr** ST dT 

-— dt, the integrand ^^r- is finite, so that 

■when the interval of time is supposed to vanish, this term will 
vanish with it Thus the equation heeomea 

8T r" 

chaise in -^ = 1 %^dt, (183) 

277. If F is an ordinary force acting impulsively through the 
interval (, to i„ we call / Fdt the impulse. By analogy we call 

'^.dt 



£' 



the generalized impulse, corresponding to the generalized coordi- 
nate 01. Thus we have equation (183) in the form 

change in — r = generalized impulse. 

From analogy with the relation, 
charge in momentum of a particle = impulse on particle, 

dT 
we call -— the generalized momentuTn corresponding to the coor- 
dinate dy Thus with these meanings attached to the terms 
"impulse" and "momentum," the relation 

change of momentum = impulse 
is true in generalized coordinates. 

When our cofirdinatea are i, y, z, the coOrdinatea in apace of a moving 
particle, the generalized momenta, will of course become identical with V 
ordinary components of momentum. We have 

r= Jm(i» + j' + i'), 

ao that — ;- = mi, etc. 
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Ecler's Equations fob a Rigid Body 

278. Euler's equations (§ 252) can be derived from those of 
Lagrange. 

Let the mom^itB of a rigid body about its principal axes of 
inertia at a point 0, which is fixed in the body and is also 
either fixed in space or is the center of gravity of the body, be 
A, B, C. Then if a>^, (u„ «, are the componenta of rotation about 
these axee, we have, as in § 248, 



T=l{Aa)]+Ba>] + Ct4). 



im 



As lagrangian coordmates, let us take 8, the spherical polat 
coordinates of the tliird axis OC of the body, and yjr a tliii'd 
dinate which measures the angle between the first axis OA of the: 
rigid body and the plane 
through OC and the axifl 
0= 0, say the plane COa. 
We have first to find 
a>„ Wj and w, in terms o 
0, and i|^, so as t 
press 2T &s & function dl 
these coordinates. The 
motion of the body is com- 
pounded of the motioc 
relative to the plane COt 
together with the motioil 
of the plane COz relativi 
to fixed axes. The forme* 
motion consists of a rotation ^ about OC, and this, resolved along 
the axes OA, OB, OC, has componenta 



The motion of the plane COz is compounded of 

(a) a rotation about an axis at right angles to its plane ; 

(6) a rotation tj) about the axis 0=Q. 
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Besolved along the axes OA, OB, OC, the first part has compo- 
lents 

^ ain ■^, cos yjr, 0, 



while the eecond has components 

— ^ Bin ff cos -f; 1^ sin 5 ain -^j 
Compounding these motions, we obtain 

o), = p sin ■^ — ^ sin ^ cos ^ 
a>^ = 8 cos ^ + (^ sin 6 sin ^ 

Let the work done in a small displacement be 

then Lagrange's equation for the coordinate "9 is 



^ coa 8. 






*. 



(185) 



(186) 



We have, by differentiation of equation (184), 

— r = Ato^ —r + BtD^ — r + Cwj — ' 

Syjr 8^^ d'^ d^ 

on substituting from equations (185). Also 
^ ^ ... ^^i 

= jJwj (^ cos -^ + ^ sin 5 ain ^) 

+ Ba>j (— (^ ain -^ + ^ sin 5 cos ^) 

Finally '^Si/r is the work done by external forces in a small 
rotation S^, and therefore, by § 121, '^ is equal to JV", the sum of 
the moments of these forces about the axis 00. 
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Making all these substitutions, equation (186) becomes 



whicli ia Eulet's third equation, and the other two equations 
follow from symmetry. 

Small Oscillatioks 

279. Let 8^, ^,. ■ ■ ■ , ^, l>e generalized coordinates of any system, 
and let it be supposed tliat these coordinates are all independent, 
so that any set of values of fl„ ff„ ■ ■ ■ , ^, gives a possible configursr' 
tion of the system. 
e that the 



1 



^1 = ^1, ^. = ^j. ■ ■. ^. = ^, (187) 

is known to he a configuration of equilibrium. Then, it 

^, = e,-^„ tf>t = S, — ^„ ■•■, 4>n = ^.— ^,> 

the quantities ^,, <f>^, — ,tf)^ may he taken to be generalized coordi- 
nates of the system, and will possess the property of all vai 
in the position of equilibrium. 

Let Wg denote the value of the i>ntential energy in the coni 
ration of equihbrium. The potential energy in any other coni 
ration may, by Taylor's theorem, be expanded in the form 





where all the differential coefficients are evaluated in the poaitiod 
of equilibrium. In this position of equilibrium, however, we havG^fl 
by the theorem of § 135, 
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BO that we can write the value of IT in the form 

W= W^ + ff„0J + 2 a„<^,.^, + ■ • • + a^4,l, (188) 

in which powers of ^j, 4'v ' ' higher than the second are left out 
of account, because we are going to confine our attention to motions 
in which i^,, ^„ ■ ■ • are all small quantitiea 

The kinetic energy, as before (§ 270), is a quadratic function of 



T = J„0J + 2 6„<^,0, + • ■ ■ + 6„^;. 



<189) 



The coefficients in, 6„, ■ ■ ■ , 6„ are, strictly speaking, functions of 
^1' ^11 ■ ■ ■) ^»> ^'^^ ^^ °^y regard their values as being equal to 
the values in the configuration of equihbrium, and so may treat 
them as constants. 

280. Now consider two quadratic functions of n variables a^, 
Xf, ■■■,x^, defined by 

/(a:,, a;,, • ■ ■, a;,) =s a,,a:^ + 2 ii^^x^ + ■ ■ • + (i„a^, 



Since the function T defined by equation (189) n 
positive, it follows that F(x^, x^, ■ ■ ■, x^) is positive for all values 
of a;,, a^j, ■ • -, x,. Hence, by a known theorem in algebra, we can 
find a transformation of the type 






(190) 



in which the coefficients «,„ etc, are real, which is such that / and 
F transform into expressions of the type 

A^u ^> -■■> ^.) = aif! + a,fl + ■ ■ ■ + a,K. 
F(x^. x„ . . .. a;,) =/9.f; + j9»f!+ " ■ ■ +^.K. 
and all the coefficients yS„ /?„ ■ ■ ■ , jS, will be positive. 
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Algebraic proofs of this theorem will he found in treatises on analya 
or iu Salmon's Higher Algebra, Lesson VI. The theorem will be readil^ 
underatood on considering a geometrical interpretation in the case in w 
the number of variables is three. Calling the variables x, y, and z, 
equations 

/(.,y,0 = l. J-Ct,,,:).! (111)1 

will be the equations of concentric quadrics ; and since F is positive for sU 
values of x, y, z, the second quadric wiU be an ellipsoid. It is known that 
two concentric quadrics, of which one ia an ellipsoid, always have one real 
set of mutually conjugate diameters in common. A transformation of the 
type expressed by equation (194) enables us to transform to these axes as 
axes of coordinates, and the equations of the quadrics are then of the 
required forms 

«i£! + a.iJ + aA =1, ftS + PA + ft^a = 1- (192) 

[Simple reasoning will show the truth of the geometrical theorem thst 
an ellipsoid and a second quadric always have one common set of real 
mutually conjugate diameters. For a real linear transformation will trans- 
form the ellipsoid into a sphere, and the second quadric into a new, but 
Btil! real, quadric. The principal axes of this real quadric are now real 
mutually conjugate diameters for the sphere and the quadric, and on trans- 
forming back, real mutually conjugate diameters remain real mutually 
conjugate diameters.] 

The algebraic proof that equations (IBl) could be transformed into 
equations (192) would, however, clearly not be limited to the case of three 
variables, so that the theorem must be true for any number of variable*. 



2S1. 


This theorem proves that we can find new coordinates 


+,. v-.. 


■ ■ ■» V^. connected with 0i, 0,. ■ ■ -. ^, by relations of the 


type 






*i = «„'f-, + «,A+ ■■■ + «,.+.. (193) 




*i-«„'f-,+«„V',+---+«,.^.. {m 



aucli that, expressed in terms of these coordinates, the potential 
and kinetic enei^es assume the forma 



>r -IT. +«,!(■; +«,iH + . 


■• +«.+:. 


(19S1 


T= ft,f-;+ft^' + . 


■■+A'^:- 


(196) 



The coordinates i/^,, ■^„ ■ ■ ■,'^„ are called the principal coordi- 
nates of the system, or, by some writers, the normal coordinates. 
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Lagrange's equations, in terms of these coordinates, are 



d /dT\ 8T 
dt [d^J &f , ■ 



which become ^, -^ = — "^iV'i' ^^ (197) 

Stable EguUHirium 

282. If a, is positive, let us put -^ = ^, so that Aj will be 
real. The equation is now ^ 

of which the solution is 

■^, = A^ COS {h^t — ei), (198) 

as in § 208. Thus the motion is a simple hannooic motion of 
frequency i,. If all the coefBcients a,, a,, ■-■,«, are positive, the 
complete solution of the equations will be of the form 

i/r, = A^ cos{i,i — e,), 
t/tj = A^ cos(A,( — e,), etc., 

and the coordinate x of any particle, of which the value in the 
equilibrium position is x^, will be 



= 3;, + BjCoa(A,( — c,) + 5, cos (i-,* — e,) H , 

where B„ 5,, ■ ■ ■ are new constants. 

Thus the motion of any single particle will be a motiOTi com- 
' pounded of a number of simple harmonic motions. 
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283. The potential energy corresponding to any principal c 
dinate ^, is ((,^J, or, if we suppose -^j given by equation (198), id 

aiA\co8*{kit — e,). 

Similarly, the kinetic energy corresponding to this prindpa 
vibration is B,-^,, or 

Avert^ed over a very long time, the average values of cos' {k^t — e, 
and of ain'(/;,i — e,) are each j, so that the average potential andl 
kinetic energies are respectively 

IM!. iB,A*x. 

and these are equal since fc} = -- ■ Thus in any vibration the aver-m 
Pi 

age kirietic and potential energies are equal. 

Unstable Equilibrium 
2B4. Suppose now that any one of the coefBcients in equatioafl 



reaL Equation (197) now assumes the form 



^-'^'f- 



and this has as solution 

showing that ^, increases indefinitely with the time, aod does nol 
osdllate about the value ^, = 0. Thus the motion is unstable, ai 
we now see that the motion can only be stable provided all t 
coefGcients «„ a,, ■ ■ ■, a, are positive. In other words. 

For stable equiUbriwin, the potential energy in the conjiguratio, 
of equUihrium must be an absolute minimum. 

This is the result which has already been stated without pro 
in §153. 
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Forced Oscillations 

285. The oscillations which have bo far been considered are of 
the type kiiown as free vibrationg, — that is to say, the forces act- 
ing arise entirely from the potential energy of the system itself. 

A second type of oscillation occura when the system is acted on 
by forces from outside, in addition to those arising from its own 
potential energy. These oscillations areknown as forced osciilatioiis. 

Let ua suppose that the potential and kinetic energies of the 
system are given by equations (195) and (196), and that the sys- 
tem of external forces acting at any instant is such that the work 
done in a small displacement is 

■*-, S'^, -I- ■*, 8^j H . 

Then Lagrange's equations for this system are 

d/lT\_dT_ SIT 

dl\dfj If, 8+, " 



which becomes 



' dt' 



= -2a,i^, -l-'^-j, 



(199) 



in which '?',, it must be remembered, is now a function of the 
time. This equation can be solved according to the rules given 
in any treatise on differential equations. If, as before, we take 
AJ =! -^i the general solution is found to be 



^, = A^ cos (k^t - 



Cj)-h rC*'i),=pSinft,((-0<^*'. 



the lower limit of integration being either (' = — od, or the instant 
of which the external forces first came into operation. 

286. A case of extreme importance occurs when Y, is simply 
periodic with respect to the time, say 

% = E COB {p^t -y^f. 
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I 



The solution is then found to be 
■^1 = A^ cos(A,( — e^) + 



or, smce a 



= &A 



2a, -2/3,;;? 



C05(p,i — 7j, 



■^1 = ji, cos {k^t 



-C-l) 



oos(j>ii-yd- 



Thus the variation in -^i is now compounded of a simple 
harmonic motion of frequency i„ and also one of frequency p„ 
the frequency of the impressed forca 

We notice that if p, ia very nearly equal to A,, then the second 
vibration is of very large amplituda In the limiting case in which 
p^ — A„ the amplitude of the second vibration becomes infinite, 
but now the two vibrations are of the aame period, so that they 
may be compounded, and we cannot say that the resultant vibration 
is one of infinite amplitude, because we do not know the values of J[ 
and e,, and these may just be such as to destroy the infinite amph- 
tude of the second term, Tlie result we have obtained may be 
enunciated in the following form : 

When a system is acted on hy a periodic force, of freguejuig i 
very riearly equal to that of one of the principal vibrations of 
system, then the forced oscillations will be of very great amplitu 

This is known as the principle of resonance. 

The principle is one of which many applications appear in nature. ' 
instance, a bridge, not being absolutely rigid, maybe regarded aa a s; 
having a number of free vibrations. A body of men marchLng c 
bridge in regular step will apply a periodic force, and if the period o£ tl 
step happens to nearly coincide with one of the free periods of the bridj 
the amplitude of the vibrations forced in the bridge may be so lai^ as M 
endanger the bridge. For this reason troops are ordered to " break stepa 
when croBBing a bridge. 

Again, a ship is not perfectly rigid, and so will posaesi a number of fi 
vibrations. The motion of ita engines will apply a periodic force of period 
equal to that of its revolution, and If this coincides with that of one of the 
vibrations of the ship, large pidsations will be set np. This cai 
died by alt«riDg the speed of the engine until it no longer is in reiaotu 
with the free vibrations of the ship. 
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As a last example, it uiay be noticed that a. ship will have a free period 
of rolling about its vertical position. If it is in a rolling sea, the waves 
whicli meet it will apply external foroea which may be regarded aa approxi- 
mately periodic. If the period of the waves happens to coincide with that 
of the ship, the ship will roU heavily even though the waves may be com- 
paratively amaU. This danger can be remedied by altering the course of 
the ship and so causing it to meet the waves at a different interval. Another 
way is to give the ship a list by spreading canvas, and so causing it to 
oscillate about a different position of equilibrium, about which the periods 
of free vibrations are different. 



The Canonical Equations 
287. If 01, Oj, ■ ■ ■ are Lagrangiau coordinates of any system, the 
kinetic enei^y 2" is a quadratic function of ^,, ^j, &^, ■ ■ ■. Let the 
correspondii^ momenta be m„ m,, ■ ■ -, «„, these being given by 

M,= ^. etc. (200) 



Now let us introduce a function T', defined by 
T' = M^^t + u^ffj + T, 

Bo that T' is a function of w,, Kj, • • ■, ^[, ^„ . ■ ■, dj, 6 
11^, ii„ ■ ■ ■ are of coiu-se functions of 8y, 6^, • • -, S^, 8^, • 
On differentiation of T' we have 

dT' = u,rf^, + M^^, H 

-I- ^idui + ^,(£m, -f- ■ ■ ■ 
BT dT ,„ 

and this, by equation (200), reduces to 

ST ,^ 8T ,^ 



dT' = d,rfit, + ^,dMj + ■ 
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Since the differentials d^^, d^^, • • • do not occur, it appears that T^ 
can be expressed as a function of u^, u,, • • •, 0^, ^„ • • • only. We 
can easily find its value; we have 

== 2 T, since T is a homogeneous quadratic func- 
tion of ^1, ^„ • • • + 6^. 
Thus T' = 2T — T = T, 

showing that T' is equal to T^ but is expressed as a function of 
Wi> ^i> • ' •> 0v ^if ' • '• Thus 

T'= T= }Mi+ ^A+ • • • + ^A). 

To illustrate, let 

80 that tti = 2 (ail + A^a), Mj = 2 (A^i + hii) • 

Then, by definition, 

T = tti^i + ua^i + T 

= 2 6>i(a^i + h$^) + 2 *,(**! + b$^) - T 

From equation (201), we have 

dT' _ dT 
d0^ " d0^ * 



In Lagrange's equations 



= 6^. (202) 



rf< \a^j ^^1 ' 
, az a(T-fr) ar 

we have — = -^ — : — - = -r- == ^i 

atf, a^j a^j 
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Thua Xjigrange's equations may be written as 

du^_dL ^ S(T-W) ^ 8(T' + TF) 
dt dd^^ de^ ^ de^ ' 

while, by equation (202), —r^ = - — 

dt cit, 

If we write H= T' + W, these equations assume the synunet- 
rical form 

de. dH 



dt 



888. This is known as the canonical form of the dynamical 
eqnatJODS. The function H is called the Hamiltonian function, and 
since S = T'+W,vi& notice that H is the total energy expressed 
as a function of the coordinates 6^, 6^, ■ • -,8, and of the momenta 
«n w»j • ■ ■( "•■ 

The canonical form is the simplest and most perfect form in 
which the generalized dynamical equations can be expressed. For 
this reason the canonical system of equations forms the starting 
point of a great many investigations in higher dynamics, mathe- 
matical physics, and mathematical astronomy. 

289. We may appropriately terminate the present book by giv- 
ing illustrations of the use of generalized coiirdinates from two 
braDcbes of mathematical physics. 

niuatiatlon from hydndynunic*. Let a solid of any shape be in a Btream of 
water flowing with uniform velocity F. If the solid is at a sufEcient depth from 
QvB Burface, its presence will not disturb the flaw at the surface, and the only 
disturbance in the flow of the water will be in the neighborhood of the solid. 
It can be proved, from elementary hydrodynamical principles, that there Ib 
only one way in which the wat«r can flow past the solid. Hence It follows 
tliAt the kinetic energy of the fiow of the water is given by 

r= To+aF', 
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when Td in the value wliich the kinetic energy would have if the solid Ti 
removad. Suppose that the solid ts acted on by external forces, besides the pnt 
Bure of the wat«r. Let the sum of the moments of these forces about anj a; ' 
tu 9, and let be a codrdinate which measures the angle turned throi 
thi« axis. Then Lagrange's equation corresponding (o the coijrdmate 9 is 



dAee) ee 



If the external forces just suffice to hold the bodj at rest in the liquid, t 
have ^f^ = 0, so that 



Hence the som of tl 



f the liquid pressure n 



^r« 



ee 



We can calculate a from the stiape of the solid, and so can obtain a knowledge 
of the couples acting on the solid. 

Dlttitiatlwi fiom slsetiomaeiietlBm. The enei^ required to establish the Son 
of two steady ourrenta of electricity of strengths i, V in two given closed clrcuiu 
is known to be of the form 

E=\L& + Mii' + \m'*, 

where L and N depend on the shape of the first and second circuits reapectiTely, 
while Jf depends on the shape of both circuits, and also on their positioni 
relative to one another, 

Suppose that the second circuit is free to move along any line towards tlM 
first circuit Let z be a coordinate measured along this line, and let the force 
required to hold the second circuit at rest be X in the direction in wliich z ii 
measured. 

Let L denote the usual function T ~W, and let the second circuit be acted 
on by an externally applied force X. Then Lagrange's equation for the coor- 
dinate z is 

d/SL\_3L^ J 

(tt\az/ as ' 



I 



so that, since there ie 



o acceleration. 



As a matter of Qxperlment, it is found that 



EXAMPLES 



I If the WMTgy of the two cunenU were potential energy, we should hare 



■o that the force X would be ezactlj opposite to that observed. 
On the other hand, If the energy is kinetic enei^, we hare 



BO that the valne of X agrees with that observed. 
Hence we conclude that the energy of an electric ci 



GEREItAL EZAJHFLES 

1. The friction of an engine ir such that one horse power can run it at 
250 revolutions per second when it is doing no external work. The inertia 
of its moving parts is such that when running at 125 revolutions per sec- 
ond, and acted on bf one horse power, its speed is accelerated at the rate 
of 10 revolutions per second. If the engine is left to itaelf when running 
at its full speed of 250 revolutions per second, find how many revolutions 
it will make before coming to rest. 

2. A square is moving freely about a diagonal with angular velocity «, 
when suddenly one of the angular points not in that diagonal becomes fixed. 
Determine the impulsive pressure on the fixed point, and show that the 
new angular velocity will be \ u. 

3. Four equal rods, each of length 2 a and mass m, are freely jointed so 
as to forni a rhombus. The system falls from rest witli one diagonal ver- 
tical, and strikes a fixed horizontal inelastic plane. Find the impulse and 
the subsequent motion. 

i. Two particles connected by a rigid rod move on a smooth vertical 
circle. Find the time of a. smalt oscillation. 

6. A uniform rod of length I has the two points at distance c from 
its middle point connected by equal strings of length L to two fixed points 
at distances 2 c apart in the same horizontal line. 

Find the principal coordinates and the corresponding periods of 
vibration. 

6. If the rod of the last question receives a horizontal blow of impulse 
I at one extremity and at right angles to its length, find the subsequent 
motion. 

7. A rough uniform cylinder of radius a has au inextensible string coiled 
round its central section. One end of the string is fastened to a fixed [joiui 
P, and the cylinder is rolled up the string until it is touching P, with the 
tangent to the cylinder at P vertical. The cylinder is then let go. Find the 
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8. In the laat question, find llie motion it the tangent at P is perpo* 
dicutar to the axis of the cylinder, but is not quite vertical. 

9. Id epherical polar codrdiuates prove that the kinetic energy of tl 
moving particle of unit mass is given by j 

r=l{r*+r*(«+ r^ain**^. I 

Hence, prove that the acceleration of the particle haa components in the 
direction of r, 9, ^ increasing, of amounts 

df\dr) dr' rY,il\^) da\' rBintdt\i^)' 
Show that the actual values of these accelerations are 

10. The velocity of a particle in its orbit is found to vary in the invane 
square of its distance from a fixed point. Apply the principle of li 
action to find the orbit, and thence the law of attraction. 

Deduce the same results from the law of conservation of energy. 

11. Suppose that all forces are annihilated in the universe, and that 
there is a concealed mechanism capable of possessing kinetic ene^y. Sup- 
pose that the amount of this kinetic energy depends only on the positioni 
of the material bodies in the universe, being equal in magnitude except for 
a constant, and opposite in sign, to the potential energy which the system 
would have if the forces had not been annihilated. 

Show that the dynamical phenomena of a universe of this kind will ba 
identical with those of a universe in which both forces and kinetic energy 
exist, the changes in the latter being determined by Newton's laws o' 
motion. 

12. A number of spheres without mass, of radii a, h, c, . . ., move in 
straight line through an infinite ocean of density p^, the distances apartot 
their centers being r^, r^,, etc., and their velocities v^, Vf,,v^, . ... Whea 
a,b,c, ... are small compared to r^, etc., the kinetic energy of themotdoS 
of the ocean is given by 

2 r = J 7rpfl% t + . . . + 2 xp ^ «.», + . . . . 

Show that to an observerwhoisunconsciousof the presence of the ocean, 
the spheres will appear to move as though having masses jirpa', i^P**! 
etc., and as though forces of attraction acted between every pair of spheres, 
proportional to the product of the masses, to the product of their veloci' 
ties, and to the inverse fourth power of the distance between them. 
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ef« to pages.) 


Absolute units, of force, 30 ; of work, 


CircnUr arc, center of gravity of, 126. 


ua. 


Coefficient, of friction, 47 ; of elas- 


Acceleration, 12 ; parallelogram of, 13 ; 


ticity, 240. 


ill fArmlai motion, 14, 18. 


Coefflcienta of inertia, 301. 


Action, 32B; principle of least, 328. 


Composition, of motions, 4 ; of veloci- 


AmpUtude, of a pendulum, 261 ; of sim- 


ties, 7 i of acceleraUons, 13 ; of forces 


ple harmonic motion, 286. 


acting on a. particle, 37 ; of forces 


Angle of friction, 47. 


acting in a plane, 96; of parallel 


AnguUr momentum, 297: conservation 


forces, 99 ; of couples, 106 j of rota- 


of, 297. 


tions, 28». 






287. 


Conical pendulum, 271. 


Arc, center of gravity of circular, 126. 


Conserration, of energy, 171 ; of linear 


Atwood'« machine, liJG. 




Averaie velocity, 0. 


turn, 297. 


Axea of inertU, 303. 


ConserratiTe system, of forces, 163. _ 
Coi)rdinatea,generalized,S20,829;nor- • 


Alia of rotation, i)2. 




mal or principal, 360. 


Balancing, of an engine, S37. 


Couples, 101 ; in parallel planes, 104; 


Belt, cenlerof gravity of spherical, 130. 


composition of, 106 ; work performed 




against, 154. 


Canonical eqnationa, 366. 




Catenary, 80. 




Center of force, motion of point about. 


Degrees of freedom, number of, 184, 


2<i!). 


332. 


Center of graTity, 117; of a lamina. 


Descent, line of quiclceat, 103. 


I 121, 135; of a solid, 132, 136; of a 


Diagram, indicator, 161. 


■ triangle, 121 ; of a pyra,mi(l, 132 ; of 




^P aoirculararc,12S; of a segment and 


Double stars, 280. 


m sector of a circle, 128, 129 ; of a 




spherical belt and cap, 130 ; of a sec- 


Earth's rotation, 198, 810. 


tor of a sphere, 130 ; motion of, of a 


Elasticity, of a string, 45 ; modulus 


system, 224. 


of, 46; of a solid, 238; coetBcient 


Central ajcis, of a system of forces, 107. 


of. 240. 


Centroid, 20. 


ElIipBOid of inertia. 302. 
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BnWEfi potenUal,':e3; kinetic, 108, 
226; bitftl, tTI; conservation of, 171: 
of motion of a system, 230 ; of a rigid 
body, 2fl0. 

BnTelop« of patlu, of projectilea, 311. 

EqnatiOD. of energy. 171, 260 ; of mo- 
tion of a particle, 254; of orbit of 
a panicle, 2T5 ; of a rigid body, 3M. 

Equations, Eukr's, SOU, 34<t ; La- 
grange's, 329, 342 ; canouical (Ham- 
ilton's), 365. 

Equilibrium, of a particle, S8, 41; of 
a Bjatem of particles, liS ; of a rigid 
body, »3 ; stability and lustability 
of, 174, 361. 

Buler's aquations, 30e, 346. 

Extensibility, of string's, 44. 

Flexibility, of strings, 43. 

POTCe,2e; meaimtemeiitot.SO; traiis- 
mlsaibility of, Hi. 

Forced oscillations, 353. 

Forces, composition and resolution of, 
87-39 ; in one plane, B6, «5 ; parallel, 
96, 9D; in space, 106; impulsive, 
833. 

Frame of tefeience, 3, 33 ; motion re- 
ferrad to moving, 197; kinetic energy 
referred to moving, 228. 

Frequency, of a vibration, 263. 

Friction, 46 ; coefficient of, 47. Reac- 
tion between moving rough bodies, 
200. 

Generalized coiirdinates, S2D, 3214 ; im- 
pulse, 346; momentum, 345. 

Gravitation, law of, 279. 

Gravity, work performed against, 
motion of body falling under, 
variation with latitude, 200. 

Gyration, radii of, 200. 

Hamilton's Principle, 323. 
Harmonic motion, simple, 261. 
Hooke'a law, 44. 
Bone power, 146, 



Impact, 233 ; of particle oo fixed nov 
face, 241; of any two moving bodies, 
244; of two smooth spheres, 246. 

Impulse, 233 ; of compi^saion, 28S ; of 
restitntioti, 240; generalized, 346. 

Impulsive forces, 233, 346. 

Inclined plane, motion of particle on, 
102. 

Indicator diagram, 161. 

Inertia, moment of, 290; coefficient!, 
anil pr(«!ucls of, 301, 302; ellipsoid 
of, 302 ; principal axes of, 303. 

Inverse square, law of, 276. 

Kepler's laws, 279. 

Kinetic energy, 168; of system of par- 
ticles, 228; of rotation, 289; of a, 
rigid boily, 290. 

Lagrange's eqnations, 329; for impul- 
sive forces, 344; for n 



Lamina, center of gravity of, 121, 136. 
Latitude, variation of gravity with, 

200; variation of terreatrial, 310, 
Laws, of nature, 1 ; of motion, 26. 
Least action, 327. 
Line of action, of a force, 60. 



HasB, and m 

Heasnrement, of velocity, 6 ; of accel- 
eration, 12; otmaas, 2S;of force,30; 
of work, 145; of acceleration due to 
gravity, 195; of an impulse, 235. 

Modulus of elasticity, of a string, 46. 

Moment, of a force, 60 ; of a velocity, 
274; of inertia, 200; of momentum, 
205. 

Moment Of greatest compieaaion, 238. 

Moments, principal, of inertia, 301. 

Momentum, 29; conservation of linear, 
22S; moment of, 206; consen'atioD 
of angular, 207 ; generalized, 345. 

Motion, referred to frame of reference, 
3; of a rigid body, 91,286; reforr " 
to moving frame of reference, 1974 
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of eyBtem of particles, 220 ; of cen- 
ter of gravity of aDj eyHtem, 224; 
simple harmonic, 261; of particle 
about a ceoter of force, 269 ; of par- 
ticle under law of iuverse square, 
273. 

Reutial equilibrium, 1S2, 
Hewton'a Uw, of elaaticlty, 246. 
newton'B laws, of motion, 26. 
Noimal coordinates, 300. 

Orbit, general theory, 273 ; differential 

equation of, 275. 
Orbit of a particle, law of direct ilis- 

tance, 209 ; law of inverse stguaru of 

distance, 276. 
Oscillstiona, of a pendulum, 298 ; 

small, of a general dynamical sys- 
. tem, 848] forced, 353. 

Parallel forces, 9D, 99. 

Parallelogiam Uw, velocities, 9; ac- 
eelerationa, 13; forces, 88; couples, 
105; angular velocity, 288. 

Pendulum, simple, 259 ; seconds, 261 ; 
cycloidal, 265 ; general motion of, 
298. 

Period, of vibration, 261 ; of simple 
harmonic motion, 266. 

Plane, compoeition of forces in one, 05 ; 
orbit about a center of force confined 
to one, 273. 

Planet, rotation of a, 309. 

Point of application, of a force, 60, 
95. 

Potential energy, 163. 

Principal axes of inertia, 303. 

Principal coordinates, 350. 

Principle, of least action, 327; Ham- 
ilton's, 323. 

Products of inertia, 302. 

Projectiles, 205 ; range on a horizontal 
plane, 209 ; rango on an inclined 
plane, 209; envelope of patlis with 
given initial velocity, 31L 



Pullers, syelemB of, 167, 
Pyramid, center of gravity of, 132. 

Quickest descent, line of, 193. 

Radius of gyration, 290. 

Kange, of a projectile, 209. 

Reaction, 31 ; frictjonal, between 
bodies at rest, 46; frictional, be- 
tween bodies in motion, 200. 

Keference, frame of, 3, 33; motion of 
frame of, 197. 

Relative motion, i. 

Resonance, principle of, 354. 

Rest, 3. 

Restitution, impulse of, 240. 

Retardation, 12, 

Rigidity, 80. 

Rotation, axis of, 92; of earth, 106; 
of a rigid body, kinetic energy of, 
289 ; of a planet, 309. 

Sag, of a string, 85. 

Sector, of a circle, center of gravity of, 
129 ; of a sphere, center of gravity 
of, 134. 

Segment, of a circle, center of gravity 
of, 128. 

Simple liarmonic motion, 261. 

Spherical cap, center of gravity of, 130. 

Spinning top, motion of, 310. 

Stability and uiatability of equilib- 
rium, 174, 351. 

Stars, double, orbits of, 280. 

Strings, tension of, 42 ; flexibility of, 
43; extensibility of, 44; on surface, 
74 ; sag of a stretcbed, 85 ; work of 
stretching, 150. 

Suspension bridge, 78. 

System, of pulleys, 157 ; conservative, 
of forces, 103. 

Systemof particles, staticsof, 59; mo- 
tion of, 220 ; kinetic energy of, 280. 

Tension, of a string, 42, 74, 
1 i™ nf, 810. 
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Tranamtotibtllty of force, 04. 
Triangle, of velocities, 10. 
TrianguUr Umina, center of gravity 
of, 121. 

Uniformity, of nature, 1. 
Unit, of velocity, 6 ; of force, 30 ; of 
work, 146. 

Variation, of value of 9, 200 ; of ter- 
restrial latitude, 310. 

Vectors, 16 ; in one plane, 16 ; in space, 
10. 

Velocity, uniform and variable, 6; 
average, 6 ; composition of, 7 ; mo- 
ment of, 274 ; angular, 286. 



Vibrations, 348, 353. 

Virtual work, principle of, 155. 

Weight, of a particle, 42 ; of a system 
of particles, 118. 

Wheel and axle, 65. 

Work, measurement of, 145 ; against a 
variable force, 148 ; of stretching a 
string, 148 ; represented by an area, 
150; against an oblique force, 152; 
performed against gravity, 153 ; per- 
formed by a couple, 154 ; principle 
of virtual, 155; performed by an 
impulse, 235. 

Wrench, 107. 
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